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The momentum spectrum of negative + mesons from stars produced by charged cosmic ray 
particles of ~ 30 Bev has been measured. The power exponent of the spectrum is y = 1.46 + 0.2. 
+0.81 


The ratio of positive to negative m mesons is N+/N - = 1.67 -9:53 and the protons are found 


to constitute ~ 30% of all particles with momentum p = 10° ev/c. 


Tue products of nuclear disintegrations induced by fast charged particles of cosmic radiation in lead 
were investigated at 3200 m above sea level (Mt. Aragats) by means of the magnetic mass-spectrometer 
of Alikhanian and Alikhanov using a field of 6850 oersted. The schematic cross-sections of the instrument 
in two perpendicular planes are shown in Fig. 1. 

The hodoscope placed above the spectrometer made it possible to select nuclear disintegrations pro- 
duced by charged particles in the lead blocks ABCDEF, situated between the counter trays. Secondary 
products of the disintegrations were studied by means of the mass-spectrometer. The particle trajectory 
was determined in the plane of magnetic deviation by the coordinate trays 9, 12, 14, 16, 18, 20, 23, and in 
the plane perpendicular to it by the trays 5—8, 10, 11, 13, 15, 17, 19, 21, 22, 24—27. Each of the trays 
6, 8, 10, 24—27 consisted of two layers of counters. The counters of the top layer covered the gaps be- 
tween the coordinate counters and were connected in parallel. The side trays B,, B,, Ty, T, excluded 
particles entering the hodoscope from the sides and responded to particles produced in the stars. 

The triggering system of the arrangement was so altered that all cases of star production were re- 
corded, both when the secondary particles were stopped in the absorbers of the lower detecting array and 
when they succeeded in traversing them. 

The mean square error of the momentum measurement amounted to 3, 13 and 65%, for particles of 
2 x 108, 10°, and 5 x 10° ev/c respectively. 

Only the stars produced by a single charged particle entering the hodoscope at an angle smaller than 
35° to the vertical in the plane perpendicular to the plane of magnetic deviation were selected. In order to 
exclude completely any cases of electromagnetic interaction of 4 mesons with subsequent shower produc- 
tion we considered only the stars which had not less than five prongs, at least two of which penetrated the 
next absorber, i.e., produced discharges in the tray of counters below (cf. Fig. 1). From stars selected 
in the above manner only those were studied in which a secondary particle traversing the telescope satis- 
fied the following conditions: (a) produced at least four discharges in the plane of magnetic deviation, the 
coordinates of which had to lie on a circle, and (b) produced at least three points laying on a straight line 
not passing through the pole pieces in the plane perpendicular to the plane of magnetic deviation. 

The data were reduced by comparison of all actually observed events with master diagrams. 
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FIG. 1. Diagram of apparatus. 


In the present article we report 


Thickness of lead absorbers : : ' 2 
» |in the upper hodoscope (cm)| Thickness of absorbers in the lower detector (cm) the results of three series of ob 
e servations, which differed in the 
Sooty | B | C4 lapel ee | F || a | pea \tere d | e ft : ay ; 
n | | various disposition and thickness 

| | Graphite of the lead plates in which the stars 
1 0 7 6 5 4 3 | 4 | 9 | 4 bas 3.6 | ae ; Hts ee were produced in the upper hodo- 
/ ate A 
Paco at) 6 ee ah Ss Conuet scope and of the absorbers in the 
3.6 | 8.26 | 4.26 | 3.4 | 2.6644 Pb | 9.25 +4Pb 


lower detecting arrangement (see 
table). 
In the course of experiment we determined the momenta of 316 particles originating in stars. Of these, 


231 were found to be positive and 85 negative. The differential momentum spectrum of these particles is 
shown in Fig. 2. 
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FIG. 2.| Differential momentum 
_spectrum of secondary particles: 
+— positive particles, — — negative 
particles. Dashed region — first and 
third measurement series, undashed 
— second series. 
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We ecrent to determine the ratio of positive to negative 
mesons Nz K/Nz,k- The upper mass limit for particles in 
the momentum range 1.2—9 x 10° ev/c was found for this pur- 
pose from their momentum and their minimum range (cf. Ref. 1). 
The minimum range was taken as the absorber thickness trav- 
ersed by the particle without apparent interaction. 

The upper mass limit was taken as 1300 mg to ensure a 
good differentiation between mesons and protons. This selection 
yielded 35 positive and 21 negative mesons (these particles are 
represented in Fig. 2 by dots). 

The following value was obtained for the ratio of positive to 
negative mesons: 


+ 0,84 
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Unfortunately, it was impossible to differentiate between 1 
mesons and K particles. If we note, however, that the K 
mesons constitute only a few percent as compared with 
mesons, one can regard the above ratio as N7+ /N,-. It can 
be seen from Fig. 2 that, for p= 10° ev/c the ratio of the pos- 
itive to negative particles is 110:40. If the ratio N7+ A N,- does 
not vary considerably for p > 10° ev/c, then the nner of pro- 
tons with momentum p > 10° ev/c constitutes 0.3 of the number 
of star particles in lead. The results obtained are, within the 
limits of the errors, in agreement with the data of Refs. 2-6. 
The momentum spectrum of secondary particles in the range 
2 x 10° — 10° ev/c is considerably distorted due to ionization 
losses. The production spectrum of a mesons in this range 
can be obtained introducing corrections for ionization losses 
in lead. We have then the following value for the exponent of 
the momentum spectrum of negative particles (Fig. 3): 
ates We estimated the value 
of y for the momentum 
spectrum of positive par- 
ticles with p= 10° ev/c. 
This value, neglecting 
ionization corrections, 
was found to be of the 
Let order of 2.0 (Fig. 4). 

‘s In the third series of 
measurements, the inter- 
action of secondary par- 
ticles in the lower detect- 
ing arrangement, in which 
the observation conditions 
for stars were almost 
identical to the upper hodo- 
scope, was studied for an 
estimate of the minimum 
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FIG. 3. Differential momentum momentum p= 10° ev/c (without a similar star was observed 
spectrum of negative particles. ionization corrections). in the lower detector. It 
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follows that the energy of primary particles should be > 6 x 10°ev. 

By the method described in Ref. 7, using our data on the number of penetrating particles and their an- 
gular distribution, we obtained a value of the order of 30 Bev for the mean energy of the star-producing 
particles. The mean number of prongs was found to be 7.6, the mean number of secondary particles capable 
of penetrating 10 and 20 cm of lead is 5.6 and 2.7 respectively. The above results, however, are not very 
accurate because of the limitations of the hodoscope and the value obtained for the mean energy of the 
primary particles is only approximate. In addition, this value would be correct only for isotropic distri- 
bution of secondary particles in the center-of-mass system. 

In conclusion, the authors wish to express their gratitude to A. I. Alikhanian and A. V. Khrimian for 
their help and discussion, to V. Sh. Kamalian and A. M. Gal’ per for taking part in the measurements and 
to V. M. Krishchian for help in reducing data. 
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ON THE HALL EFFECT IN FERROMAGNETICS 


N. V. BAZHANOVA 
Moscow Institute of Transportation Engineers 
Submitted to JETP editor March 6, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 567-570 (September, 1957) 


The Hall effect has been studied in Fe — Ni alloys of the invar group near the Curie tempera- 
ture. It has been established that in ferromagnetics above technical saturation, the Hall emf 
continues to increase linearly with increasing true magnetization; this confirms the validity 
of formula (2), which was proposed by Volkov for describing the Hall effect in ferromagnetics. 
A relation between the Hall emf and the magnetic field, obtained on the basis of Ginzburg’s 
equation for the true magnetization of ferromagnetics near the Curie temperature, is satis- 
factorily confirmed by experiment. 


Nomerous studies of the Hall effect in ferromagnetic materials have led to the establishment of a 
number of laws. Basic among these—as has been shown by the systematic investigations of Kundt,! Pugh,” 
and Kikoin’—is a linear relation between the Hall electromotive force and the magnetization of the mate- 
rial in the region of technical magnetization of ferromagnetics. As is shown by experiment, after a ferro- 
magnetic has attained magnetic saturation, the Hall effect in it continues to increase with increase of the 
magnetic field. 

On this basis, Pugh and his coworkers?4 proposed the following formula for describing the Hall effect 
in ferromagnetics: 
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where E is the Hall electromotive force for unit current density and for unit distance between the Hall 
electrodes, H is the magnetic field, I; is the magnetization of the ferromagnetic, Rt is the constant of 
the so-called extraordinary Hall effect, and Ro is the constant of the ordinary effect and is a measure of 
the number of conduction electrons per unit volume. The term RyTt describes the Hall-effect behavior 
in weak fields; the term RjH describes the behavior in strong fields, above technical saturation. 
However, after analyzing the experimental material that led Pugh to formula (1) and after considering 
also the work of Kikoin,® Volkov® reached the conclusion that the increase of the Hall emf in ferromag- 
netics in strong fields (above technical saturation) is determined not by the magnetic field H but by the 
true magnetization I;. Then for ferromagnetics the Hall emf should be expressed in the following form: 


E = Rel¢+ Ri li, (2) 


where Rj is a constant of the material, which describes the Hall effect in those magnetic fields in which 
it is determined by the true magnetization. It must be expected that in general Rj 4 Rt. Experiment in 
fact confirms this expectation. 

The aim of the present work was to study the Hall effect in the region of true magnetization of ferro- 
magnetics (the region of the paraprocess). Chosen for study were iron-nickel alloys of the invar group; 
in these, as was shown by the systematic investigations of Belov,’ the paraprocess is appreciable in com- 
paratively weak magnetic fields. 

The method that we used for measuring the Hall effect was similar to that used earlier by Pugh and by 
Kikoin. The specimens had the form of rectangular parallelopipeds, with dimensions 6 X 12 x 150 mm, 
with electrodes arranged on the middle part of the specimen. The magnetization of the ferromagnetic was 
measured by a ballistic method, with use of a remote coil mounted outside the solenoid and connected in 
series with the test coil. The remote coil was so arranged as to compensate the effect of the magnetic 
field of the solenoid on the test coil wound on the specimen. The measurements of the Hall emf and of the 
magnetization were made simultaneously. 

As follows from formula (2), the dependence of the Hall emf on the magnetic field H above technical 
saturation will exhibit a linear character only when the true magnetization I; increases linearly with the 
magnetic field intensity. For ferromagnetic materials this will be approximately the case far from the 
Curie point, where the paraprocess susceptibility is independent of the magnetic field H. Near the Curie 
temperature, however, this proportionality will not be observed, because at these temperatures the true 
magnetization I; depends in a complicated way on the magnetic field H. The investigation of the Hall 
effect that we have conducted on the alloys mentioned has shown that at temperatures near the Curie tem- 
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peratures, there actually is a nonlinear type of dependence of the Hall emf on magnetic field H above 
technical saturation in a ferromagnetic. Furthermore, in the region of the para-process—as is shown, 
for example, by Fig. 1—there indisputably exists a linear relation between the Hall emf and the true mag- | 
netization I; of the ferromagnetic. 

The establishment of a linear relation between the Hall emf and the magnetization in the paraprocess 
region makes it possible to obtain, in explicit form, the dependence of the Hall emf on the magnetic field 
H. By treating the Curie-point transition of the material from the ferromagnetic state to the paramag- 
netic as a phase transition of the second kind, Ginzburg® obtained the following equation for the true mag- 
netization curve for ferromagnetics near the Curie temperature: 


H = al; + Bli, (3) 


where a and £ are constants, dependent on the temperature and on the pressure. Near the Curie tem- 
perature, the Hall effect due to technical magnetization, Eg = RtIg, is small in comparison with the size 
of the effect evoked by the paraprocess; clearly, therefore, we may expect that in this case the Hall effect 
will be described by the formula Ej; = Rjlj. Upon substituting the value of I; from this formula in (3), we 
get the desired dependence of the Hall emf in the region of true magnetization upon the magnetic field: 


H = aE; + 6E}, (4) | 


where 


a=«/R:, b=B8/R%. (5) 


Our experiments with the alloys mentioned show that near the Curie temperature the Hall effect satis- | 
fies the relation (4) over a wide range of values of H. This is evident, for example, from Fig. 2, which 
shows—in accordance with the relation (4)—the dependence of H/E; on E} for a series of alloys of the 
invar group at temperatures in the immediate vicinity of the Curie point. The Curie points of these alloys: 
were determined by the method suggested by Belov (T=6© if ap=0). The straight lines drawn in this 
figure have intercepts on the ordinate axis whose numerical values are evidently equal to the coefficients 
a in Eq. (4) for the corresponding alloys, and the slopes of the lines give the values of the coefficients b. 
It is possible to compare the graphically determined a and b with the values calculated from the known 
a, 8, and R;. The numerical values of @ and f in Eq. (3) were determined from the graphs of H/]; 
as a function of i for the corresponding alloys; the coefficient R; was determined, for example, from 
Fig. 1 for the alloy with 32% Ni and the rest Fe, and from similar figures for the other alloys. The com- | 
parison gives completely satisfactory results. For example, for the alloy with 32% Ni and the rest Fe 
(t = 121°), the values determined from Fig. 2 are a = 1.3 x 108 (amp gauss/volt cm), b = 2.7 x 1072 ' 
(amp?® gauss/volt® cm?); the values calculated with formula (5) are a = 0.9 Xx 10°, b = 2.75 x 10%, For the | 
alloy with 34% Ni and the rest Fe (t = 178°C), the values determined from Fig. 2 are a= —4.3 x 10°, | 
b = 10.16 X 107!, the values calculated with the formula are a= —6.7 X 108, b = 9.68 x 102}, 

In view of the fact that similar results were found for the range of true magnetization in other Fe-Ni 
alloys as well, it may be concluded that the Hall effect in ferromagnetics above technical saturation is | 
directly determined not by the magnetic field but by the true magnetization of the material, and should 
be described by formula (2). 

In the most general case it is apparently necessary to take account also of the influence of the external 
magnetic field on the conduction electrons; but in ferromagnetics this effect, as is shown by experiment, 
is quite small in comparison with the effect produced by technical and true magnetization. 


In closing I express my deep gratitude to D. I. Volkov, who proposed this problem, for his guidance of 
the work reported. 
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INVESTIGATION OF THE CHARACTERISTIC ENERGY LOSSES OF ELECTRONS AND 
THE SECONDARY ELECTRON EMISSION FROM GeO, 


N. B. GORNYI and A, IU. REITSAKAS 
Submitted to JETP editor March 1, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 571-575 (September, 1957) 


The characteristic energy losses of electrons reflected from the surfaces of two germanium 
plates of the n and p types covered with GeO, are investigated. The spectra of the charac- 
teristic losses for both types of plates are similar. If the difference in the lattice constants 

is taken into account, the spectra of the characteristic energy losses for GeO, and MoO,, which 
have identical (tetragonal) lattices, are found to be similar. Secondary electron emission has 
been investigated for the indicated GeO, samples. The secondary electron yield from GeO, is 
almost twice as large as the yield from germanium. 


CHARACTERISTIC ENERGY LOSSES OF ELECTRONS 


In an earlier work on the characteristic energy losses in reflection from a MoO, surface! one of the au- 
thors has showed that these losses can be determined by the formula 


W = (h? / 8m) (n/d)?. 


For MoO, which crystallizes in a tetragonal lattice (n/d)? + (h? + k*)/a? = (£/c)? where h, k, and & are 
the Miller indices, and a and c are the lattice constants. Thus, the spectra of the characteristic energy 
losses of electrons must depend on the structure and size of the crystal lattice of a given material. There- 
fore, different substances with the same crystal structure must have similar spectra. This conclusion 
was arrived at in one of the recent works of Marton and co-workers.’ 

To test the above conclusion we undertook to investigate the characteristic energy losses of electrons 
in GeO,, which has the same crystal lattice as MoO;. We treated two thin plates of germanium (thickness 
0.5 mm), one type n and the other type p, with a solution of nitric acid; this, as is known, forms a layer 
of GeO, on the surface of germanium. After treating with nitric acid the sample was washed in distilled 
water, then treated in a solution of NaOH, and once again washed in distilled water and in pure alcohol. 
As a result there remained on the surface of the germanium a layer of GeO., “insoluble” in water, and 
crystallized in a tetragonal lattice.® The lattice constants of GeO, are a = 4.39 A and c = 2.859 A. 

The method of electrical differentiation in a spherical capacitor*»> circuit was used to investigate the 
characteristic energy losses of electrons reflected from the surfaces of the above two GeO,~coated ger- 
manium plates. The vacuum apparatus was as that used in Ref. 6. The two targets were arranged on a 
cylindrical table made of tantalum inside the spherical vacuum apparatus. By means of a magnet outside 
the vacuum it was possible to turn the table so that either one of the specimens could be placed in the 
beam. After long adjustment and degassing of the apparatus the pressure, measured with an ionization 
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gauge prior to firing the getter and unsoldering the apparatus, was less than 5 x 107’ mm. The earth’s 
magnetic field was compensated by two coils 1 m in diameter. 

For both specimens there were obtained curves of the distribution of scattered electrons vs energy. 
The curves obtained for these two specimens at equal primary electron energy were very much the same. 
On Fig. 1 are shown the distribution curves obtained with GeO, layers on n-germanium for an emitter 
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FIG, 1. (1) Vp = 30 v, (2) Vp = 50 v, (3) Vp 
=70v, (4) Vp = 100 v. 


temperature of 400°C and for several values of 


incident electron energy. The table lists the values — 


of energy loss calculated by the above formula for 


a series of values of h, k and 2, and also the exper- | 


imentally-obtained characteristic energy losses 
Vp —V,,. We first note the good agreement between 
the experimental and the calculated values. If we 
compare the curves of Fig. 1 and the table with 
Fig. 1 and the table of Ref. 1, we see that the fun- 
damental inelastic-loss peaks obtained for MoO, 
for h, k and £ equal to (111), (002) and (221) 
manifest themselves just as pronouncedly in the 


case of GeO,. Further, by comparing the curves of | 


Fig. 1 it is possible to note that, just as for MoO, 
(Ref. 1) and Cu,O (Ref. 7), increasing of the incident 
electron energy increases the probability of char- 
acteristic losses of large energy (for V, — Vx 
equal to 7 and 9 ev), and decreases the losses at 


values of V,, — V;, equal to 3.2 and 4.4 ev. The char— 


acteristic losses for V,) — V;, = 2 ev are clearly 
visible only for Vp = 30 v. 

However, there are certain discrepancies be- 
tween the results obtained for GeO, and for MoO,. 
For GeO, we have two peaks of characteristic 
losses for h, k and 2 equal to (110) and (121) with 
values of energy W equal to 3.9 and 14.3 ev, re- 
spectively, which we do not find for MoO,. The 
corresponding energies W for MoO, have the 
values 3.2 and 12.8 ev. Upon careful examination 
of the curves of inelastic loss for MoO, (Ref. 1) we 
may assume that the peak for Vp — Vj = 4.5 ev is 
the result of the superposition of two peaks, one 


with an energy loss W = 3.2 ev and the other with W = 4.8 ev, for h,k and £ (110) and (001) respec- 
tively. Further, the 12.8 ev MoO, characteristic energy-loss peak coincides exactly with a minimum in 
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all the curves of Fig. 1,! and the presence of this peak is therefore 
difficult to observe. However, the flattening of this minimum in the 
curves with increasing V. 
volts) may be explained by the presence of a characteristic energy 
loss peak with W = 12.8 ev and by the increase in the probability of 
this loss with increasing energy of the incident electrons. 

5 From the data obtained we may conclude: (1) that for GeO, the 
419 spectra of characteristic electron energy losses are determined by 


(in particular in the curve for Vp = 260 


the structure of its crystalline lattice; (2) that the spectra of the 
electron characteristic energy losses are similar in GeO, and MoO, 
which have the same crystalline lattice, and the difference in the spectra depends only on the difference 


in their lattice constants. 


SECONDARY ELECTRON EMISSION 


As far as we know, the literature contains no information concerning the secondary electron emission 
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of GeO,. We therefore present the results of our investigation of the secondary electron emission, ob- 
tained with the same apparatus and from the same two GeO, samples as used for the investigation of the 
characteristic electron energy losses. 

The investigation of the secondary electron emission was in accordance with the usual scheme.® The 
dependence of the secondary electron coefficient 6 on the energy of the primary electrons, 6 =f(V,), was 
obtained for both specimens (layer of GeO, formed on n-germanium and p-germanium). Figure 2 shows 
the curves of 6 =f(V,) obtained for GeO, on n- 


P F germanium. Curve 1, obtained at room tempera- 
— ture, gives the maximum value 6 max = 2.06 for 

; Vp = 400 volts. The curves obtained for the second 
16 specimen were identical. 

14 The yield of secondary electrons from GeO, is 
+ approximately 114, —2 times greater than the 

3 yield from Ge.®!!_ One cannot assume that the 

10, 200 400 600 600. 1000 7200 10 V, considerable increase of 6 in the dioxide of Ge 
She is due to the oxygen atoms, since in a number of 
Q 3 cases the yield of secondary electrons not only 

] VANE Gireaal ekg. bs igor AG Dn did not increase for the oxidized substance, but 

Vp actually decreased (for example, MoO, and 


Cu,0). It is therefore necessary to assume that 
the variation of secondary emission character- 
istic of oxides is connected with the change in 
the crystal lattice, and consequently also in the 
energy levels. 

From the curve of 6 ={f(V_) obtained for 
for t = 400°C it is seen that the yield of sec- 
ondary electrons is somewhat reduced with 
increased temperature. The character of the 
relative variation of 6 for increased tempe- 
rature, (6;—52)/6;= (Vp), shows® that the 
decrease in 6 is not caused by an increase in 
the work function but results from the change 
in thickness of the emitter. A similar char- 
acter and an approximately equal reduction in 
6 with increasing temperature was observed 

IO-Vq for Ge;'® in those investigations the same 
variation in 6 was observed in samples dif- 
fering in the free-electron concentration by 
more than three orders. It was therefore con- 
cluded that the energy loss of the secondary 
electrons is due not to the free electrons, but 
to the interaction between the electrons and 
the lattice. It is necessary to assume that also 
in the case of GeO, this same mechanism is 
responsible for the reduced yield of secondary 
UY] 5 0 ws 20 ag dO~ Vy electrons with increasing temperature. 

FIG. 3 The distribution of secondary electrons 
with respect to energy was investigated by the 
retarding field method. Figure 3a shows the retarding curve for GeO, on n-germanium obtained for V 
= 100 v and t = 400°C. Differentiation of the retarding curve gives the energy distribution of the sec- 
ondary electrons (Fig. 3b). The curves are not corrected for contact potential difference between the 
GeO, and the aquadag on the collector since we do not know the work function of GeO,. In the same way 
curves were obtained for 20°C, and also for V.. = 500 v at the above two temperatures. Analogous curves 
were obtained for GeO, on p-germanium. Curves obtained for the same value of Vp but for different 


FIG. 2. (1) Room temperature, (2)t = 400°C, 
(3) Increased temperature. 
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temperatures (20 and 400°C) were identical. The ordinate of the retarding curve I,/1, obtained for Vp 
= 500v becomes negative values starting with V, = 1lv. The position of the peak of secondary electrons in : 
the distribution curve was also obtained for Vp = 100v (Fig. 3b), but the half-width of the peak of the distri- 
bution curves for Vp = 500v isnarrower (3 ev) than that of the curve obtained for Vp = 100v (3.5 ev). The 
range of secondary -electron energies of the distribution curves for GeO», is characteristic of semiconductors. | 
The absence of saturation in the retarding curves in the region of positive values near zero, which 
leads to the appearance of electrons with “negative” energy, is explainable by tertiary electrons knocked 
out of the collector by the reflected primary or secondary electrons.” 
In conclusion we regard it our agreeable duty to express thanks to V. P. Zhuze for making the ger- 
manium, and we also are thankful to B. F. Zhuravskii for his help with the measurements. 
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Evaporation-induced changes in the isotopic composition of mercury are investigated under 
various conditions. It is found that the kinetics of evaporation plays a large role at slow dis- 
tillation rates. The upper limits of Ap/p are evaluated for mercury isotopes. 


INTRODUCTION 


Tue determination of the relative saturated vapor pressures for isotopes is important both for studying the 
influence of isotopic composition on the properties of matter and for isotope separation techniques. This 
measurement is often performed by evaporation of isotope mixtures at constant temperature. The change 
in the composition of a two-component mixture is then given by 


Ora 


1a Eh 
mee (1) 
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where cy and ¢ are the concentrations of the isotope in the liquid before and after evaporation, vg and 
v are the initial and final volumes of the liquid, and @ is the separation coefficient. 

Under equilibrium evaporation of an ideal mixture, a is equal to the vapor pressures of the compo- 
nents. Such experiments may give values of v)/v of the order of several thousands, which makes it pos- 
sible to determine a to within 0.03%. An expression similar to (1) can be obtained also for many-com- 
ponent ideal systems.! 

This approach was used by many authors,*~* but when it was possible to compare the results so ob- 
tained with direct measurements of the vapor pressure ratio, it was found that the evaporation method 
gives Ap/p values that are too high. In this connection it would seem interesting to study the mechanism 
of isotope separation by evaporation and to clarify the possibilities of determining the vapor pressure 
ratio by this method. We chose mercury as the object of our studies, since it is a liquid through a wide 
range convenient for experiment and can be very thoroughly cleaned of impurities. 

A chan ge in the isotopic composition of mercury by evaporation has been observed by many authors,’~? 
although the investigations were performed under conditions known to be nonequilibrium no attempt was 
made to explain the separation mechanism. 


EXPERIMENTAL PART 


Evaporation with small residues was performed in the apparatus shown in Fig. 1. Between 50 and 100 
em? of mercury was distilled into flask A, after which the apparatus was sealed off without breaking the 
vacuum. The vacuum was maintained by means of a carbon trap cooled by liquid nitrogen. The evaporated 
mercury condensed in the tube and flowed into flask C at room temperature. To avoid possible condensa- 
tion of the vapors in the upper part of A, an additional heating coil was wound at the top. Evaporation 
continued until between 107° and 10~4 of the original quantity of mercury remained, after which the re- 
mainder was analyzed in a mass spectrometer. When the experiments were performed in the temperature 
interval from 60 to 270°C, it was always found that the residue was enriched in the heavy isotope. The 
large spread in the values of a@ obtained, however, made it difficult to interpret the results. A decrease 
of the distillation rate by the introduction of a diaphragm whose diameter lay between 1 and 2 mm into A 
led to a decrease in the separation coefficient. Experiments in which the vapor removal rate was varied 
through wide limits were performed at 200°C; the removal rate was varied by altering the resistance of 
the tube connecting A and C (Fig. 1). When the removal rate was reduced by a factor of about 50, the 
separation coefficient changed from 1.0050 to 1.0008. 

In order to evaluate the vapor pressure ratio at low temperatures, one may make use of evaporation by 
molecular distillation, for which the mean free path \ of a vapor molecule is much greater than the dis- 
tance d to the condenser. In this case a = (p/p) VM,/My, where 
py and p, are the vapor pressures of the isotopes, and M, and M, 
are their atomic weights. Due to the very low evaporation rate, the 
Rayleigh distillation method cannot be used, and therefore the ap- 
paratus shown in Fig. 2 was used to remove a small quantity of the 
vapor.* The low-temperature kerosene bath A was cooled by means 
of heat conductor B immersed in liquid nitrogen. 
The vapor condensed on the inner wall of a Dewar 
flask cooled by liquid nitrogen. The amount of con- 
densed vapor was no greater than 10-4 of the orig- 
inal mercury, so that the composition of the liquid 


FIG, 1. Distillation apparatus. could be assumed constant. Under such conditions 

B —electric mercury heater; the ratio of the concentrations in the distillate and 
a — thermometer tube. residue gives the separation s 
coefficient. Experiments were FIG. 2. Apparatus 

performed at temperatures of — 20, — 30, and — 38°C. In all cases for removing the 
the separation coefficient was found to be equal to the square root vapor at low temper- 


of the isotope mass ratio within the experimental limits, regardless atures. 
whether the mercury was stirred or not. 


*L. S. Kan took part in developing this method. 
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Distillations with small residues were performed at temperatures from 10 to 90°C under conditions 
close to molecular distillation. The separation coefficient decreased as the tmperature increased and as 
the distance to the condenser increased. Experiments on fractional distillation were performed under 
similar conditions in the apparatus shown in Fig. 3. Mercury on the outside wall 1 of the Dewar flask was 
heated by water vapor and condensed on the inner wall 2 which was cooled by liquid nitrogen. The evapo- 
ration continued until half the original mercury remained in the apparatus. The remainder (the so-called 
“heavy” fraction) was removed from the apparatus through the narrow rubber tube 3. After the nitrogen _ 
evaporated, the “light” fraction was removed. The “light” and “heavy” fractions thus obtained were sub- 
jected to further distillation. In this way we obtained fourteen fractions of “light” and twelve fractions 
of “heavy” mercury. 


MASS-SPECTROMETRIC ANALYSIS 


A preliminary measurement established the fact that the change in the concentra- 
tion of a given isotope in a sample is related linearly to the difference between the 
atomic weight of this isotope and the mean atomic weight of the mixture. We there-  _ 
fore performed an analysis to measure the change in the concentration ratio 
a = c'%8/¢24 for the isotopes Hg! and Hg?“, The measurements were performed on 

oe MS-2 and MS-4 mass spectrometers according to the following scheme: ordinary 
sy mercury — sample investigated — ordinary mercury. The background before the 
oe measurements on the sample of ordinary mercury was no greater than 3% of the oper- 
ating intensity. No “memory” effect, (i.e., influence of the absorbed vapors on later 
measurements) was observed. 


DISCUSSION OF RESULTS 
FIG. 3 
Apparatus for 
fractional dis- 
tillation. 


The results of the experiments are shown in the tables and in Fig. 4. The tables 
give the temperatures at which the experiments were performed, the ratio v)/v of 
the initial and final volumes, the ratio of the mean evaporation rate calculated by 
Langmuir’s formula (Geagjc) to the mean distillation rate as found from the time of 

evaporation (Gexp), the change of the concentration ratio of 
a Hg! and Hg?™ of the residue as compared with ordinary 
mercury, and the calculated separation coefficient. 

It is known that isotope separation by evaporation can 
be due to two mechanisms: an equilibrium mechanism 
related to the difference in the vapor pressures, and a 
10100 nonequilibrium mechanism which depends on the difference 
of the evaporation rates. As mentioned above, in the sec- 
ond case @ = (p;/p,) VM,/M,. From experiments per- 
formed with molecular distillation conditions, it follows 
that a = VM,/M,, so that the difference in the vapor 


100 2 50 0 Ev pressures does not exceed the error of these experiments. | 
It is seen from Fig. 4 that the separation coefficient begins | 
FIG. 4. The separation coefficient as a to decrease already at A ~ d, which is an indication of the 
function of temperature for molecular dis- effect of molecular collisions in the vapor. 
tillation <x — distillation in an apparatus In the first experiments on evaporation with a small 
with d= 2 cm, 0 —d=10cm, A — mean residue, the calculated evaporation rate exceeded the rate 
value of a for fractional distillation. of vapor removal by a factor of several times ten. This 


would seem to assure conditions sufficiently close to 

equilibrium. The poor reproducibility of the results alone, however, makes it reasonable to suppose that 
the dependence of a on the distillation conditions is related to differences in the contributions from non- 
equilibrium processes. This point of view is supported by the experimental increase of the separation 
coefficient when the removal rate is changed, that is on approaching equilibrium. It is seen from Table III 
that the vapor removal rate is a very important parameter in the process of isotope separation by evap- 
oration. In experiments performed at very low distillation rates, Gcalc/Gexp was of the order of several 
thousands, yet in these cases one cannot assert that the separation is due only to the difference in the 
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TABLE I 
SS 
° 'o G al A 
£°C 2 G Be <, Gi ot Aa-108 Remarks 
70 2040 224 1.0031 6 
80 | 19000 40 2.6 1.0031 ° 
ae 9960 30 2.9 1.0035 By 
100 024 ah 4.0030 4 Distillati i , 
pS oe ae 5 istillation with water vapor; 
120 2710 70 2.8 1.0036 3) 
120 9000 4100 126 1.0020 4 
140 2000 lz 4.0017 5 
460 9700 450 2.9 1.0037 if igs ‘ é 
160 183 470 1.7 1.0023 A Distillation with a constant 
200 | 7750 200 1.8 1.0022 5 mercury surface 
250 932 3200 0.3 1.0004 Z, 
TABLE II 
. G 
£°C x — BON o, ot Ac-10¢ 
100 | 2700 90 226 1.0033 4 
160 8950 600 0.8 41.0007 7 
200 |. Bess200 1000 1.9 4.0022 3 
270 | 1960 3100 a2 4.0013 3 
270 10300 5000 0.5 1.0004 7 
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TABLE II 
rE — 200 
G 
< alc os a Aa-104 
exp 2) 
100 5780 4.0051 4 
800 2260 1.0019 4 
1200 5380 1.0022 3 
3000 209 1.0010 3 
5000 206 4.0008 3 


vapor pressures. 

The influence of the evapor- 
ation kinetics is particularly 
important in the evaporation of 
small drops, which leads to 
anomalously large separation 
coefficients at vo/v of the 
order of several times ten 
thousand and to a decrease of 
a for evaporation from a con- 
stant surface. It would seem 
that the evaporation kinetics 
plays an important role in dis- 
tillation in the presence of an 


inert gas, since when the distillation is performed in the presence of water vapor the separation coeffi- 

cient obtained is about the same as for ordinary distillation. 
The literature cited in the introduction, unfortunately, does not contain data which can be used to eval- 

uate the state of equilibrium of the evaporation. One can only suggest that the large values of the Cln, 


and c¥H, vapor pressures obtained by several authors 
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may be explained in this way. 


The experiments performed can be used to evalu. te the upper limits of the relative vapor pressure 
difference of Eg’? ed Hg?™, These are Ap/p = 2 x 107° at t= — 20°C, and Ap/p=8 xX 10% at t= 
200°C. These res) cs do not contradict the Ap/p value as calculated on the basis of the work of I. Lif- 
shitz and Stepanova,!” namely Ap/p = 3 x 1034 ‘at +t =.20°C "and ‘Ap/p = 4 10s’ catet — 200c@ non 
mercury vapor. 

In conclusion we take this opportunity to thank B. G. Lazarev for discussions. 
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Direct current was passed through liquid mercury and the time variation of the isotopic com- 
position of the mercury was studied. The experiments were carried out at two temperatures. 
We investigated the variation of isotope concentration along the electric field, and the relation 
between the isotopic composition at the cathode and the applied voltage. The experimental data 
are compared with some phenomenological calculations and possible causes for the effect are 
discussed. 


Tuere are many papers! devoted to the effect that direct current has on the constitution of binary metal~_ 
lic solutions. None of the theories which have been proposed to explain the effect has given satisfactory 
agreement with experiment, and the underlying mechanism remains obscure. The question is most con- 
veniently considered if we take a mixture of metal isotopes as the object to be investigated. 
It has recently been observed that changes in isotopic constitution occur when direct 
| current passes through mercury,”** thallium,*»> potassium,® and indium." In all these cases 
Seal_ | } it has been found that the concentrations of the heavy isotopes increase near the cathode, 
and of the light ones near the anode. However, the work has not been carried out systemat- 
up ically, which makes comparison with theory difficult. It therefore appeared appropriate to 
x } measure some of the fundamental quantities connected with the effect. 


EXPERIMENTAL PART 


All the experiments were carried out in glass capillary tubes (Fig. 1) 28 cm long and of 
inner diameter 0.05 cm. Before being filled with mercury, the capillary tubes were evacu- 


| ated by a diffusion pump and heated to a temperature of 300°C; mercury was then distilled 
gy into them. The volume of the reservoir was much greater than that of the capillary, so that 


the composition of the mercury at the anode was always the same. The experiments were 
carried out with temperatures of (41 + 2)°C and ( —10 + 3)°C at the outer capillary wall. 
The temperature of (41 + 2)°C was maintained by placing the capillary in a stirred-water 
bath. The temperature of (—10 +3)°C was maintained in a kerosene bath cooled by a 
copper rod with one end in liquid nitrogen. After a certain, definite time the current was 
turned off and the capillary quickly cut into pieces. The mercury in each piece was analyzed 
with a mass spectrometer. The method used to make the mass spectrometer measurements has been de- 
scribed before in detail.® 

Fig. 2 shows how the variation of the concentrations of Hg! and Hg? with the time of current flow. 
The quantity plotted along the Y axisis Aa/ay, where Aa=ay— a and a, a are the ratios of the 
concentration of Hg!*® to the concentration of Hg?™ in normal mercury and that found near the cathode. 
The duration of current flow is plotted on the X axis. From the figure it is evident that the curves tend 
to saturate as the time increases, and for a fixed voltage the change in concentration is less at —10°C 
than it is at 41°C. 

The curves of Fig. 3 show how the concentration varies along the length of the capillary. The value of 
Aa/ay from various parts of the capillary is plotted along the ordinate. Comparison of the curves shows 
that their curvature decreases as equilibrium is approached. 

Fig. 4 shows how Aa/ag at the cathode depends on the voltage applied between the electrodes. The volt- 
age across the electrodes is plotted along the X axis. The bath temperature was 41°C, the current was 
on for 1500 to 1800 hours. 


FIG: 1. 
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FIG. 3. The concentration of the mercury isotopes 


eS EE EE EE ee ee 
500 ff f ' 
ee ae isons as a function of distance along the capillary. 1 — 


FIG. 2. Variation in the concentrations of time t of current flow 1800 hrs, applied voltage U 
Hg 1% and Hg? with duration of current flow. = 5.15 volts; 2 —t = 1460hrs., U = 2.14 volts; 3 — 
Curves a and c: bath temperature 41 + 2°C, t= 1800 hrs., U=2 volts; 4—t=700hrs., U= 
applied voltage 6 and 2 volts respectively; 2 volts; 5 — t = 340 hrs., U = 2 volts. The right- 
curve b: bath temperature — 10 + 3°C, ap- hand scale refers to curves 2—5, the left hand one 
plied voltage 6. to curve 1. Temperature 41°C. 
40/0, % CALCULATION OF CONCENTRATION DISTRIBUTION 
| Bresler and Pikus’ considered quantitatively the isotope separation 
induced by direct current. They studied a mixture of two isotopes and 
100 took the electric field to be constant along the length of the column. 


The electric field displaces both kinds of ions in the same direction; 
there is a backward hydrodynamic flow of the liquid as a whole be- 

15 cause it is incompressible, and a backward diffusion flow because of 
the gradient in isotope concentration which is set up. The equations 
for the ion current show that the ions can be separated because they 
have different mobilities. 

30 The boundary conditions used in the calculation above correspond 
to zero flux of matter at both ends of the capillary, a condition which 
did not obtain in our experiments. We therefore give a solution for 

25 different boundary conditions. 

| It is shown in Ref. 9 that if the diffusion coefficients of the two iso- 

topes differ little, the equation for the concentration c can be put in 
the form [Eq. (6) of Ref. 9] 


20 40 GOV d [oy _ ay 
FIG. 4. telat 4] a 


where « =x/b is a dimensionless length, tT =tD/b* is dimensionless 
time, 1/b=ApE/D, Ap =p, — p is the difference between the mobilities of the second and first isotopes, 
D is the diffusion coefficient, E the applied voltage, and y = ab —c. 
The condition that there be no flux of matter at the cathode can be written 

[Oy /Ox + y? — 1/4], = 0. (2) 
The second boundary condition, that the concentration be constant at the anode, is 

y| nar = 1/2 — Co = % = const. (3) 
The initial condition is: 

y (x,t) [emo = 

Introducing, after Bresler and Pikus, a new variable y= y* exp [— fJz(r) dr], we obtain Fourier’s 


equation: 
@o 2 = d0/ dt, (1a) 
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with y and ¢ being related through the equation 


© = exp [\ ya | ; (5) 
0 
The initial and boundary conditions then take the form 
[0° / Ox — */42] x0 = 95 (2a) 
[de / dx—a].-1 = 0; (3a) 
(4a) 


9 (x, ) | sno = exp [2%]. 


Upon taking Laplace transforms we obtain 


o” = po —exp [ax]; (1b) 
[9” — /a9]xm0 = 0; (2b) 
[o’ — ag]nn1 = 0. (3b) 


A solution of (1b) satisfying (2b) and (3b) is 


a? — 1/4 VpcoshV p(x—/)+asinhV p(x—J/) , exp [ax] (6) 
(p — 1/4) (2? — p)  VpcoshV pl — asinh V pL p—ar ° 


GC | 


Upon applying the inverse transform, we find that 


cosh|(x — /) / 2] +2asinh[(x —/) / 2] e*!4 cee ; cages 
es cosh(L/2)— 2a sinh (L / 2) + >) Ansin ax exp {— Aix}, (7) 


n=1 


where 
L Sini2n 2 Na Ay (1/4 — a?) 
Boel cae ) (a? +22) (ag + 1/4) (8) 
and the )y are determined through the equations 
Ota = he (9) 


From (5) we can then conclude that the concentration is distributed according to the following equation: 


n=co 
: sinh [(% — x9) / 2] +2cosh(x, / 2) e—** »S A Ap COS An%exp {—A2 7} 
c= tl 4 2 (10) 


N=oo 


cosh[(* --%9) / 2] +cosh(%)/2)e~*4 }' A, sina, x exp {— 227} 


n=0 


Ky being determined by the condition that the concentration be a constant at k = L: 
a = 1/, tanh[(L — %) / 2]. (11) 


Equation (10) can conveniently be used for values of time causing the series to converge rapidly. A 
formula convenient for small times can be obtained by expanding the right hand side of (6) in powers of 
exp (—Vp) and using the inverse Laplace transformation on only the first few terms. However, formula 
(10) does not present any real computational difficulties for times down to 100 hrs. 


DISCUSSION OF THE RESULTS 
Equations (8) — (11) can be used to find the quantity L and the difference Ap = DL/£E in ion mobilities 


from the experimental datax (2 is the length of the column). In the case that rz >» 1, a@<«<1 and k)/2 «1, 
which applies to all our experiments, the concentration at the cathode as a function of the time for which 
the current was on is given by the relation 


nD (2n + 1)2 
| (12) 


n=co 
16 aq 8 


n 
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The sum of the concentration changes in both isotopes, Ac is proportional to L, which agrees well 
with the experimental data shown in Fig. 4. : 

In order to find L, the mixture of mercury isotopes was considered to consist of two parts: the lighter 
one included the isotopes Hg*, Hg!*8, Hg! and Hg?" and was 50.14% of the whole, while the heavier part 
consisted of all the other isotopes. In this case, the changes in the concentrations of each component are 
the sum of the changes Ac; in each isotope, and can be obtained from the mass spectrometer measure- 
ments, taking the Ac; to be linear functions of the molecular weight of the isotope. 

A value of L was calculated from each experi- 
mental value of Aa/ay whown in Fig. 2, and the 
average taken. The averages so obtained are: 

L = 0.24 + 0.02 for 6 volts and 41°C and L =0.08 
+ 0.007 for 2 volts at the same bath temperature. 

Using the Einstein relation py = De )/kT, where 

€q is the charge on an electron, we obtain the 


oe fe i relative difference in isotope mobilities as Au /y 
= (1.3 + 0.1) x 107? when the temperature of the 
FIG, 5. Distribution of isotope concentration mercury column is 115°C, and Au/y = (1.1 + 0.1) 
along the mercury column. 1 — t =340; 2 — t =700; x 1078 at 45°C, the temperatures inside the capil- 
3—t = 1800 hrs. lary being obtained by calculation. The average 


values of L so found were used to obtain Aa/ay 
as a function of time. The results are shown in Fig. 2 (curves a and c). 

Using the calculated values of L the concentration along the mercury column was computed for a 
potential difference of 2 volts and for three values of time: t = 340, 700, and 1800 hours. The results are 
shown in Fig. 5, which also shows the experimental data. The sum of the changes in the concentrations of 
the light and heavy components is plotted on the Y axis, while the X axis shows the length of the capil- 
lary in millimeters. From Figs. 2 and 5 it is clear that the agreement between experiment and the results 
of the calculations is good. 

For our experiments, the characteristic time 


4b? Ale 
fo = Ditty) ~©D”’ (13) 


turns out to be about 5000 hours. From (18) it follows that ty does not depend on the magnitude of the 
applied electric field, and, what is more important, decreases as the square of the length of the isotope 
column, so that in order to decrease the time required for the experiment, one should use shorter capil- 


laries. 
For the stationary case, as t ~ ©, the distribution of concentration assumes the form 


c=35(I tanh “=|. (14) 


It follows that the ratio of concentrations at the cathode is 


Taha se exp| 5, ria El). (15) 

In Ref. 10, thermodynamic arguments about the separation of isotopes in a dc electric field led to a 
similar equation, with Ay/y being replaced by the relative difference in molar volumes of the isotopes, 
AV/V, which leads to a difference in their specific charges. The difference in the mobility of the ions can 
be explained, as suggested by Bresler and Pikus, by a difference in their effective radii due to the differ- 
ent amplitudes of thermal motion in the two isotopes, and reduces essentially to a difference in molar 
volumes. . 

It is important to notice that, as follows both from Fig. 2 and Refs. 7 and 5, the isotope separation 
effect increases with increasing temperature. Hence we must presume that AV/V increases with tempera- 
ture faster than the first power of T. However, it does not seem possible to explain such a temperature 
behavior. One must conclude, presumably, that the difference in molar volumes is not the only effect 
which plays an important role in the conentration changes induced by the flow of direct current. . 

The data available in the literature allow one to calculate Au/y for mercury, gallium, potassium, and 
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indium. The results of the calculation are presented in the table, together with the results obtained in the 
present experiments. In the table, 8 is defined to be Ap/p x m/Am. It is the relative difference in mo- ‘ 
bilities per unit relative difference in the iso- 


Material Aply 8 T, °C | Literature tope masses. The temperature shown is that of 
the bath, except for the experiments on potas- 
Penet sium and those on mercury reported here. For 
= = € A 
Hg oa ts pe Ve } ee these, the temperature of the tolumn of isotopes 
Hg O2TAOTE HOS 107 15 ("] itself is shown. The calculation of Aw/y for | 
ce a be 13 Pr 6 te mercury and gallium, using the data of Refs.2 
Ga ae pon ae es oe \ (] and 4, was carried out by Bresler and Pikus,? 
3.6. 40-3) )| 4-3-4021 287 f ter : 
K 0.5 -10-3 | 0.4 -107 158 [°] without taking into account the smoothing of the 
In are 38 coer att } ["] concentrations produced by diffusion. The same 


method was used to obtain Au/y for mercury 
from the results of Ref. 3; the boundary conditions in the other experiments were such that relation (12) 
could be used. From the table it is evident that the various values of Au/y for mercury are all of the same © 
order of magnitude. The lack of complete agreement is presumably due to approximations in the calcula- | 
tions on the results of Haeffner,’? and of Haeffner, Sjoborg and Lindhe.* In these calculations, it is difficult | 
to take proper account of the volume of mercury at the end of the capillary opposite from the reservoir. 

In conclusion we note (15) implies that when saturation has been reached, it is not necessary to know 
the coefficient of self diffusion in order to calculate Au/p (and hence L). If the size of the effect at satura- 
tion is known, the diffusion coefficient can then be obtained by comparing the experimental time depend- 
ence of Ac with (12). 

The authors would like to express their deep gratitude to B. G. Lazarev for discussions. 
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A prism B-spectrometer with a resolution of 0.04% was used to study the conversion electron 
spectrum of excited Pt!” and Os! nuclei produced in the decay of Ir, The conversion coef- 
ficient ratios K/L and Ly:Lyy:Lyq have been determined for the transition energies of 136.3, 
201.3, 205.8, 295.9, 308.5, 316.5, 468.0 and 604.5 kev. For the most intense transitions the 
ratios K/M, My:Myy:Myy;;, K/N and K/O have also been determined. All the investigated tran- 
sitions were found to be E2 or E2 +M1. The amount of M1 admixture has been determined. 


Tue radioactive isotope Ir!” has been investigated by many authors.‘ It was established that it decays 
by the following double process: it goes over to Pt!” by emitting B electrons and then to Os!® by K-cap- 
ture. The y-radiation of the excited Pt’ and Os! comes from E2 and E2 +M1 transitions.’ Thus these 
isotopes are well suited for the study of internal conversion involved in the above transitions. It is of 
interest to investigate their conversion electron spectrum by using a high-resolution 8 spectrometer able 
to resolve the conversion electrons from the L subshells and, if possible, from the M subshells. In 
order to complete the picture it is desirable also to find the total conversion coefficient ratios for the K, 
L, M, N, and O shells. 

The above investigations have been performed on a prism £8 spectrometer.*”> The resolving power of 
the instrument corresponds to a line half-width of 0.04% (with respect to momenta), and its transmission 
is 0.02%. The source was a thin film of natural iridium deposited by cathode evaporation on a strip of 
aluminum film subjected to a neutron bombardment. The thickness of the aluminum foil was 5 pw. The 
following method was used to determine the thickness of iridium film deposited. The strip of aluminum 
foil 1 (Fig. 1) onto which the iridium is to be evaporated is placed on a glass plate 2 and covered by a 
thin metal plate 3 with a slot 4 cut out of it. In addition, this metal plate has several circular holes 5 
which expose the glass close to the slot. The slot determines the area of the source, and the evaporated 
iridium is deposited simultaneously on the aluminum foil and the glass. The iridium deposited on the 
aluminum is assumed to be of the same thickness as that deposited on the glass, 
which is measured by an interferometer.® Even if these thicknesses are not the 
same, this method makes it possible to determine the relative thicknesses fo 
iridium films, thus simplifying the choice of a suitable source. Several samples 
were prepared in this way, and from them we choose one whose iridium film 
thickness was 0.48 mg/cm”, making it possible to obtain sufficiently intense 
conversion lines with a half-width almost the same as that of the apparatus. 

The area of the iridium film was 1.6 by 11 mm’. 

Within the limits of any given line group, a spectrum was obtained by applying 
a potential to the source. Since this method of measurement causes electrons of 
a given constant energy to pass through the spectrometer, it is unnecessary to 

FIG, 1. correct for the width of an energy interval for any given group. Such a correc- 
tion must be used on going from one group to another, when the magnetic system 
of the spectrometer is readjusted. The correction was applied according to the formula 


n 
meas 
Rk 


True © S(T A[l F ejmoc*]) ’ 


where Ntrye is the number of electrons giving the true line intensity, Nmeas is the number of counts of 
the recording system, k is a coefficient depending on the transmission of the instrument, ande is the ; 
electron energy. Since « is usually given in kev, the rest mass must be given in the same units, or moc 
=511 kev. 
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The window through which the B particles enter the counting chamber was covered by a 0.87 mg/ cm? 
thick mica leaf. The electrons then passed through two aluminum foils covering neighboring counter j 
windows, their total thickness being 1.1 mg/ em’, Corrections for absorption in the mica were applied 
according to the data of Martin and Towsend.’ The correction for adsorption in the aluminum foils was 
determined experimentally by comparing the number of counts of the first and second counters. Starting 


with energies of 300 kev these corrections producedno significant changes even in measuring the K/Lratio. 
Conversion lines were ob- — 


206. served for the 136.3, 295.9, 

Ly 308.5, 316.5, 468.0, and 604.5 

kev transitions in Pt and for the 

201.3 and 205.8 kev transitions 

in Os. The transition energies 
Ly which we give here are those of 

P oy Baggerly and co-workers.® The 

. Lay measured separations between 


Re et aoe ee < the lines of the L sublevels 


allowed us to verify the fact that 


Number of counts; 


a they belong to the above transi- 
Electron energy, kev tions. Figures 2 —5 show differ- 
t tions of the B spectra (the 
FIG. 2. Conversion lines of 136.3, 201.3, and 205.8 kev gammas oe Sepa : P82 ( 
background is subtracted). It is 
on L subshells. ; 
seen that the resolution of the 


instrument is sufficient to sepa- 
rate the conversion lines from the L subshells even for the 604.5-kev gamma quanta. For the most in- 
tense transitions, the data makes it possible to obtain the conversion coefficient ratios for the M sub- 
shells. Since the conversion lines from the M subshells were not entirely resolved, it was necessary to 
resolve them graphically. The conversion lines of the intense gammas on the N and O shells are 
clearly seen. In order to separate the overlapping lines due to conversion of 308.5 kev gammas on the 
Ly; subshell and the 296 kev gammas on the N shell it was assumed that the N/Ly ratio for the 296 kev 
transitions was equal to the N/ Lyy ratio the 3.16.5 kev transitions, which was known from the experiment. 
Then knowing the area of the Ly peak for the 296 kev transition one can find the area of the N conversion 
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FIG. 3. Conversion lines of the 295.9, 308.5, and 316.5 kev gammas, 
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lines for this transition and thus separate from it the Ly line from the 308.5 kev transition. The separa- 
tion of the electrons due to conversion of thé 308.5 kev gammas on the My subshell from those due to con- 
version of the 316.5 kev gammas on the Ly Subshell was performed graphically. In order to determine 
the conversion coefficient ratios, each line was measured five times, the mean value of the area ratios 
was obtained, and its probable error was found. The results for the K/L and Ly: Lyy: yy ratios are shown, 
after the necessary corrections, in Table I. 

The multipole orders of the 
transitions were determined by 
comparing the measured con- 


TABLE I 


| Theoretical con- 


> Ex Ti tal oO Hf ¢ oe 1 as) on . ° ° ° 

> perimental conversion version coeffi S 5 
5 2 Bisex ein: pice py ou 38 8 8 as version coefficient ratios on the 
BB _| E2transitions; | 2% % @ fo L subshells and the K and L 
a9 as e952 shells with the corresponding 
ms) K|L JERS IH SY EOE: NE. || 5 eO hoe ee Aa bes Saha ~ : “ o 

ea .8 theoretical ratios for various 

13630, — 1:(24-+0.1):(4.7+04) |0.62| 4:6.7:5.0 JE2+m1l21% [199 multipole orders. The theoret- 
201 ,3/1.85-+0.04| 1:(1.42-++0.06):(0.89-£0.07) [1.5 | 41:2.9:4.7 |E2+M1116% ical ratios of the conversion 
205.8/1.83-0.04] 1:(2.325£0,02):(1.410.02) [4.5 | 1:2.8:1.7 |E2 ees Ee 
295.912.35-£0.04| 1:(1.39-£0,03):(0.74-1-0.02) 2.0 | 4:1.7:0.8 |E2 = coefficients on the L subshells 
308.5/2.384-0.02| 1:(1,18-F0.02):(0,67-£0.01) |2.2 | 4:4.5:0.7 |E24+M1| 50 - 
316,5/2.22+0.02) 4:(4.3840.01):(0.7340.01) [2.3 | 1:1.5:0.7 |E2 a ang Oe veins ob the tot one 
468.0/3.0 01 | 1:(0.6840.01):(0.29-+40.01) [3.1 | 1:0.77:0,30 [£2 oe sion coefficient on the L shell 
604.5/4.7 +0.4 | 1:(0.33--0.01):(0.134-0.01) [4.0 | 1:0.50:019 |E24+M1)14%|10% | £2+(M1) were obtain from the Rose tables® 


and the theoretical conversion 
coefficients for the K shell were obtained from the very detailed and accurate tables of Sliv and Band? 
In agreement with Ref. 3 it was established that all the transitions investigated were either E2 or E2 
+ M1, The theoretical K/L and Ly:Ly:Lyy ratios for E2 transitions are shown in Table I. The theoret- 
ical Ly:Ly:Lypyq ratio for magnetic dipole transitions hardly depend on energy, and for the transitions of 
interest remains practically constant at 1: 0.088: 0.006. 
The per cent admixture p of magnetic dipole in the mixed transitions is 


P= [1 / (i1 + Y2))- 100 = [03,/(1 + 82,)}- 100, 
where y, and 7, are the intensities of magnetic dipole and electric quadrupole transitions, and 63 = y4/y2 


is the mixture ratio. The mixture ratio can be found if one knows the conversion coefficient ratio for any 
two shells or subshells for the mixed transition under consideration, as well as the conversion coefficient 
on these shells in the transition is purely of one kind:'° 


Bie = Ox (Ry — Re) / &n (Ri — Ro), 


where Rj; = ;;/Qj,. Here aj; and aj, are the absolute conversion coefficients for y-rays of the i-th kind 
on the shells or subshells j and k. They were found from the theoretical values given in the above-men- 
tioned tables. The experimental conversion coefficient ratio is Rp = arg; / Qo. The values of Ly/Ly and Lyy/1yq 
were used to find the mixture ratios. The ratio 
K/L is less sensitive to presence of some 
M1 admixture, and was therefore not used 


300 for this purpose. The percentage of M1 thus 
g obtained is shown in the two next-to-last 
8 columns of Table 1, were it is indicated 
oy 200 whether Ly; /Ly or Lyyy/Ly was used to ob- 
o tain the data. It should be noted that due to 
5 the small number of available theoretical 
ae conversion coefficients for the L subshells 


(Ly has been calculated for Z =25, 55, and 
85, and Lyyy for Z = 55 and 85), it is impos- 
sible to perform the necessary interpolation 
with sufficient accuracy. The per cent ad- 
FIG. 4. Conversion lines of 468.0 kev gammas. mixtures given in Table 1 may contain errors 
of several per cent. In particular, a per 

cent admixture of the order of 5 does not necessary indicate the actual presence of admixture, but may be 
due to error in interpolation. Therefore Table I shows admixtures whose percentage is greater than 5, 
and it igs assumed otherwise that the transition is purely of one kind. The only exception is the 308.5 kev 
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transition, for which the presence of M1 admixture can be deduced by comparing the experimental con- 
version coefficient ratio on the L subshells with this ratio for the neighboring 296 and 316.5 kev transi- 


tions. Lower amounts of admixture can be established only with the aid of more complete theoretical 
tables. The presence of some M1 in the | 


604.5 kev transition indicates that the 

spin and parity 3+ should be assigned to 

the 920.9 kev level suggested? in the level 
scheme of Pt!**, The last column of the | 
table gives the multipole orders as ob- | 
tained in Ref. 3. 

In Table II we present the K/M, 

M,: My : Myqy; K/N and K/O ratios for the 
most intense transitions. In no case were 
we able to observe conversion on the Myy and | 
My sublevels. We note that the My: Myy: | 
My] ratios are quite close to the corre- 
sponding Ly: Ly, : Ly ratios. This latter | 
situation has been noted also for M1 tran- 
sitions. '! 

Measurement of the energy separation 
between the conversion lines denoted N 
and O in Fig. 3 and the corresponding 
My; lines and their comparison with x- 
ray data shows that the N lines correspond 
to conversion on the Ny, Nyy, and Nyy sub- 
shells. Conversion electrons from the Nyy 
and Ny subshells, which lie between the N 
FIG. 5. Conversion lines of 604.5 kev gammas. and O peaks, were not observed in the 

present work. Conversion electrons from 

the Nyy and Nyy subshells overlap with 
TABLE II. Experimental conversion coefficient ratio. the electrons from the O shell, and thus 
form common lines indicated by the 
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2 . letters O in the figure. 

go> KIM EAN fet ae Assuming that conversion on the N 

eos takes place primarily on the first three 
subshells, as is the cas i 

295.9] 8.9+0.2 | 4: (1.59-L0.05) : (0.87-L0,03) aa (28-3) -10 h : eiton peal 

308.5 | 9.50.2 | 1: (1,690.05) :(0.87-20,04) | 44-42 ca on the M shell, one may consider the 

en fotos 1: (1.90--0.07) : (1,060.03) | 3844 259-7 O lines to be due mostly to electrons 


from the O shell. The conversion coef- 
ficient ratios K/N and K/O of Table 2 
are given on this assumption. 
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The formation of the radioactive isotope N*® was observed when Al, Ni, Cu, Ag, Cd and Sn 
foils were bombarded with N“ ions which had been accelerated to ~ 100 Mev ina cyclotron. 
Angular distribution measurements showed that the N® was emitted in a relatively narrow 
angular range. The angle corresponding to maximum intensity increases with Z. When the 
energy of the bombarding particle exceeds the height of the Coulomb barrier the cross sec- 
tion for N® production is only slightly dependent on the energy. The cross section is ~ 30 
mb for Ni and ~ 12 mb for Al. 


Wen atomic nuclei are bombarded with nultiply-charged ions stripping reactions can occur as well as 
the formation of compound nuclei. Such reactions for light nuclei at not very high energies have been 
studied in Refs. 1 — 7. At our Institute P. M. Morozov, B. N. Makov and M. S. Ioffe have devised a special 
ion source which furnishes monoenergetic beams of multiply-charged ions at considerably higher energies 
than those used in the investigations mentioned above. This had made it possible to study stripping reac- 
tions in heavier nuclei at higher energies. 

The present work is a study of reactions involving several different elements to which N“ loses a 
neutron and is transformed into radioactive N®. 


EXPERIMENTAL METHOD 


An internal cyclotron beam was used in ail experiments. The bom- 
barding particles were quintuply-charged N “ ions. Their range in 
nickel at the radius 66 cm was 48 yp, which corresponds to 115 Mev.° 
The energy spread of the particles did not exceed 5 to 7%. 

The average beam intensity at the target was a few tenths of a 
microampere and was measured by a current integrator. The energy 
of the ions was varied by moving the target along the radius. The 
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FIG. 1. Diagrams of the experiments: a —N*® production through bom- 
bardment of foils of different elements with nitrogen ions and the cross 
section measurement, b — Measurement of the angular distribution, 

c — Distribution of radioactivity in a stack of lead foils (there 7p lead foils, 
50u collector). 1—target; 2—shield of Au or Pt foil; 3 —lead collector. 
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long range of the N® particles was used to separate them. The experimental arrangement is shown in 
Fig. la. The acceleraged N* ions lost neutrons to the element of the thin target and as N*® were stopped 
in the collector made of 50y lead foil. The 3.5u gold foil between the collector and the target retarded par: 
ticles which had been produced through a compound nucleus. A special experiment showed that reactions 
with the formation of beta-active nuclei in gold and lead began to occur only at ~ 70 —80 Mev. The activ- 
ity produced in the lead collectors was registered by an end-window Geiger counter. A magnetic analyzer | 
was used to determine the sign of the beta particles. — &| 

For measurement of the N® angular distribution the lead collector was put into the form of acylin- || 
drical surface which included all angles from +60° to —60° (Fig. 1b). After irradiation the collector was_ 
cut into equal strips for measurement of the beta-activity decay curve. | 

Cross section measurements up to ~ 70 Mev were obtained with a thin target. Above 70 Mev the tar- 

get thickness was increased with the energy in such a way that the bombarding particles struck the shield- 
ing foil with the previous energy. The yield-energy relation was calculated as follows. Let Q, be the 
yield of radioactive N® from a thin target at 70 Mev. We increase the energy to 80 Mev and at the same © 
time increase the target thickness to the point where the energy loss in the additional layer will be 10 Mev;; 
there is thus no change in the conditions under which the original target is bombarded. If Q, is the N a | 
yield from the thicker target the difference Q,; — Q; is the reaction yield in the 70 —80 Mev interval. | 
On a smooth cross section-energy curve this yield can be associated with an average energy of 75 Mev. 
With further increases of the bombarding energy and of the target thickness we similarly obtain the yield 
at 85 Mev, 95 Mev etc. 


EXPERIMENTAL RESULTS 


1. Production of N® by Passage of a Beam of Accelerated N“ Ions 
through Foils of Various Elements 


Previously published works report stripping studies for light elements only. It was therefore our first 
task to determine the possibility of this reaction in other elements. Targets made of Al, Ni, Cu, Ag, 
Cd, Sn, Pt, Au, and Pb were arranged as shown in Fig. la and were bombarded for a few minutes with 
a 100-Mev N beam. The target thickness was such that the particle energy after traversing the target 
did not exceed 70 Mev. 

For the first six elements (from Al to Sn) 95—-98% of all of the activity received by the collectors 
had a half-life of 10 minutes. By investigating the sign of the beta particles and of their maximum energy 
(through absorption in aluminum) it was shown that these are positrons with E,,gy = 1.20 + 0.10 Mev. 
Thus from our findings concerning the half-life, charge sign, and maximum energy of the beta particles 
we were able to conclude that when accelerated nitrogen ions interact with nuclei of the six elements men- | 
tioned the N“ loses a neutron in a highly efficient nuclear reaction and is transformed into N®, | 

In the case of the heavy elements Pt, Au, and Pb there was no reliable indication of activity with a 
ten-minute half-life. Most of the activity, judging from the half-lives of 15 min, 70 min, and a few hours 
clearly belonged to fragments from gold fission.* The causes of the failure to observe the formation of 
N® in the heavy elements became clear only after a study of the angular distribution and cross section. 

A good illustration of the fact that N® is produced by stripping when aluminum is bombarded with 
nitrogen ions is provided by the distribution of the ten-minute activity according to depth in the lead col- 
lector. The arrangement of this experiment is shown in Fig. lc. The radioactive products of the nuclear 
reactions emerged from a Ty aluminum foil which had been bombarded with 74-Mev nitrogen ions and 
were collected in a stack of lead foils for analysis of the beta decay period. The results are shown in 
Fig./2; 

The figure shows that all of the ten-minute activity is concentrated in the interior of the lead. This 
distribution could not be explained easily if it were assumed that the N® results from the decay of a 
compound nucleus. But the stripping reaction provides a completely reasonable interpretation. When a 
bombarding N!4 particle loses a neutron during a peripheral collision it suffers relatively little change 
of energy, so that the range of the N* is comparable with that of the N“, The short-lived activity 


*Similar data will be found in a paper by N. I. Tarantin, Iu. B. Gerlit, L. I. Guseva, B. R. Miasoedov, 
K. V. Filippov and G. N. Flerov which is being prepared for publication. 
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(2—3 min half-life) which is also appreciable in the interior of the 
lead is most likely due to the capture of protons from aluminum by the 
N“ nuclei. This must result in the formation of an O! nucleus which 
decays with a 2-minute period. The activity in the platinum foil be- 
longs to radioactive decay products of a compound nucleus. 


2. Angular Distribution of N® 


The angular distribution of N® was measured for aluminum, nickel, 
silver, tin and also for the heavy element platinum. Although in the 
first experiment we did not obtain a reliable separation of N® from 
the bombardment of heavy elements, the geometry of the experiment 


a E(N),Mev 
7{Pt) 2(Pb) 2(Pb) ¥{Pb) S(Pb)No. of foil 


FIG. 2. Distribution of beta- for the angular distribution measurement (Fig. 1,b) led us to expect 
active nuclei in a stack of lead that at large angles it would be possible to separate N® from the 
foils. The numerals along the fragments. All of the lead strips of the collector except those which 
horizontal axis indicate the en- were struck directly by the beam showed only a 10-minute activity. 
ergy of the bombarding ions The strips which were in the direct path of the beam (two or three out 
upon entering and leaving each of twelve strips) yielded some additional activity which was due mainly 
foil; T is the half-life. to fission fragments from the shielding foils. The platinum shielding 


foil was increased to 8y to stop fission fragments coming from the target. 

The angular distribution in the center-of-mass system is shown in Fig. 3. The curves show the statis- 
tical errors and the angular spread due to the finite size of the strips. When aluminum was bombarded 
almost all of the ten-minute activity was concentrated in the two to four central strips. In this instance 
the angular resolution was inadequate for the plotting of curves such as those of the other elements. 
Therefore for aluminum Fig. 4 gives only a histogram of the ten-minute activity distribution in the strips 
compared with a histogram for nickel. From the histogram and the experimental geometry it is possible 
to determine the most probable N® emission angle for aluminum; at 65 Mev the value is 23°+ 8° in the 
center-of-mass system. 


3. Measurement of the Stripping Cross 
Section for Al and Ni 


The stripping cross section was measured 
in the 28 — 105 Mev range for aluminum and 
} A i. in the 31— 107 Mev range for nickel. The 

number of N* nuclei produced by the reac- 
f \ + | tion was determined by separation of the ten- 
5 | minute activity in the lead collectors. The 
efficiency of the beta particle detection was 
determined by means of a radioactive source 
of known intensity. Since the N® nuclei were 
stopped at some depth in the collector it was 
d necessary to take into account the scattering 
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FIG. 3. Angular distribution of N*: a—Ni, E (N") 
= 6146 Mev; b—Ag, E(N**) = 72 +8 Mev; c—Sn, 
E(N) =68 +7 Mev; d—Pt, E(N™) =91+7 Mev. 
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0% and absorption of the beta particles in lead. The appropriate 
corrections of 10 —20% were determined experimentally. A 


of N83, was placed at different depths within the stack of lead 


10 “26 a 


2 


lector current. We know that charge exchange causes variation 


2? ter. In our experiments, because of the high energies, the ni 
ions lost all of their electrons while passing through the target, 
so that their average charge was seven. A Small correction of 
3 — 10% had to be introduced for only the very lowest energies. 
The results are shown in Fig. 5, where the data of Refs. 3 
and 4 are given for comparison. The curves show the error of 
the relative measurements as well as the energy spread due to 
the finite target thickness. The error in determining the abso- 
lute value of the cross section was 30% and was caused princi- 


Stripping cross section, cm 


S 
S 
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N** energy, Mev 
FIG. 5. Cross sections for N® for- 


mation in Al and Ni. @— our data for EVALUATION OF RESULTS 


Al; O—our data for Ni; A—data from As can be seen from Fig. 2, the character of the angular 
Ref. 5 for Al; solid curve — data from distribution of N® is very different from the usual picture 
Ref. 3 for N. for the decay products of a compound nucleus. The distinguish- 


ing feature of this distribution is the fact that the particles are — 


emitted in a relatively narrow angular range. The angle of maximum intensity increases with Z. This 
features of the angular distribution clearly show that N® is actually formed as a result of stripping. For 
large impact parameters the probability of neutron loss by N' is small; in nearly central collisions the 
two particles are fused to form a compound nucleus. Thus there exists an optimum impact parameter for 
which neutron loss is most probable. From the position and width of the maximum it is possible to obtain 
an approximate value for the closest approach of N* to the target-nucleus and for the width of the geo- 
metric region around the nucleus within which stripping is most probable. Such estimates, without taking 
account of nuclear interactions, show that when the energy of the nitrogen ions exceeds the height of the 
Coulomb barrier the region in which stripping occurs corresponds to the distance between the colliding 
particles which is approximately equal to the sum of the radii of N' and the target-nucleus. 

The character of the relation between the angular distribution and Z enables us to understand why we 
could not distinguish a ten-minute activity from nitrogen-bombarded heavy elements. In such cases the 
angle of emission of the N® particles is so much larger that they do not reach the collector but are 
stopped in the shielding foil or in the target itself. 

We turn now to the energy dependence of the cross section. When a radioactive isotope is formed due 
to the decay of a compound nucleus the energy dependence of the cross section for its formation is a bell- 
shaped curve of ~ 10 Mev width.!°-® In our case, as is seen in Fig. 5, this dependence is characterized 
by slight energy dependence of the cross section for N® formation for energies considerably above the 
Coulomb barrier. At first glance it might seem that with increasing energy the cross section should de- 
crease because the N"™ is in the vicinity of the nucleus for a shorter time. But it must be remembered 
that the probability of neutron loss by N' can be affected by other factors in addition to the transit time. 
For example, it may be expected that with variation of the acceleraged ion energy there will also be a 
variation of the neutron sticking probability as well as of the geometric region within which the reaction 
takes place. 

The results contained in Refs. 2—5 show that a fast N™ ion which passes close to a nucleus may not 
only lose a neutron but is also able to capture a proton, neutron or even alpha particle. It was not our 
special purpose here to study other stripping reactions, but our results enable us to estimate the cross 
sections of other reactions. It will be useful to present such estimates here. In the experiment with a 


‘ 


source containing Na24, whose beta spectrum is similar to that; 
foils of 50y total thickness, and a relation was obtained between! 
the count and position of the source. The number of bombarding 


particles passing through the target was computed from the eol- 


of the average charge of an ion during its passage through mat-> 


8, 


pally by lack of accurate knowledge concerning the efficiency of 


| 
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lead foil stack (Fig. 3) it was found that nuclei with a half-life of 2—3 minutes have a long range, as well 
as the N®, The two-minute activity was also distinguished during measurements of the cross section for 
N*® formation in Al and Ni, and the ratio of the two-minute activity yield to the N® activity yield did 
not vary with energy. This indicates that the cross sections for the formation of both products have the 
Same energy dependence. We believe that this two-minute activity can be assigned to O', which is 
formed when N!¥ captures a proton from the target nucleus, according to the scheme 


Az(N™, O8) A—17 4. 


The cross section of this reaction is estimated to be for Al 40 + 10% andfor Ni 17 +5% of the cross 
section for loss of a neutron. 

In conclusion we consider it our pleasant duty to thank Academician I. V. Kurchatov for several useful 
comments during discussions of this work. We also thank the cyclotron crew, directed by Iu. M. Pusto- 
voit, for their excellent work and V. M. Strutinskii for theoretical calculations of several observed effects. 
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PRODUCTION OF NEGATIVE 7 MESONS BY 660-Mev PROTONS ON NUCLEI OF 
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The energy spectra and cross sections do-/dQ for m~-meson production have been meas- 
ured at an angle of 45° with respect to the proton beam for Li, Be, Al and Cu. The differ- 
ential cross sections d’o°-/dQdE for 157 Mev m -mesons were measured for Ag and Pb. 
A conclusion is reached concerning the dependence of the cross section for m -meson pro- 
duction on atomic weight for elements lying between Li and Pb. A comparison is made 
with similar results obtained for a’ and m* mesons in other works. 


Tue dependence of 1-meson yield on the number of nucleons in the nucleus has poge investigated at vari- 
ous angles for neutral mesons’? and at an angle of 45° for positive m mesons, the ma mesons being 
produced by 660-Mev protons on nuclei of various elements. In the present work, carried out at the 
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FIG. 1. Spectra of m—-meson production 


Element Li Be Cc 


do~/dQ-10?? 0.93-++0.14 4.00+0.15  1.00-+-0.13 


As was shown earlier,® the spectra of + mesons produced at an angle of 45° by 660-Mev protons on 
elements from Li to Cu are similar to one another. An approximate similarity of the spectra for m7 
mesons was also observed in the present work, as may be seen if all the spectra shown in Fig. 1, as well 
as the spectrum for carbon,’ are reduced to one scale. Using the apparent similarity of the m meson 
spectra, and the measured values of the quantity d?0~/dQdE for Ag and Pg, we can calculate tentative 
values of the cross sections do~/dQ for these elements, if we assume that the form of the spectra does 
not change very much as we go to the heavier elements. In this connection, the cross section do~/dQ is 
(2.87 + 0.88) x 107" cm? sterad“! for Ag, and (4.18 + 1.16) x 10-*%cm? sterad7! for Pb. 

The dependence of the mt -meson yield on the atomic weight is shown in Fig. 2. The abscissa repre- 
sents A?/%, and the ordinate represents the experimental values of do~/dQ in relative units. The differ- 
ential cross sections for m’- and m*~meson production, measured at 33° and 45° respectively,2*? are | 
also shown in the figure. All quantities are normalized to the values obtained for carbon. It is clear from 
ee a Fig. 2 that the results obtained for a and 2° mesons are 
very close to one another, but differ from the results for 
m* mesons. In particular, the relative yield of m and 7° 
mesons is greater than that of r 
of small and large values of A. 

To explain these experimental facts, it is necessary to 
take into account both the comparative effectiveness of 
-meson creation on the nucleons of the 
nucleus, as well as the scattering of the produced t me- 
sons by the nucleons. It can be shown, however, that in the 
region of m-meson energies investigated by us, the role of | 
scattering is approximately the same for all a mesons, 
regardless of the sign of their charge. 

A consequence of the hypothesis of isotopic invariance 
is that the cross sections of all possible reactions of the 
reactions of the interaction of m+, m~, and 2° mesons 
with nucleons (without the production of other 7 mesons) 


+ 


Cross section in relative units 
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FIG. 2. Dependence of t-meson yield 
on atomic weight. O—2° mesons, A— 
m mesons, O— 7m mesons. 
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synchrocyclotron of the Joint Insti- 
tute for Nuclear Research, using 
methods described earlier,?-> we 
studied m-meson production at an 
angle of 45° with respect to the beam) 
of 660 Mev protons on various ele- ] 
ments. etl 
The energy spectra of a mesons) 
produced by targets of Li, Be, Al 
and Cu are shown in Fig. 1. Inte- 
gration of the spectra, i.e., the dif- 
ferential cross sections do~/dQ in 
cm? sterad7! for m~-meson produc- 
tion, calculated per nucleus, yielded | 
the results given below. The quan- | 
tity do7/dQ for carbon was meas- — 
ured earlier.> m+ -meson yields from 
Ag and Pb were measured at only 
one meson energy, 157 + 5 Mev. The 
quantity d’o0-/dQdE was (1.38 + 
0.22) x 107% cm? sterad=!mev~' for 
Ag, and (2.01 + 0.40) x107*% cm? 
sterad!mev! for Pb. 
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reduce to four independent cross sections, among which the relation® 
oy (n"p > n"p) + 95 (@ pap) = 93 (x p—> mn) + 254(n%p > np), (1) 


exists. Moreover, in the energy region in which the interaction of 7 mesons with nucleons occurs main- 
ly in the state with isotopic spin ibs we have the well known relation 


Gy oy OR ah (2) 


Now, let r»!, At and A~ denote the mean interaction lengths of n°, ma’, and m mesons with nuclear 
matter. Then, considering the scattering of 7 mesons on nucleons of a nucleus to be the same as on free 
nucleons, and using relations (1) and (2), it is easy to show that 


0 /A* = 1E(N—Z)/2(N +. Z)~ 1. 


Numerous experimental data, in particular, confirm that \* #7 in the energy region of 100 — 200 Mev. 

Thus, to explain the dependence of the relative m-meson yield on atomic weight shown in Fig. 2, it is 
sufficient to consider only the comparative effectiveness of the creation of m+, m~, and m°’ mesons on 
nucleons of a nucleus, neglecting the possible insignificant difference in the cross sections of the inter- 
action of 7 mesons of different signs with nuclear matter. 

The production of t mesons by protons on nucleons occurs during single creation only in p-n colli- 
sions, according to the reaction pn —ppz . The proximity of the results obtained for m™ and n° mesons 
may be explained by a preferred role for p-n collisions also in the case of 7’-meson production. In fact, 
experiment indicates” that o(pn — 7°) /o(pp —1°) % 2 for collisions of 660-Mev protons with free nu- 
cleons, The significance of p-n collisions in the creation of 7° mesons on the nucleons of a nucleus may 
become even stronger in the region of light nuclei (Li, Be) because of the relatively weak coupling of the 
neutrons in these nuclei. Finally, we must take into account the possible nonuniform distribution of neu- 
trons and protons in the nucleus. Experiments on the scattering of high energy electrons lead to the ex- 
tremely probable model of the nucleus in which there is a neutron excess on the surface of the nucleus.’ 
On the other hand, because of the opacity of the nucleus, only some surface layer of the nucleus is effec- 
tive for the creation of m mesons, which in connection with the above model of the nucleus must also 
strengthen the significance of p-n collisions. Thus, we are led to the conclusion that the identical charac- 
ter of the dependence of ma and n° meson yield on atomic weight, established by the present experi- 
ments, may in fact be explained by the approximately identical role of p-n collisions in a and ° 
meson production. 

In regard to 1’ mesons; we should note that they are produced preferentially in p-p collisions, This 
follows from the relation for the reactions on free nucleons o(pp ~a')/o(pn—m') 3.5, which may 
be evaluated from existing experimental data.425 The excess of neutrons over protons in the regions of 
light and heavy nuclei may also explain the excess of the relative yields of m and n° mesons over the 
yield of m* mesons, which is observed in Fig. 2 for Li, Be, Cu, Ag and Pb. 
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POLARIZATION OF PROTONS SCATTERED BY O* SPIN AND PARITY OF THE 3.11-Mev 
LEVEL OF THE F" NUCLEUS 


P. V. SOROKIN, A. K. VAL’ TER, B. V. GAVRILOVSKII, K. V. KARADZHEV, V. I. MAN’ KO, and 
A, IA. TARANOV 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 
Submitted to the JETP editors March 26, 1957 
J. Exptl. Theoret, Phys. (U.S.S.R.) 33, 606-609 (1957) 


The polarization of protons scattered by Oo nuclei is investigated in the 2.6 — 2.8 Mev energy | 
range. The measured value of the polarization, its resonance character, and its sign imply | 
that the 3.11-Mev level of F!" has the characteristics (1/2)~. 


INTRODUCTION 


Tue levels of the F!” nucleus have been studied in investigations on the elastic scattering of protons by 
08, In the work of Ref. 1, carried out with an electrostatic generator, the p—O" scattering was studied 
in the energy interval 0.6 —4.5 Mev at a center-of-mass angle of 165°. 

The determination of the characteristics of the levels of F!", using the data of Ref. 1, are presented 
in Ref. 2 and are based on the resonance theory® with the help of the method of vector diagrams. As is 
shown in Ref. 2, the parameters of the low-lying levels of F!’ are the most reliably determined: the 
0.55-Mev (1/2), 3.11-Mev (1/2)t, and 3.88-Mev (7/2)~ levels. References 4 and 5 are fairly short 
communications on experiments on p—O* scattering, also carried out with electrostatic generators. In 
Ref. 4, the p—O'® scattering was investigated in the interval 0.28—4.6 Mev for nine values of the scatter- 
ing angle, and in Ref. 5 in the interval 2.5—5.6 Mev for four values of the angle. The results of the meas- 
urements and their analysis in these investigations are not presented. Instead it is only indicated that, in 
disagreement with Ref. 2, the 3.11-Mev level of F" isa (1/2) state. The work of Ref. 6 was carried 
out with a cyclotron in the energy interval 3 —7 Mev for eight values of the scattering angle. 

The published information on the F! levels is far from being complete and is not completely unam- 
biguous. It appears expedient to use for the analysis of the levels of F!" information on the polarization 
of protons after p—O" elastic scattering. The complete and unique phase analysis of the p—O" scatter- 
ing might be carried out if one could determine the angular dependence both for the effective scattering 
cross section and for polarization over a large interval of proton energies. However, even in the frame 
of resonance theory information on polarization is of value. The parameters of the levels of the com- 
pound nucleus, determined with the help of this theory, from the analysis of the energy dependence of the | 
scattering cross section are related directly to the magnitudes of the phase shifts in scattering, and there-' 
fore, also with the values of the polarization. 

We undertook the investigation of the polarization of protons upon p—O* elastic scattering with the 
goal of the unambiguous solution of the question of the spin and parity of the 3.11-Mev level of the F?? 
nucleus. 


1, RELATION BETWEEN THE POLARIZATION OF THE PROTONS AND THE 
CHARACTERISTICS OF THE 3.11-Mev LEVEL OF THE F NUCLEUS 


According to Ref. 2, the resonance in the p—O* scattering cross section at an energy of 2.66 Mev 
locates a 3.11-Mev level in the F‘ nucleus, where this level is a (1/2)tstate. The possibility of (1/2)7, 
(3/2)~, and (3/2)* states for this level are rejected by means of a comparison of the detailed form of the: 
experimental curve with theoretical predictions. In Refs. 4 and 5 from measurements of the scattering 
cross section at an angle of 90° a deduction is made that this level has the characteristics (1/2)-. How- 
ever, it should be remarked that on the basis of the measurements at 90° one can eliminate the possibili- 
ty (3/2)* but one cannot make an unambiguous choice between (1/2)~ and (3/ 2)~ states, since the energy 
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dependences of the cross section at this angle 
are exactly the same for the two possibilities 
indicated. 

In order to identify nuclear levels, infor- 
mation on the analogous levels of mirror 
nuclei is often used. However information 
on the spin and parity of the 3.06-Mev level 
of the mirror nucleus O! ig not available. 

We carried out calculations on the energy 
dependence of the polarization of the protons 
near the 2.66-Mev resonance for three as- 

FIG. 1. 6 = 60° in sumptions of the spin and parity of the 3.11- 
the center of mass FIG. 2. @ = 90° in the Mev level. The calculations were carried out 
system. center of mass system. on the basis of the resonance theory for the 
following values of the parameters:” the radi- 
us of the potential scattering was taken to be 6.9 x 107 cm for S—waves, and 5.31 x 1078 em for P— and 
D-waves; for the lower S;-resonance E, = — 0.436 Mev; Y =7x 1078 Mev-cm. 

For the resonance studied ER = 2.66 Mev, [= 19.9 kev. Figures 1 and 2 show the calculated energy 
dependence of the polarization for angles of 60° and 90° in the c.m.s. under the assumptions that the 3.11- 
Mev level is either a (1/2)” ora (3/2)~ state. If the 3.11-Mev level has a (1/2)' character, the polari- 
zation must be equal to zero. 

The weak effect of the levels located higher than 3.11 Mev was not taken into account in these calcula- 
tions. It is possible that the influence of the higher levels will result in a deviation from zero polarization 
even in the case of a 3.11-Mev (1/2)* state. However, an estimate made by us shows that the magnitude of 
the polarization in this case will not be greater than 5 — 10%, and the dependence of the polarization on en- 
ergy near 2.66 Mev will not have a resonance character. The form of the curves also changes little upon 
calculations (including) the upper levels. 

One can make the deduction that in order to make a choice between the various values of the spin and 
parity of the 3.11-Mev level it is enough to carry out measurements of the polarization of the protons at 
some one angle of the p-o# scattering at energies near the 2.66 Mev resonance. 
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2. EXPERIMENTAL METHOD AND RESULTS 


The measurements of the polarization of the protons were carried out with the aid of the equipment 
used in Ref. 7 for the investigation of the polarization of protons in scattering from Cc”, The work was 
done with the electrostatic generator of the Physico-Technical Institute of the Academy of Sciences of the 
Ukrainian S.S.R. 

The beam of protons from the electrostatic generator passed in a chamber where the scattering of the 
protons from an Al,O, target took place. The protons, scattered through an angle of 60° in the center of 
mass system, passed into a helium analyzer with the aid of which the extent of the polarization of the 
scattered beam was determined. The 60° angle was chosen because the polarization at this angle does 
not change sign in the region of the resonance. 

The Al,O, target was prepared by anode oxidation of an aluminum foil in a weak solution of sulphuric 
acid. Non-oxidized aluminum was removed by dissolving it in concentrated hydrochloric acid, In this 
way a very clean and uniform film of Al,0; was obtained. The thickness of the target used in the meas- 


urements was 0.47 mg/cm”. The presence 
eee ES Ee 


of aluminum in the Al,O, target made it 
Ep, Mev R for Al.0; R for Al R jon necessary to make a special investigation 
under the same conditions of the polariza- 
2.500 evans eeeD ae a tion of protons scattered elastically from 
5650 117£0.03 0.96-40.03 + aluminum. In these experiments an alumi- 
ae ee Noo eae num target of 0.27 mg/cm? thickness was 
2.725 1.13-£0.03 41.01-0.03 7 used. The targets, over an appreciable 
5800 1030.03 1 O70. 03 1.350.083 period of time, were not destroyed for beam 
ee pee ee 8 currents of 2—3 pa. 
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Measurements were made on the magnitude of the asymmetry R upon scattering from He! of Proang | 
incident in the helium analyzer chamber after primary scattering on targets of Al,O3, Al andona C | 
film of 2 mg/cm? thickness. The measurements with carbon were made with the aim of calibrating the 1 
helium analyzer. The results of these measurements are presented in the table. Ep is the energy of the 
protons incident on the first target. The errors shown are root mean square errors. | 


3. DISCUSSION OF THE RESULTS 


From the data presented in the table it follows definitely that the asymmetry observed in the case of — 
the Al,O; target is related to the polarization of protons scattered by o* nuclei. The resonance charac-- 
ter and the presence of this asymmetry show that the investigated resonance cannot be related to the ex- 
citation of a (1/2)+ state of the F’" nucleus. 

The value of Pe the polarization in p-O* scattering, averaged over the energy interval, corre- | 
sponding to the ionization energy loss of the protons in the target, was calculated from the obtained values © 
of R. The asymmetry observed in the case of the Al,O3 target is related to the polarization of the scat-_ 


tered beam according to the formula 


R= (1—PPett)/(1 + PP ett), 


where Por is the effective value of the polarization of the protons scattered in the helium analyzer, P 
is the polarization of the proton beam scattered by the target. The value Peff was determined in the ex- 
periments with the carbon target. The value of the polarization in proton scattering from c” at an angle: 
of 60° in the energy interval 2.6 — 2.8 Mev was taken from Ref. 8. The results of Ref. 7 were also used. 
The value Pog is a constant in the 2.6 — 2.8 Mev interval and is equal to 0.80 + 0.07. 

The value of the polarization in p—O*%, Boe , is related to P by the 


Ly formula 
= — 3 o — 
a3 Ras [P (1 — A = P| | (3cox/23a), 
U2 = 
where Pg,,the value of the polarization in proton scattering from alumi- 

a num nuclei in the Al,O; target, was determined from the experiments 

hn me ae E PIR TDS with the pure Al; dox is the scattering cross section of the protons on 

£,, Mev oxygen at an angle of 60°; og is the same quantity for aluminum. The 
FIG, 3 ratio dox/G, was determined by us experimentally. The experimental 


values of P,, are presented in Fig. 3. 
The full curve represents the theoretical dependence of Pes with energy, computed with the aid of the 
(1/2)~ curve of Fig. 1 and the data on the energy loss of protons in Al,O3. ; 

The errors in the experimental points are determined from the errors in the determinations of R for | 
the Al,O; and Al targets and also the magnitudes of the errors in Peff and dox/0_. Because of the | 
relatively large errors in the experimental values of Pisses a detailed comparison of the form of the theo-- 
retical curve for Pes with the results of the investigation are not useful particularly since itis not re- | 
quired for an unambiguous conclusion on the character of the 3.11 Mev level. 

The measurement of the magnitude of the polarization, its resonance character and its sign permit the | 
conclusion that the 3.11-Mev level of the F' nucleus can be neither a (1/ ahi nor a (3/2)~ state, and is 
a (1/2)” state. 

We take this opportunity to thank A. I. Baz’ and L. N. Rozentsveig for useful discussions, and A. A. 
Tsygikalo and the electrostatic generator crew for providing the cleanly working accelerator. 
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THE PHASE DIAGRAM FOR CERIUM 


A. I. LIKHTER, IU. N. RIABININ, and L. F. VERESHCHAGIN 
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Submitted to JETP editor March 26, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 610-613 (September, 1957) 


The p—T diagram of 99.8% pure cerium has been measured from — 150° to + 100°C over a 
pressure interval up to 12,000 kg/cm. In the p-T plane the phase equilibrium line is a straight 
line whose slope is 43 kg/cm?-—°C. It is shown that the transition at atmospheric pressure 
and low temperature is the same as that which occurs at room temperature and high pressure. 


Brincman has observed a polymorphous transition in cerium at high pressure. His data on the transi- 
tion pressure, however, is inconsistent. In 1927 he found! that the transition pressure was 7600 kg/cm? 
at 30°C and 9400 kg/cm? at 75°C. Later data” gave 12,430 kg/cm? at room temperature, which Bridgman 
explained in terms of the insufficient purity of his old sample. Later measurements of the electric re- 
sistance® showed, however, that the transition lies in the vicinity of 7000 kg/cm? at room temperature. 

Lawson‘ has used x-ray methods to investigate the structure of cerium above the transition pressure, ° 
and found that on passing through the transition the lattice remains face-centered cubic. All that happens 
is that the lattice constant decreases by amount corresponding to the sum of the volume change in the 
transition and the compressibility of cerium. In addition, it is known that at atmospheric pressure cerium 
undergoes a transition with a volume change of the order of 10%; when the temperature is lowered, this 
transition takes place at — 164°C, and when it is raised, the transition occurs at —98°C. All the data with 
respect to this transition has been collated by Trombe and Foéx.® X-ray investigations® have shown that 
the lattice again remains face-centered cubic and that only the lattice constant changes. 

It is known that at room temperature cerium has two modifications, the face-centered cubic and the 
close-packed hexagonal. This latter modification is obtained by slow cooling from 400°C, and for it no 
low-temperature polymorphous transition is observed. Up to the present, however, the question of the 
relation between the low-temperature and the high-pressure transitions has remained unanswered. In 
order to clarify this subject we have measured the temperature dependence of the cerium transition pres- 
sure in the temperature range from — 185 to + 100°C on an instrument designed for measuring compres- 
sibility of solids. 

This instrument (Fig. 1) is a multiplier whose low-pressure press has a piston 1 without packing, so 
that friction losses are reduced to a minimum. This piston is carefully ground to fit a cylinder 2 with a 
clearance of about 0.05 mm for a diameter of 192 mm. This high piston diameter makes it possible to 
operate at relatively low oil pressures in the cylinder (of the order of tenths of a kg/cm?), so that with a 
highly viscous oil (in our case, castor oil) there is little leakage through the clearance. The leakage . 
losses are compensated for by a fine regulation valve leading to a reservoir in which the oil pressure is 
maintained by an air cushion. In this way one may maintain a given constant pressure on the cylinder, or 
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fT 108 increase it smoothly to a given value. The high pressure is 


OWLLINNN applied within a “pobedit”* piezometer 12 tothe sample4 


\ | c which is surrounded by a lead casing 11; the low shear 


strength of lead makes it possible to apply a hydrostatic 
pressure distribution to the sample. For toughness the | 
piezometer is conical with a vertex angle of 0.5° and pressed. 
into a die 16 made of 45 KhMFA steel heat treated to a Rock: 
well hardness of 49. The inner opening of the piezometer has} 
a diameter of 6 mm and is carefully ground by means of dia- | 
mond powder. Two pobedit pistons 3, the upper and lower 
plunger, enter into it. The clearance between these pistons 
and the piezometer is no greater than 0.02 mm along the di- 
ameter. This small clearance is possible because Young’s 
modulus of pobedit is three times greater than that of steel, 
and even at a pressure of 30,000 kg/cm? the lateral deforma- | 
tion of the pobedit pistons is less than 0.01 mm, so that the 
rods cannot be pressed against the walls of the piezometer. 
The rods were sectional, so that complicated pobedit parts 
could be avoided. Into the bearing 13 made of soft steel are 
pressed a pobedit plunger 3 of diameter 6 mm, a short rod 6 
of diameter 9 mm, and a steel supporting part 14. The short 
rod 6 is necessary to keep 3 from cutting into the steel. 
Measuring levers 160 mm long are attached to 14. Attached 
to the lower level 15 are supports, and to the upper one 9 are 
dial indicators 7 and 8 with divisions indicating in microns. 
Two indicators are necessary to eliminate possible effects 
due to bending, and the actual displacement of the rods in the 
piezometer is determined from the average of the readings. 


Wee 
Ni 
\ / thisths 

Sy Mi 


TT EE ey The more accurately centered the plungers are in the press, 
i a4 the less is the difference in the indicator readings. 
FIG. 1. Schematic diagram of the In order that the lead not flow through the clearance gap 
apparatus. between the piezometer and rods, conical steel sealing rings 


5 are placed on their ends. The piezometer is surrounded by | 
a brass container 10 into which one may place a cooling mixture or boiling water. The container is 
wrapped with “mipor” thermal insulation. The temperature is measured outside the pobedit piezometer 
by a copper-constantan thermocouple. In view of the high mass of the piezometer, one may assume that 
the temperature in its interior, or that of the sample, hardly differs from the temperature measured by | 
the thermocouple 17. A temperature difference even of 5°C would hardly alter the accuracy of the results; 
since the uncertainty in the pressure is +300 kg/cm? and the slope of the line in the phase diagram (see | 
Fig. 3) is about 43 kg/cem?-°C. 

A sample of height 5 mm and diameter 5 mm is pressed into a lead casing and placed between the rods | 
in the piezometer. After preliminary compression to the maximum pressure, the cylinder pressure is 
_ Slowly raised. The oil pressure is obtained from a standard manometer. When the manometer reading 
is integral, readings are taken on both displacement indicators. 

When the maximum pressure is reached, the control valve is cracked so that the cylinder oil pressure | 
drops at approximately the same rate as that at which it was raised. There then results a “hysteresis” 
loop in the rod displacement-pressure diagram; the two branches of this loop correspond to increasing 
and decreasing pressures. The difference between these two curves is explained by friction, which is the 
total of friction in the low-pressure cylinder and friction in the piezometer as the rods move in it. When 
the pressure is being raised, additional effort must be expended to overcome friction, and when the pres- _ 
sure is being lowered the friction force is subtracted. Therefore the distance between the two branches 
of the loop for a given value of the displacement corresponds to twice the friction, and in order to elimi- 


* “Pobedit” is a solid powder alloy developed in the U.S.S.R. composed of tungsten carbide powder 
combined with cobalt under heat and pressure—Tr. 
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ra inate this effect one need only draw 

n +100; 4 an average line through this loop, 

aia va thus obtaining the actual pressure 

tou y ‘ dependence of the rod displacement. 

a te Now from this curve one can subtract 

= : the compressibility of the sample 

60 -100' being investigated. If a polymor- 

f9 Va phous transition takes place in the 
sample, the start of this transition 

is observed by the rapid rate at 

which the readings change. When 

this occurs, the pressure is held 


~ 200 aay Ker d 

sh UZ 0 5000 10000 p, (kg/cm?) 
FIG. 3. Phase diagram 

of cerium. The pressure 
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FIG. 2. The displacement H dependence of the polymor- ese oe caches aed penne 
of the piezometer rods as a func- phous transtion tempera- ee ae peed: age on 
tion of the pressure in the cyl- ture between phases I and va pee eats ca eee pS: 
inder of the press, for increas- II; @—our data, A— Per a, ae aie ate fae ke 
ing and decreasing pressure. Bridgman’s data. @ characteris uiciiy Stele ee gaia 


cerium at 17°C. The beginning of 
the transition is very clearly seen, 
and a large part of the transition takes place in a sufficiently narrow pressure interval, but the end of the 
transition is somewhat spread out. The same pattern is observed as the pressure is decreased. The tran- 
sition pressure as given by the average line, and the average of the transition pressures obtained by find- 
ing the beginning of the transition for increasing and decreasing pressures differ by a value less than the 
limits of experimental accuracy, which we take as +300 kg/cm’. 

Figure 3 shows the p—T diagram obtained for cerium; it can be represented with sufficient accuracy 
by a straight line. The points obtained by Bridgman in 1927 (see above) lie in the vicinity of this line. 
The lowest point in Fig. 3 corresponds to the measurement at — 71°C, for which the whole hysteresis loop 
was obtained. At — 185°C, the transition started at 1000 kg/cm?, but the opposite transition was not ob- 
served when the pressure was decreasing. The point at which the transition starts at — 185°C lies on the 
same line as similar points for higher temperatures. It is therefore valid to extrapolate the p—T line to 
the temperature axis. The intersection is at T = — 150°C, which corresponds to the transition observed 
in cerium at low temperatures and atmospheric pressure. The results of measurement are shown in the table. 

The cerium was obtained from the Institute of Rare Metals, and contained 99.8% Ce. 

From the rod-displacement-pressure curves obtained for each temperature, we can evaluate the vol- 
ume change in the transition. An exact determination of this quantity is made difficult by the fact that the 
beginning and end of the transition are not very sharply indicated on the average line. We have therefore 
———————_ obtained only the average value Av ~ 8% (Bridgman obtained 7.68%). We note 
that as the temperature increases, Av clearly decreases. If the p—T diagram 


Points of the cerium 


Bydaclagtan is known, the Clausius-Clapeyron equation can be used to find the heat of tran- 
TC) | (ke /ont) sition; we obtain 0.023 ev at 20°C. The question of why Bridgman obtained 
12,430 kg/cm? for the transition pressure remains unanswered, One may sug- 
gest that this deviation can be explained by the different thermal histories of 
iia Oe the samples and by different concentrations of the cubic and hexagonal phases. 
nie nov) An answer to this question requires continuation of our investigations with cerium. 
tay 3550 We consider it our duty to express our gratitude to I. V. Brandt for aid in 
= 1o0Kextrap-) : the work. 


1p, W. Bridgman, The Physics of High Pressures, G. Bell and Sons, Ltd., London, 1931, (Russ. Transl., 
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2p, W. Bridgman, Proc. Am. Acad. Arts & Sci. 76, 77 (1948). 
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PHOTODISINTEGRATION OF DEUTERON AT ENERGIES FROM 50 TO 150 Mev 
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P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. pe 
Submitted to JETP editor March 27, 1957 
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Photodisintegration of the deuteron was studied with the 265 Mev synchroton of the Physical 
Institute of the Academy of Sciences, using D,O and H,O targets. Protons were counted with 
a telescope of two proportional counters. The differential cross section was measured at 
angles of 22.5, 45, 67.5, 90, 112.5, 185 and 157.5° for y-ray energies of 54, 70, 88, 110, 129 
and 148 Mev in the laboratory system. The approximate angular distribution obtained is 
compared with results of the calculations of Marshall and Guth. 


INTRODUCTION 


Tue reaction of photodisintegration of the deuteron by high-energy y-rays has been studied in a series 
of experiments. The first work!~® already showed that the behavior of the total cross section diverged 
quantitatively from the results of theoretical calculations®*’ for energies higher than ~ 50 Mev. In later 
work,®-" published in the period during which the present investigation was carried out, much more pre- 
cise information has been obtained about the behavior with energy of the total cross section and angular 
distributions for the process, in the energy range from 20 to 450 Mev. 

The results of the present work, which was carried out using proportional counters, are compared with 
theoretical calculations and with the results of Ref. 11, obtained by means of photo emulsions, in an anal- 
ogous energy range and a somewhat narrower angular range. 


1. EXPERIMENTAL ARRANGEMENT 


The reaction of photodisintegration of the deuteron 


ed alt (1) 


was studied for y-ray energies from 50 to 150 Mev on the 265 Mev synchrotron of the Physics Institute of 
the Academy of Sciences with targets of heavy and ordinary water by counting the protons. Measurements | 
of the energies of protons emerging at a given angle made it possible to determine the energies of the 
y-rays producing the photodisintegration. The upper limit of the y-ray spectrum in the main measure- 
ments was 264 Mev. Measurements at 22.5, 45, and 67.5° for y-ray energies below 80 Mev were carried 
out for an upper limit of 170 Mev. The manner of measurement indicated separated the protons arising 
in the reaction (1) and the recoil protons arising in photo-production of mesons. 

The separation of protons from other particles and measurement of their energies was carried out by 
a telescope of two proportional counters. In front of the counters there was an aluminum filter, the thick- | 
ness of which was varied from 0.4 to 8.0 g/cm’, depending on the energy of the protons being counted. | 
The filter placed between the counters had a thickness of 0.13 g/cm’. The angular resolution of the tele- 
scope was better than +3°. 

Pulses from the counters were transmitted after amplification to a threshold counter and then to a co- 
incidence scheme with a resolving time ~ 1 psec. 

The track lengths of the counted protons were determined from the value of the threshold of the second 
counter and the total amount of material before it. The width of the track lengths constituted 0.2 g/em? 
of aluminum, constituting an energy width of 4.0 to 1.0 Mev, depending on the mean energy of the regis- 
tered protons. Protons were separated from mesons by the magnitude of specific ionization in the first 
counter, Deuterons could, in principle, be counted by the telescope; however, the energy of the recoil 
deuterons arising in production of neutral mesons, was insufficient for them to reach the second counter. 
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Cylindrical proportional counters were filled to a pressure of 200 mm Hg with argon containing an ad- 
mixture of 1% CO,. For absolute calibration, a collimated source of a-particles Po?! was inserted. In 
the process of measurement, the apparatus was periodically switched over to count a-particles; this per- 
mitted control of the stability of the counting interval. 

The targets were in the form of flat thin-walled containers, filled with ordinary and heavy water. The 
target thicknesses were determined with a given energy resolution and constituted 0.2 to 0.9 cm in differ- 
ent measurements. Measurement of the proton yield at a given energy was carried out in the form of suc- 
cessive counts from D,O and H,O targets, placed in turn in the y-ray beam; this made it possible to di- 
minish the effect of instability in the working of the measuring apparatus and synchroton. All measure- 
ments were carried out with alternating filling of each of the containers with heavy and ordinary water. 

Relative measurements of the y-ray beam were carried out with a thin-walled monitoring ionization 


chamber placed in the beam. Absolute calibration of the thin-walled chamber was carried out using a 
thick-walled graphite chamber. 


2. PROCESSING OF RESULTS 


The differential cross section for photodisintegration of the deuteron was calculated from the experi- 
mental results by the formula 


Bley n 
ag (W)= Cee oe (2) 

The number of protons n, arising as a result of photodisintegration of deuterium nuclei, was deter- 
mined by the difference in yields from the D,O and H,O targets. The contribution from the Compton 
effect on water was negligible. The standard statistical error in the number of protons constituted, on 
the average, 10%. 

The effective solid angle for counting, Qers, was calculated for the extended target taking into account 
edge effects in the counters. The accuracy of calculation was ~ 5%. Besides this, the error in measure- 
ment of the edge effects in the counters can lead to a systematic error of about 5%. The number of deu- 
terium nuclei in one cm? of target, Nyyc» was determined to an accuracy of 3%. 

The number of y-rays ny incident on the whole area of the target and leading to the Ny protons, was 
calculated from the formula 

We 

ny =k\ 7 (W)4(W)aW. 
Ww, 
The factor k is connected with the absolute calibration of the monitoring ionization chamber which was 
carried out to an accuracy of ~ 10%. The distribution of y-rays with energy f(W) was calculated from 
the Bethe-Heitler formula with correction for the thickness of the target and it was averaged over the 
energies of the electrons incident on the synchrotron target. The energy resolution was determined by 
the ionization slowing of the protons in the target and the finite width of the telescope interval. The reso- 
lution function »(W) was approximately an isoceles trapezium. The width at the base (W, — W,) was 
~ 20 Mev and the width at half-maximum, approximately 15 Mev. The error in the determination of the 
value of , which was not connected with the systematic error in the quantity k, did not exceed 3%. 
The value of the differential cross section calculated by Eq. (2) was related to the mean y-ray energy by 
W = (Wy + Wa). ' . 

Corrections taking into account multiple scattering and nuclear interaction of the protons in the filters 
of the telescope enter into Eq. (2). In the calculation of corrections for multiple scattering mms, the 
actual extended target was replaced by a point one. Results given in Refs. 13 and 14 were used in the 
calculation. The size of the correction grew with increasing energy of the protons counted and usually . 
lay in the interval from 1to 1.2. The restrictions introduced in the calculation cannot lead to an error in 
the value of nmsg exceeding 5%. . . 

In calculating the influence of nuclear interactions, account was taken only of inelastic proton interac- 
tions, the cross section for which was taken equal to half the total cross section measured ion neutrons 
of the corresponding energies. The value of this correction never exceeded 1.15. The error in evaluating 


mnuc connected with the neglect of elastic interactions was less than 5%. An estimate of the number of 
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secondary protons created by the neutrons in the telescope filters showed that this effect could be neglectee 

The error in the differential cross section, Eq. (2), was determined by the statistical error in the num=. 
ber of protons and the total random error from other quantities entering into Eq. (2), which did not exceed H 
10%. In addition, there was a systematic inaccuracy of about 15% connected with the absolute calibration 
of the monitor of the ionization chamber. In the future, only statistical errors will be taken into account. 


3. RESULTS OF THE EXPERIMENT AND DISCUSSION 


As a result of the experiment, values of the differential cross section were obtained for angles of 22.5; ! 
45, 67.5, 90, 112.5, 135 and 157.5° in the laboratory system (l.s.). This data was split into six groups | 
corresponding to mean y-ray energies of 54, 70, 88, 110, 129 and 148 Mev. laboratory system. The 
spread of energy inside each group was substantially less than the width of the energy resolution, consti- 
tuting, on the average, about +7.5 Mev. Values of the differential cross section obtained by averaging 
within each group and converted to the c.m.s. are given in Fig. 1. Thetotal cross section is given in Fig. 2. 

For comparison of our data with the results of Ref. 11, which were 


TABLE I. Values of the obtained for the same energy range and somewhat smaller angular 
parameters obtained in approx- range by photo emulsions, we approximated the angular distribution 
imating the angular distribu- in the form 
tions by do/dQ = (A +B sin’@) hie oe 
= 6) (1 + 28cos 8), (3) 
(1= 28 cos@). dq (A + Bsin® &) (1 + 2B cos 8) 
ale ub arn ubam connected with the choice of three parameters. The values of the 
aa “6 |" sterad.| ”'sterad. parameters A, B, B (see Table I) and the value of the total cross 


section obtained by us agree, within the limits of error, with the 


a ee a ae results of Ref. 11. 

88 0.36 4.7 4.4 Theoretical calculations of photodisintegration of the deuteron 
op oh EG ac for energies of 20 to 150 Mev have been carried out by Schiff® 
148 0.36 9.0 0.7 and Marshall and Guth.’ The total cross section and angular dis- 


tribution were calculated under the assumption 
of a half-exchange, central force, acting be- 
tween proton and neutron, for several potentials. 
The main term in the total cross section, according 
to Refs. 6 and 7, comes from electric dipole tran- 
sitions. Corresponding to this, the angular distri- | 
bution has a sin?9@ character, with some asymmetr? 
relative to 90°, caused by the interference of dipol 3 
(E1) and quadrupole (E2) electric transitions. 
The contribution of the magnetic quadrupole tran- 
sitions (M2) calculated in Ref. 7 is small. In 
these articles the magnetic dipole transitions in | 
the 1g) - state leading to an isotropic yield of photo | 
protons from deuterium are not calculated. Results 
of the calculations of Nagahara and Fujimura?® 

for El, E2 and M2 transitions differ little from | 
Refs. 6 and 7; however, in Ref. 15 the M1 transi- 
tion connected with the interaction with the exchang 
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a” 30° 60° 90° 120° 180° 180° 0° 30° 60° 90° 120° 160° 160° FIG. 1. Differential cross section vs. angle of 
the emitted proton in the c.m.s. for y-rays of vari- 
ous energies (W]ah = 54, 70, 88, 110, 129 and 148 
Mev, respectively). The solid curve corresponds 
to the approximate form do/dQ = (do/dQ M.g.t | 
P+Qcos@. Energy values have a definition of ap— 
proximately 7.5 Mev. Errors of the experimental 
TO wT io tae’ Oa RO 0 TD Ta points are standard statistical errors. 
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magnetic moments, which are introduced phenomenologically, is also calculated. 

In Fig. 2 we show our experimental points for the total cross section and curves of the total cross sec- 
tion calculated by Wilson and Marshall and Guth.” Divergences from the results of Ref. 7 begin to be- 
come noticeable, apparently, at energies ~ 40 Mev, and at an energy of 150 Mev the experimental cross 
section exceeds that of Ref. 7 by a factor of about 5. The experimental angular distributions in this ener- 
gy range also show differences, which increase with y-ray energy, 
from the distributions of Ref. 7. They are characterized by a large 


TABLE II. Values of the param- isotropic component and a substantial asymmetry about 90°. 
eters, obtained in approximating In view of the indicated difference between the experimental data 
the angular distributions by and the results of Marshall and Guth, we approximated our angular 


da/dQ = (do/dQ) 4 Gg. +P+Qcose. distributions in the form 
The uncertainty in the parameters 


ds /dQ = (de /dQ)m.c.+ P cos 9, (4 
correspond to the standard sta- ( Oey Tehate 
tistical error in the proton yield. Stotal? Hbam 
Wah’ Mev p, —_ +AP ie ybam | +AQ 150 FIG. 2. Total cross section 

sterad, | sterad. | ; 
| ; as a function of y-ray energy W 

| | | j i i 
54 | 1.30 | 0.41) —0.76 | 0.55 100 in the l.s. The solid curve is 5 
70 | 2.72 |0.28| 0.92 | 0.44 from the calculation of Wilson;® 
88 3.50 | 0.37 0.81 | 0.56 the dotted one, from the calcu- 
410 3°80 — }0.28 Tec ie Wane 50 lation of Marshall and Guth.’ 
429 352 || OO) Ov |) OHS The errors in the experimental 

: ; : aay: 
148 Eman O32 | 1-00 | 0.48 A points are standard statistical 
0 JO 100 150 W, a» Mev ones. 


where (do/dQ) M.G. is the differential cross section of Marshall and Guth and P and Q are param- 
eters of the approximation. Curves of the form Eq. (4), obtained by the method of least squares, are given 
in Fig. 1, and the values of the parameters with their errors, in Table Il. The total cross section, calcu- 
latedas o = (0%) M.G, + 47P, is shown on Fig. 2. 

The angular distribution Eq. (4) describes well the experimental data in the energy region studied. We 
note that the approximation with the expression not containing the term with cos @ is obviously unsatis- 
factory. 

The result, Eq. (4), can be seen to be quite natural, if account is taken of the fact that, in addition to the 
processes calculated in Ref. 7 (E1, E2 and M2) for the energies considered, magnetic dipole M1 tran- 
sitions not calculated there can be added. These transitions, beginning from the S-state, give an isotropic 
term in the angular distribution and their interference with M2 transitions gives a term proportional to 
cos @. As noted in Ref. 6, there is no interference between magnetic and electric transitions. The total 
cross section for magnetic dipole transitions, equal to 47P, obtained in this interpretation, is compared 
in Fig. 3 with the theoretical calculations of Nagahara and Fujimura. The experimental values are sev- 
eral times larger than the calculated result. This indicates that the particular interpretation in which 
magnetic dipole transitions are added to those calculated by Marshall and Guth, is, evidently, unsatisfactory. 

Another possible explanation of the large isotropic component in the distribution, Eq. (4), is the suppo- 
sition that, in the energy range considered, there is also the process of absorption of a dipole electric 
y-ray, for which the transition into the 3p)—state is large compared with 
transitions into 3P,;— and 3p,—states. This process should give an iso- 
tropic yield of protons from deuterium.'” In order to explain the forward 
peaking in this case, it is necessary to assume the existence of magnetic 
dipole transitions in the triplet state of the proton-neutron system, i.e., 
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FIG. 3. Magnitude of 47P as a function of y-ray energy in the l.s. 
The experimental points are given with standard statistical errors. The 
solid curve comes from the results of Wilson’s calculations® for photo- 
disintegration by way of re-absorption of mesons. The dotted curve was 
calculated by Nagahara and Fujimura for magnetic dipole transitions 
caused by interaction of the y-ray with the phenomenological exchange 
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in the °S,-state. The interference of these transitions with transitions into the °P)-state gives a term 
proportional to cos @. 

A possible model for transitions into the ?P)—state is photodisintegration of the deuteron connected with | 
photo production of virtual mesons in an S—state on one of the nucleons of the deuteron and their succes- 
sive absorption by the same deuteron. On Fig. 3 the total cross section for such processes calculated by 
Wilson®>8 is compared with experimental data for the isotropic part of the cross section. The experi~_ 
mental points lie closer to this calculation than to the results of Ref. 15; however, the agreement is not 
complete. 

As noted above, the model of re-absorption should be supplemented by magnetic dipole transitions into 
the 3$,—-state, which leads by itself to an isotropic distribution. Evaluation of the total cross section for 
magnetic dipole transitions, carried out with the experimental data using the cross section of Wilson, 
showed that the cross section of such transitions does not exceed 5 barn. We note that M1 transitions | 
can also lead to the 'S)—state; in this case they lead to an isotropic distribution, but do not interfere with | 
the transitions into the *Po—state. I 

Thus, in the energy region considered, the total cross section and angular distributions for the process 1 
of photodisintegration of the deuteron can be satisfactorily described if, to the transitions calculated by 
Marshall and Guth, and by Wilson, magnetic dipole transitions are added, with a cross section lying within | 
the limits of the theoretical estimates of Refs. 15 and 17. 

The authors express their gratitude to V. I. Ritus for participation in the discussion of the results of 
the work, and also to the crew of the 265 Mev synchroton of the Physics Institute of the Academy of Sciences; 
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ENERGY DEPENDENCE OF THE ANGULAR CORRELATION IN THE m+ —pt—e*t DECAY 


A. O. VAISENBERG and V. A. SMIRNITSKII 
Submitted to JETP editor June 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 621-624 (September, 1957) 


The energy spectrum of positrons fromat —yt—et decays in emulsions, and the energy 
dependence of the angular correlation in these decays are studied. It is shown that the coef- 
ficient A in the formula 1+A cos 9 for the angular correlation increases rapidly with in- 
creasing positron energy, in agreement with the two-component theory of the neutrino. 


Tue purpose of this work was the study of the dependence of the correlation between the directions of 
emission of the y-meson and positron in m+ > p+ > et decays on the energy of the positron. To obtain 
this we measured the energy of the positron and the angle between the direction in which it is emitted and 
that of the y-meson for 580 decays in NIKFI-R and Ilford G-5 emulsions. Layers of the NIKFI-R emulsions 
of diameter 10 cm and thickness 400 p were placed in a double magnetic screen, shielding the external 
magnetic field to a value less than 0.05 G, and were irradiated with a pulse of monochromatic 1+-mesons, 
slowed down by an absorber so that they would stop in the emulsion. Layers of Ilford G-5 emulsions of 
thickness 600» constituted part of a large emulsion camera, irradiated at a height of ~ 28 km. They 
were presented to us by C. Powell. Of 580 measured 1t —y~+—e* decays, 448 were found in the NIKFI-R 
emulsions and 132 in the Ilford G-5 ones. The analysis of the data for the first 120 decays in the Ilford 
G-5 emulsions were given in our preceding article.! Here we will consider the complete data, including 
580 decays in all. 

In the choice of the cases submitted to measurement out of the large number of 1* — pt —et decays, 
those were taken which satisfied the following criteria: (1) Both parts of the 7* —y*—et decay occurred 
in the same layer of emulsion. (2) The vertex of the yt —e* decay was at a distance greater than 100 y 
from both surfaces of the emulsion. (3) The length of the positron track in the layer was not less thanl mm. 

Measurements of the positron energies were carried out by the multiple scattering method. The analy- 
sis showed that in both the NIKFI-R and Ilford G-5 emulsions there was substantial distortion, the influ- 
ence of which strongly diminished in going from the second to the third and fourth differences. The spectra 
given below were constructed from the fourth differences. Scattering measurements were carried out for 
cells of 50, 100 or 200 p, depending on the track length and on the signal-to-noise ratio. The distribution 
of positron tracks with length are given below: 


Length of tracks inmm 1-2 2-3 3—4 4—5 5—6 >6 
Number of tracks 313 126 78 34 23 6 


The statistical error in the determination of energy (dispersion) in the measurements with 100 uy cells 
lay within the limits ~ (30 — 10%) at the beginning and end of the table, respectively. 

For each decay, in addition to the energy of the positron, the angle $ in the plane of the emulsion between 
the directions of emission of the u*-meson and positron was measured. It should be noted that, thanks to 
the criteria employed in the choice, the tracks of the positrons and mesons made small angles with the 
plane of the emulsion; the half-width of the respective distributions was less than 7° for positron and 10° 
for meson tracks. Therefore, without introducing a considerable error, we may: (1) measure the projec- 
tion of the volume angle 3 on the plane of the emulsion instead of the angle itself, and (2) consider that 
the correlations for particles lying in the plane of the emulsion (“plane case”) are investigated. 

The measured positron decay spectra are given in Fig. 1 (positrons emitted forward 0° < $ = 90°) and 
in Fig.2 (positrons emitted beckward, 90°< 3 <= 180°), where the energy «, expressed as a fraction of the 
maximum energy Eyax © 53 mev, is plotted along the abscissa. The ordinate is the number of particles 
in an energy interval Ac =0.1. These two spectra are distinctly different. The spectrum of particles 
emitted forward rises sharply for low energies and, going through a maximum lying between ¢€ = 0.4 
— 0.6, smoothly drops with larger energies, whereas the spectrum of particles emitted backward grows 
noticeably more slowly to begin with, going through a maximum in the region « = 0.7 —1.0 and sharply 
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drops with larger energies. Beginning 


with « = 0.6, there is a substantial ex- , 
40 a cess of protons emitted backward, the 
35 log relative magnitude of which grows with — 
0 increasing energies. Thus, for example,, 
a ae the ratio of the number of particles 
os emitted backwards to the number of — 
a particles emitted forwards is equal, 
4 respectively, to 219:163 for € > 0.6, 
146:97 for « > 0.8, and 70:44 for « >1.0. 
Be AE RET ES eae fe Lb le At, Mel ss i For a quantitative analysis of the 
FIG. 1. Spectrum of pos- FIG. 2. Spectrum of pos- data obtained, we calculated mean val- 
itrons emitted forwards itrons emitted backwards ues cos 3 for each energy interval of 
(0°55 = 90°); (90°r <2 Jes 1805); the spectra Figs. 1 and 2, For a cor- 


relation of the type 1+ A cos 3 meas- 
ured in the plane as in our case the coefficient A is equal to twice the value of cos 3. In the table the | 
values are given of cos § obtained for particles whose energy exceeds a given value. 
Statistical errors given in the table were calculated as 0.79/VN, where N is the number of particles 
of energy exceeding that given in the table. The data in the table show a monotonic growth in values of 
cos $ from ~ 0.05 to a value approximately 


Energy cos H>e =Al2 | Energy os Gy, =A2 four times larger. 
For comparison of the data obtained with 

0 — (0.053+40.033) ne — (0. 148-40.040) the two-component theory of the neutrino, 
Oe — (0.053--0 033) a — (0,148 =-0.04.) eae Bp 
0.2 — (0.0520 .033) 0.8 — (0.156-£0.051) we turn to the formula describing the asym 
ORS — (0.064-+0.034) 0.9 — (0,192+-0,059) metry in 7 —p— e-decay 
0.4 — (0.060-L0,035) 1.0 — (0,200-40.074) 

+ 0.5 — (0.083-+-0 037) ye | — (0, 206-40, 104) dN =o (a + bad cos 9) de dcos , (1) 


a=2s? (3 —2e); b= 22? (22 —1), 


» is a parameter of the theory and a is a coefficient equal to the relative proportion of yt-mesons which 
keep their original direction of spin until the moment of decay. This formula gives, for the “plane case,” 
the following theoretical value of cos 3 for particles of energy exceeding e 


COS Soe = (22/2) ((¢ de jaa). (2) 


& 


Our data give the possibility of determining the quantity wA. However, a more precise determination of 
this quantity comes from the consideration of available work with emulsions, where the angular correla- 
tion, averaged over energy, was measured? ® (see also the private communication of Gurevich). In this 
case the coefficient A in the correlation formula 1+ A cos 6 is equal to 1/3a4, which is easy to obtain 
by integrating (1) over the energy. The data which have been available to us are given below: 

The statistical errors indicated 


Authors Number of Particles | _A* 0/3 _ here were calculated according to 
Chadwick, Durrani et al. 3021 -(0.149 + 0.033) the formula 1.73/VN, where N is 
Bodlik et al. 1562 -(0.080 + 0.044) : 
Biswas et al.° i 2003 —(0.095 + 0.039) toe es ose Fan (el 
Castaghnoli et al. p 1028 —(0.222 + 0.054) The mean weighted value of the 
Friedman and Telegdi 1300 ~(0.120 + 0.048) coefficient A from these data is 
Gurevich et al. (private communication) 2000 -(0.120 + 0.039) 


A = —0.127 + 0.017, corresponding 
to aA = — 0.380 + 0.050. We used 
this value of aA for comparison of the experimental values of cos 9 in the table with the theory. 

Curve 1 on Fig. 3 gives the theoretical values of cos $/aA; they vary from 0.167 for € = 0 to 0.500 for 
¢ = 1. A direct comparison of the experimental data with this curve is difficult, because our spectra 
(see Figs. 1 and 2) are smeared out by the dispersion in energy measurements and bremsstrahlung. We 
neglected the bremsstrahlung and calculated the smearing out in curve 1, starting from dispersions in the 
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energy measurements of 15 and 30%; almost all of our measurements are confined to the region between 
these values of the dispersion. The results obtained are given in curves 2 and 3 which differ only slightly 
from each other. These curves whould be used for comparison with the experimental data. The experi- 
mental points on Fig. 3 correspond to values of cos 3 from the table, divided by aA = —0.38. The en- 


circled point at the beginning of the curve corre- 
SR REeEe Sa aae 


sponds to the normalized value aA = —0.380+0.050. 
The experimental data show the sharp rise in the 


sy w ols Fa mean value of cos 3 with energy predicted by the 
E a4 Pela nes two-component theory of the neutrino. From Fig. 3 
. 03 Yj ieee it can be seen that the experimentally observed in- 
oe rs crease somewhat exceeds the theoretical values. 
The accuracy of the experiment was, however, in- 
off sufficient to make this significant. 
g ae a ne 7 2 ae We consider separately the data in the region of 
small energies. Because of the dispersion of the 
FIG, 3 measurements, the change in sign of the correlation 


a een a. predicted by, the theory, is displaced trom c="0.o am 
the direction of an ¢ lying in the region 0.3 — 0.4, depending on the magnitude of the dispersion. In the 
range € < 0.4, 34 positrons emitted forwards, 32 backwards were observed, which agrees with the strong 
decrease in correlation and change in sign predicted by the theory. 

A detailed description of the work and a through statistical analysis will be given in the near future. 
The authors thank A. I. Alikhanov for help and interest in the work and D. M. Samoilovich, in whose 
laboratory the NIKFI-R emulsions were processed. A large part of the difficult scattering measurements 

and scanning of the emulsions was carried out by E. D. Kolganova, N. V. Rabin, E. V. Minervina, E. A. 
Pesotskaia, V. F. Kuzichev, A. G. Avalishvili, V. V. Titova, V. N. Kuznetsova, and V. A. Savel’ev to whom 
the authors express their gratitude. The authors thank I. L. Il’in and A. S. Kronrod for calculation of the 
smearing out of the theoretical spectra owing to the dispersion, and to P. S. Bruk for permission to use 
the LUMS computer of the Academy of Science of the U.S.S.R. 
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SCATTERING OF SLOW NEUTRONS BY DIATOMIC MOLECULES 


A. A. ANSEL’M 
Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 625-633 (September, 1957) 


We compute the cross sections for elastic and inelastic scattering of neutrons by molecules 
consisting of two identical or two different atoms. The general formulas are used to treat 

the scattering by T,, HT and DT. Comparison of experimental data on the scattering cross | 
sections of these molecules with our formulas makes it possible to determine the amplitudes | 
for scattering of neutrons by tritium. | 


1. SCATTERING OF NEUTRONS BY MOLECULES CONSISTING OF TWO IDENTICAL ATOMS. 


ScuwincER and Teller! and Hamermesh and Schwinger? developed the theory of slow neutron scattering © 
by molecules of ortho- and parahydrogen and deuterium. Using the Fermi quasipotential,? they expressed 
the neutron scattering cross sections of these molecules in terms of the amplitudes for neutron scatter- 
ing by H and D nuclei. 

In this section we shall treat molecules consisting of two arbitrary but identical atoms. (We shall refer’ 
to such molecules as “symmetric” molecules in contrast to “unsymmetric” molecules which contain dif- | 
ferent atoms.) 

The interaction energy of the neutron and the symmetric diatomic molecule can be written as: 


2 


anh? A+1 14 


C= MA Deere 


(sy + 1) Gs,42), + $1@s,—1), + (o-8,)(@s,41), — As,—1),)] 0° (r — r,) + similar terms with |] +2 


Qh? A+1 14 4 . 
= AR tet A tN ott + Sidi + (or) (A444 As.) | [°F — 1) + 8 (Ty) 


+ a lo-(s, — s,)] (ds,41], — Gs,—1,) [88 (r — ry) — 83 (r — re)Iy (S = 8; + 85). v 
The quantities ag, 4,/, and ag,—1/, are the neutron scattering amplitudes for an atom with total spin 
Ss; + 1/2 and sy — 1/2, respectively; 1/2 0, sy, Ss, are the spin operators for the neutron, the first atom 
and the second atom; r, ry, rg are the respective radius vectors; A and Ss; are the atomic weight and 
spin of each of the atoms, and M is the mass of the nucleon. 
The wave functions of the initial and final state of the system (if we treat the molecule as rigid rotator 
are 


EVs 
Wy = exp (ikger— tko(ts + 12) /2} Yin (qo) PE yovemy 
. . LV Se 
Fy = exp {ikr —ik+(ry + Fe) /2}Y jus (+-) ot ela (h=1, toe (2) 


The factor eiKo-r describes the neutron incident on the molecule in the center of mass system; 

eiky-(1ry+ Tp)/2 describes the motionof the center of mass of the molecule with momentum —ko; Y,) is 
the angular part of the wave function for a molecule with total angular momentum j and projection ; 
V6 (L—Y)/rp is the radial part of the wave function, corresponding to internuclear distance 03 Xo» XsM 
are the spin functions of the neutron (spin 1/2, projection 0), and the molecule (spin s, projection Mg). 
The notation for W, is similar. 

We first treat scattering processes in which Y;, and Y.,,7 have the same parity. In this case the 
parities of ysM, and yg’mjq also coincide. We may therefore limit ourselves to terms in (1) whose spin 
parts are 1 or o-s. Since both these operators commute with s*, s =s’. 

For this case the space integral which occurs when we calculate the matrix element of U between 
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Wo and Wy is 


Tae =2 \ Yiw (+) Yip (+) at) cos i drydr. (q=ky)—k). 
0 


Expanding the product of the spherical harmonics in a Clebsch—Gordan series and writing cos (q:0/2) 
as a sum of Legendre polynomials, we easily find 


(1) ore TVT OR Tk ; : sity 
Tow = 2VQA+ NEP EY Sy (— IC Ryo tft (3) Chit! Pip (2) 
even / 
Xy fu—p! je 
(" joi’ and C; +, are Clebsch—Gordan coefficients, Poy —y’ are spherical harmonics normalized to the 
value 41/(22 + 1), fp (qro/2) are spherical Bessel functions). 
We want the square modulus of this expression, summed over ww’ and averaged over yp: 
1 OY Te 2 
aay d Wy P= 427 +1) 3 Choe (42). 
p/p even l 
The calculation of the various spin sums and the summation over g, o’ Mg and Mg is done by the 
standard methods; we give the final result for the differential cross section for scattering with j — j’ 
(where j and j’ have the same parity) 


do(1) ; 77 k (A+ 1/2 16 | s(s +1) 5 + 
i = “ky (2A arth: Wosq-& 1p [((s: 1) As,4 ae $1Qs,—1),)” se Oa as,-1,)? | (2j aig 1) »} (Ciavo)* fi (5) 5 (3) 


even 


For transitions j ~ j’ with change of parity, we must use only the term proportional to o. (8; —8») in 
(1). In this case, the expression for the cross section will depend on the spin s’ of the final state. 
Obviously, we want to sum the cross section over those values of s’ for which the given j’ can occur 
(for even j’ and half-integer s,, these are s’ = 0,2,...2s,—1; for odd j’ and half-integer sj, s’ 
=1,3,... 28;; etc.). In carrying out the summation, we can formally sum over all s’, since the values of 
s’ which don’t match give null terms. 

This remark enables us to simplify the calculation of the spin sum 


4 : F 
2Q@s+4) a | vrxems Lor(s, —,)] XoXsam, ” 


1 *, * 2 
= Bs 49 D) (ri ys lols, — s,)? xo7sm,) = 48: (S: + 1) — s (s+ 1). 
oM, 
The calculation of the space integral is just like the one done previously, and the final result for the 
scattering cross section with j — j’ and change of parity is 


do“) sg (A+1P 16 s(s+1) 


ae 1 )2 (277 y) 10 ya ¢2 (9To 
Ga = % GAH) Gn + DP [s: Gr li— | (ese as,—1),)" (2]' + 1) a (Cijojro)* fi ( 3) - (4) 


To get the total cross sections, (3) and (4) must be integrated over all solid angle. The procedure is 
the same as that of Hamermesh and Schwinger.’ The result is 


Tae cl lade: WR . tp gene, )"| (2! 1) Ays 
OF” (A +41 (2s, +12 (Rofo) [si + Wass lp + S14s,— Is) =F 4 (4,4 le as, Is) K J os ) fj 


ee 
? 


A+1) 1 64 s(s + 1) =~ fe +? " rad ve SDN (or ean ie 
off crap eae [ssi +) SE F*) ect asd ]CF + Ans Aiy = [Cin 2x— D(Cira)® Pato | 


x 


of) = Lea fol fo ; a ; Fy, (x) =0, i= 0; Fi@gjy= (0+), t=3; 
ee 
Fi (x) = x? (a+ n+ > yo ji). l>1; Cinx =Inx+C— Tix; (5) 
h=1 


where Ci is the integral cosine, and C the Euler OES (2) 

The next problem is the averaging of the cross sections e yyeand oj over BROT NENG: of 8 which are 
present in a gas for a given value of j. For example, for half integer sy and even j the gas is a mix- 
ture of molecules with s =0,2,..., 28; —1. Then the total number of initial states is 
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£4 (2-2-4) +...+12(28,—1) +1] = 81 (251 + 4). 


The statistical weights of the individual states are 
s= 0, Y) ’ eee 2} Sy —t, 4 
g=1/s,(2s,+1), (2:2+1)/s,(25:+1),..., (4s, —1)/si (2s, + 1). 


In this case, after averaging, s(s + 1) should be replaced by 


25;—1 


B (acialeon aD aes 64+) Say = (s; +1) (2s, —4). 
pam 


If sy is integral and j odd, the replacement is 
$ (eS) sy ey: 
Similarly, for s, half integral, j odd, or s, integral and j even, 
s(s +1)— (sy + 1) (2s, + 8). 


We give the cross sections for the following three processes: (1) elastic scattering, j = 0 > jf’ = 0; 
(2) elastic scattering, j =1 — j’ = 1; and (3) collision of the second kind, j = 1— j’ = 0. We assume that 
the incident neutron energy E is below the threshold E, for excitation of the first rotational level of the 
molecule (cf. Refs. 1, 2). 


- (sy +4) (25, —1)/4 
20 +0 (E)= [((s1 + 1) ds,4), + $14s,—1),)° + | MEP 43) /4 (@s,41, — 4s,—),)” |Fo-0 (E), | 
64m (A+ 4) (6) 


00-1 (E) = (s,4+12— 45,2)” Fo-a(E); Fo-o(E) = goa ap app aa 


=, Cin 26, 


64x (A+41) 3 


v A tof 2 Ne 1 by 
Fia(E) = Go apRAtip BE [cin2t-H( RO+HO+7hO), 

64m (A+4)2 { s1(25,+1)/4 te was ah geteaiciea 
Fox (E) = Os pTp UA HP (a+ a + 4)/4f BN — AB + DE 


(7) 
é = Rofo, E16 —s 1/5 (Ro == Rofo). 


In the formula for 0) +9, the upper expression in the curly brackets is taken for half integral s, in 
1~-0 


0) <9 and for integral s; in 0,-—-;; the lower expression applies when s, is half integral in o,~—, and 
when s; is integral in 0) — . 
In F)+;(E), the upper expression should be used for half integral s, and the lower for integral Sj. 
Following the procedure of Ref. 2, we express &, €, and £ interms of E and Ey 


4 AE 1 8 ae 
Stem Eg tae t[V 8+ oer Fe. (8) 


We give the expressions for 0) =, 0;<-4 and 0) <4, which are obtained when Fo.) (E), Fy<,(E) and 
Fo .;(E) are expanded in powers of E/E, up to first order terms, for the T, molecule: 


So 9 = "7/4 (3G, + Ay)? Foo (E), 91.3 = Ya [(8 a, + Qo)? +2 (@, — o)?] Fis (E), 9 <1 = (1 — @)? Fo (E), 


Foap(E) Fy (EY _ (1-4 B E) Foai(E) = 96" (0, 03204 io + 0.06413 le (9) . 


The results for Hy and D, were given in Refs. 1 and 2. 

Finally, we can tackle the problem of averaging the cross section over the pele motion of the gas 
molecules. The calculations are exactly like those of Hamermesh and Schwinger.? For the case of To, the 
functions Fo. 9, Fy.4 and Fy+-; are replaced by Gy —o, a «4 and Gg.cy. For kT <6E, 


Goo (E) G4 (E)= a (t+ ro -O Ww Ep ae Ae a : S Pe oe) 


iB 


én (Eye lo. 03204 jake +0.06413 / & ee seat ie (10) 
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2, SCATTERING OF NEUTRONS BY MOLECULES CONSISTING OF TWO DIFFERENT ATOMS 


In this section, we treat neutron scattering by non-symmetric molecules. The ground state of a non- 
symmetric molecule always has rotational quantum number j = 0, so that when the energy E of the in- 
cident neutron is insufficient for excitation of rotation, of three processes treated above the only one 
which remains is the elastic scattering with j = 0 — j’ =0. 

In addition, since the assignment of j now imposes no limitations on the molecular spin s, the aver- 
aging of the cross section over s and s’ can be done very simply. In fact, in the present case we need 
only calculate the sum 


4 , f , , 
CEDCAtHeatD er (58° MeMeoo'pe') 
(ss/M, M,o0' pp’) 
over all values of ss’ MgMgoo’up’ (05; is the cross section for the transition from jusMgo to j’p’s’Mgo’. 
The interaction energy of the neutron and molecule is now 


2h? (A,+14 1 A,+1 1 
5 (ae Tad Msi + 1) as.44 + $145.2.) 8° (F — 1)+ -- Tey ed [82 + 1) Asati + Sos.) 8° (tr — re) 


o=— 


M 
4 A,+1 4 > A,+1 1 5 
gine rds Dre Tap (4s+2 — Fs,—t19) 89 (F —- 11) + ae Top (Aorta — As,—1,) 8° (F — Fp) | 


1 A,+1 1 A 4 1 5 
+ 7 lols, -s, 7 = baad (As,441, — Gs,—1),) 8° (fF — 11) — a Eee (As,41). — Asy—r)p) 6° (t —f2) } (11) 


[the notation is the same as in Eq. (1)]. The wave functions of the initial and final states are: 


Si Larue : 1\ V8(l—r) 
Y= exp {iko(r —r-)} Yj, e V8 (rr) XoXsMys WY, = exp {ik(r —r¢)} Yj ( ; ) a hohe (12) 


ro 


where now 
tf = (Ayr, + A,re) / (Ay + A,). 


The calculation of the spin sums is somewhat lengthy, but entirely trivial. The expression for the 
j— j’ cross section now does not depend on the relative parity of j and j’, and has the form 


doi ik (Aq+-A2)? SN) 4 
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A;+4 4 4 * 
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where ¢, and @» are the coordinate parts of the wave functions (12). 
The calculation of the integrals is completely analogous to those in the first section. The result is 


4 “7 1 qr 4 (97 S00, \2 $2 (dare 
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1 1 7* 1 cee j/ l lo y2 r Gat = ee — 
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The expression for the differential cross section is 
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l 
The total cross section for elastic scattering, j=0— j’ =0, is 
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(16) 
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Using the well-known expansion of the integral cosine, we find, for E « Ej, to terms of order ~ E/E}: 
A; + Ae)? Ayla “4 As abhi ye Agta" a Aas Ay it Ag ees 
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Ay A 2s; +1 
We have introduced the scattering cross section for the i-th atom | 
S; ay 1 8; 2 . 
=p leet + rg pulse? = 1,2). (18) 


We apply formula (17) to HD, HT, and DT. (We give the cross sections averaged over the thermal mo- 


tion of the molecules.) 
For the HD molecule (a) and a; are the scattering amplitudes for H, a4/2 and ag /2 are the amplitudes 


for D) 
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For the HT molecule (a) and a, are the H scattering amplitudes, by and b, are the T scattering 
amplitudes) 
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For the DT molecule 
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3. INCLUSION OF ZERO-POINT VIBRATIONS OF THE MOLECULE 


All the computations done in the previous sections were based on the rigid rotator model for the 
molecule, i.e., on a molecule having a fixed internuclear distance rj. This was expressed mathematically ' 
in the use of V6 (€—r )/rp as the radial part of the wave function, in place of the appropriate oscillator 
functions. Our next problem is to examine the validity of this approximation, and to include the normal 
vibrations of the molecule at least to first approximation. The analogous problem for the hydrogen mole- 
cule was considered recently by Drozdov.! 

We shall restrict ourselves to treating the zero point vibrations, since the excitation of higher vibra- 
tional levels is much more difficult than rotational excitation. In addition, we shall treat only elastic 
scattering with j = 0 — j’ = 0 andj = 1—/j’ = 1 for symmetric molecules. 

Carrying out the calculations, which are exactly the same as those in Sec. 1, we easily verify that the 
only change from our previous results is that, in formulas (3) and (4), the quantities f (A 0/2) are replaced 
by the integral: 
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= oa ()e-at—roral as ee er (4 (ro + r)) eo dr, 


0 —oo 


a 2 : 
where @ = 1/xp = pw/h, p is the reduced mass of the molecule, and w the frequency of zero point vibra- 
tion of the molecule. 
To calculate the integral Ig approximately, we expand the slowly varying Bessel function fy in series 


around the point qr)/2, and integrate term by term. Then Ajj’ in formula (5) is changed to 


x Xe 


Ajr= 2 (Crore) [2 | fies xdx + (<2) J fr fi (x) x8dx] . 


We note that xp = (f/pw)!/? = (2h/AMw)!/2, rq = (242/AME,)!/2, so that 
(Xo / 10)? = Ey, /ho. 


Our computation corresponds to the first approximation with respect to E/fiw; in order to avoid dropping 
terms of this same order, we must also keep quadratic terms in E/VE;. 
After expanding in series, we get the following final result for T, [cf. Eq. (19)]: 


Fea nena geal PACE rn, w(e) = 282 (Eo el GE 


The correction may be 2 — 3% of the leading term which gives the dependence on the energy E/E. 


DISCUSSION OF RESULTS 


The results obtained can be used for the solution of an important experimental problem: the determi- 
nation of the amplitudes ag and a, for scattering of slow neutrons by tritium. 

According to formulas (9) and (10), if we know the elastic scattering cross section for paratritium 
(0) — 0), orthotritium (0,4) or the cross section for scattering with transition of the molecule from the 
ortho to the para state (0). 1), we can determine the absolute values and relative sign of the amplitudes 
a and ay. The common sign of the amplitudes cannot be determined from the values of these cross sec- 
tions. (A change in sign of both amplitudes produces no change in the values of 0) — 9, 0,4 and 09 <4.) 

One possibility for determining this common sign is to investigate the scattering of neutrons by mol- 
ecules consisting of T and any other atom whose neutron scattering amplitudes are known. The formulas 
(19) show how the interference term depends on the common sign of the amplitudes. Unfortunately, this 
term is usually smaller than the other terms appearing in the formula. 

A final decision on the question of determining the common sign of the amplitudes can be made only by 
examining the experimental accuracy attainable. 

In conclusion, I express my profound gratitude to K. A. Ter-Martirosian for proposing this topic and 
for continual interest in the work. 


13. Schwinger and E. Teller, Phys. Rev. 52, 286 (1937). 

2M. Hamermesh and J. Schwinger, Phys. Rev. 69, 145 (1946). 
3, Fermi, Ricerca Sci. 7, 13 (1936). 

49 I. Drozdov, Aromuan sHeprua (Atomic Energy) 3, 50 (1956). 
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ON THE SCATTERING OF LIGHT IN He* — Het MIXTURES 


L. P. GOR’KOV and L. P. PITAEVSKII 
Institute of Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor March 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 634-636 (September, 1957) 


The scattering of light in He? — He! mixtures below the A-point is considered. It is shown that 
the spectrum of the scattered light will contain five lines. Formulas are presented for the in- 
tensities of these lines, and the question of their width is discussed briefly. 


Tue scattering of light in He? — He! mixtures has certain peculiarities as compared with the scattering 
in pure He‘, In He’, as Ginzburg! has shown, two doublets should be observed, corresponding to scatter- 
ing by first and second sound; the undisplaced line is absent. Unfortunately, the small amount of separa- 
tion in the inner doublet, and, in particular, its low intensity, make it difficult to observe this effect ex- 
perimentally. In He® — He! mixtures there would appear to be greater opportunities for observing pecu- 
liarities in the scattering of light resulting from superfluid motion. The recent results of Walters and 
Fairbank,” moreover, show that at temperatures below 0.8° a given He’ — He! mixture separates into 
phases of differing concentration, in connection with which there evidently occurs in the diagram of state 
a critical point situated in the region in which the two superfluid mixtures exist in equilibrium. In the 
vicinity of this point the phenomenon of critical opalescence should be observed in the scattering of light. 
The spectrum of the scattered light should contain five lines, of which four compose the two doublets 
corresponding to scattering by the fluctuations of first and second sound, while the fifth line represents 
scattering by stationary (if we neglect thermal conductivity and diffusion) fluctuations in concentration and 
entropy of a special type. 

In computing the fluctuations we shall start with the following expression for the probability for ther- 
modynamic fluctuations in the temperature T, the pressure p, and the mass concentration c 

W ~ exp{—ser [p GAT? + = 5h ATAp + = Fee? + p ACL) acalh | (1) 

Here and below we employ the notation used in the work of Khalatnikov:° p is the density; o is the entropy 
per unit mass; Z = p(u3 —p4), where ps3 and py are the chemical potentials per unit mass, respectively, 
for He’ and He‘. In what follows we shall everywhere neglect terms containing 0p/8T, considering them 
to be small. With this approximation all of the fluctuations prove to be independent. 

The extinction coefficient for total scattering turns out to be 


4 2 2 i= \2 — 
EE) e+ OCR) © 
where e is the dielectric constant and Cp is the specific heat at constant pressure. In this expression 
the third term is the principal one; at the critical point 8(Z/p)/8c falls to zero and the intensity of the 
scattered light rises sharply. Experimental data are completely lacking for nearly all of the quantities 
entering into the theory, for mixtures in the concentration range (~ 50%) in which we are interested. 
Rough estimates show that we may regard all terms containing 9€/9T as small * 


The lines of the doublets corresponding to scattering by the fluctuations of first and second sound are 
displaced relative to the primary frequency w by an amount 


Aw = + 2 (u/c) sin (8/2), 


where @ is the angle between the directions of the incident and scattered waves. 
The velocities of first and second sound are® 


*It is also obvious that the quantities p(9€/dp) and c(9€/8c) are of the same order. 
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(o =0—cd0/8c). ae is well known, uj >> u}; the separation of the inner doublet is therefore extremely 
small (Aw/w ~ 107"), In the sound wave, the relations between the deviations of the various quantities 
from their equilibrium values have the following form: 


N 7) ose de 0 
CC —|3 “ue — 1] bp | oe wu, 


where u is the corresponding sound velocity. Computing the value of the fluctuations (6€)* from Eq. (1), 
using these relations, we obtain for the intensities of the first and second sound doublets: 

pee ek de ¢ de \/ Ps we 9°)r ef a0\72 > ot veer ©s\/e¢ de\2 (Op /d0)7, 

1 6reot (Op / 89)p, ¢ 35 G ar) ( Pn uw : de )I BO eee (Op / 40);, le Ean ue v2 ; |. 

It follows from this that the intensity of the second doublet is ~ (u,/u»)* (~ 10?) times that of the first 
sound doublet, in contrast with the situation for pure helium. The intensity of the first doublet will evi- 
dently differ only slightly from its value for the case of pure He! (~ 1078). The fifth line in the spectrum 
of the scattered light arises as a consequence of the possibility for existence in the mixture of fluctua- 
tions of a third type, described by the conditions:? 


Di CONnSI,)—ICOnSst, 


By virtue of these conditions the variations in the thermodynamic quantities are interrelated in the 
following manner: 


c 0(Z/e) 


isJ 
OC. 
Oc Y 


6p = 0,6 == 


all 


Computing with the aid of these relations the intensity of the undisplaced line, we obtain 


wt okT ®s \ fc dc\2 5? (IT /Ao) (Op/Ae)7, c 

ree (9p/00)r,¢ ( Pn ) ( ° %) SEE i oy 
Away from the critical point for the mixture the intensity of the central line has approximately the same 
order of magnitude as the intensity of the inner doublet. For the order-of-magnitude estimation it is 
convenient to use the relation between the derivatives? 

i [es + aed = u2us (p/Op), 4+ 

At the critical point, where 8(Z/p)/dc = 0, the coefficient hg calculated from (3) goes to infinity. In order 
to treat the scattering in the immediate vicinity of the critical point, therefore, it is necessary to allow 
for the correlation of fluctuations in the concentration, adding into the exponential of Eq. (1) a term of the 
form (b/2) ( Ve)’, where b is some constant. We shall omit presentation of the formulas for the inten- 
sity of the scattered light and its angular distribution, which may be obtained from this expression in the 
usual manner. 

We shall consider briefly the question of the width of the lines. The width of the lines in the first and 
second doublets is determined in the usual manner, using the attenuation coefficients for first and second 
sound, respectively. 

The width of the undisplaced line is determined from the rate of resorption of the corresponding fluc- 
tuations, and is expressed in terms of the diffusion and thermal conductivity coefficients. Calculations 


yield for the width the value 


(Z/¢) oDT o/c nelle 
Oc { O(Z 0 | Oc IP) Oe 


|? (c ley 4c, 


where kK, kr, and D are the thermal conductivity, thermodiffusion, and diffusion coefficients for the mix- 
ture. At the critical point y is determined by the diffusion coefficient. From unpublished measurements 
by Zinov’eva the viscosity coefficient for He? is of the same magnitude as for He’, and is on the order of 


1 = F (1 —cos 8) 
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1074 em?/sec. Taking D to be of the same order as the kinematic viscosity, We obtain near the critical | 

point the rough estimate y/w ~ 107, which is less than the separation of the lines of the ines doublet. } 
In conclusion, the authors wish to express their gratitude to I. E. Dzialoshinskii for his helpful discus = 

sions, and K. N. Zinov’eva for communication of results of her measurements prior to their publication. 


'V. L. Ginzburg, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 243 (1943). 
2G. K. Walters and W. M. Fairbank, Phys. Rev. 108, 262 (1956). be 
31, M. Khalatnikov, Usp. Fiz. Nauk 59, 673 (1956); 60, 70 (1956). 
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SOLUTION OF THE KINETIC EQUATIONS FOR HIGH-ENERGY NUCLEAR CASCADE 
PROCESSES 
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P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor February 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 637-644 (September, 1957) 


The altitude dependence of high-energy nuclear-active particles and the spectrum of the p 
mesons produced by the decay of 7 mesons are investigated. The elementary act is described 
hydrodynamically; the energy distribution function used for the particles produced is that of 
Landau, corrected to take account of the traveling wave in the hydrodynamical solution. 


Lanvau ’*S hydrodynamic theory of the multiple production of particles! gives agreement with experiment 
as to the multiplicity and angular distribution of the secondary particles.” But the energy distribution ob- 
tained by Landau gives more fractionation of the energy among the particles produced than is observed 
experimentally. According to Grigorov’s data,’ in high energy nuclear interactions (at about 101° — 1012 
ev) a larger part of the energy remains with one of the particles produced. In this connection Zatsepin 
and Guzhavin! have made numerical calculations of the altitude dependence of the density spectrum of 
showers, using a phenomenological introduction of such a particle into the description of the elementary 
act. The results were found to be in good agreement with experiment. In a paper by Chernavskii and the 
writer it was shown that the inclusion of a traveling wave in the hydrodynamical equation leads to the 
necessity of introducing a fast particle into the Landau distribution. At present the fraction a of the en- 
ergy carried away by the fastest of the secondary particles produced cannot be precisely determined 
theoretically and must be regarded as a parameter. 

The disintegration temperature Ty, of the hydrodynamical system also appears as a parameter in the 
theory. In view of the absence of precise data on the index of the energy spectrum of the primary parti- 
cles and on the interaction distance of particles at high energies, it is also particularly desirable to ob- 
tain explicity relations characterizing the passage of high-energy particles through the atmosphere. By 
the method of successive generations Rozental’ has determined the number of particles in an individual 
shower as a function of a and the fraction of the energy transferred to the soft component. In the present 
paper we find the solution of the kinetic equations for high-energy (E 210” ev) nuclear cascade proc- 
esses in the atmosphere and use it to determine the absorption coefficient of particles interacting strongly 
with nuclei and the spectrum of the p mesons produced from the decay of m mesons. 
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The experimental data indicate the production in stars of heavy mesons, hyperons, and nucleons, in 
addition to 7 mesons. The most important contribution for a nuclear cascade process is that of the nu- 
cleons, since initial nucleons also take part: in the development of the cascades. Therefore we shall as- 
sume that 7 mesons and nucleons are produced in the elementary act. Then the numbers of t mesons and 


of nucleons produced in the energy range (E, E +dE) as the result of the collision of a particle of energy 
k’ with a nucleus of air are written 


dN" (E, E’) = x (E’)3(E— aE’) dE + dN EE, (1 —a) E'], dNN(E, E’) = H, (E’)3(E — «B’) dE + dNy[E, (1 —2) E’}. (1) 


The first terms in Eq. (1) give the probability of formation of one particle with energy aE’, and the 
second terms correspond to the distribution for the other particles: dNyz, and ank are the Landau dis- 
tributions, in which, as also in the first terms, we introduce coefficients corresponding to the ratios of 
the numbers of particles of different kinds and their energies as calculated by Belen‘kii,°*? and satisfying 
the basic relations 


N = WE NN | Eni, 4k | EMNT = (1 — «) B’. 


The second relation is related to the parametric statement of the Landau formulas and leads to the ap- 
pearance in the energy distributions for E” and EN of the factors ™, (E’) (1—q) and H, (E’) (1— Q@), 
respectively, instead of the factors m,(E’) and N, (E’) of the 
distributions of the numbers of particles (cf. Ref. 8). 

The diagram shows the energy dependences of 7,, Hy, 
Inm,, and InH,, expressed on a logarithmic scale [2 = is (InE 
— 24.2)], with the same notations as in Ref. 8, here and in 
what follows. 

With the distributions (1) one solves the system of kinetic 
equations for the numbers of nucleons, oN ( E, t), and of 7 
mesons, /(E, t), present at the given depth t and with en- 
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allows for the fact that neutral 7 mesons play no part in the 
development of the nuclear-active component. We neglect the decay of the 7 mesons. As boundary con- 
dition for the equations (2) one assumes a power-law spectrum of the primary nucleons: 


PN E, 0) = B/E; HF" (E, 0) =0. 
Substituting the distributions (1) into Eq. (2) and making the substitution 
PP y= e ONE, 1), O° (E,))—e P(E, t), 


we get 
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We seek the solution of the equations (3) in the form 


PN(E, t) 


=p EYt1 


The choice of the zeroth approximation 


Pte) = Bao [o(E) 


is due to the assumption that the fraction @ is large and that the main terms in Eq. (1) are those con- 
taining the 6-function. In the determination of the equations for y; (E, t) and Xt (E, t) the integrals ob- 
tained by substituting PN(E, t) into the right members of the equations (3) are calculated by the method 
of steepest descents:® 


Go: ,N 
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\ Se POLE’, t) dB’ = PoES®, #) A°N(E)s (5a) 
165 
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E 
where® 
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The saddle points ee and ine ™ are found from the equations 
In B*N— 24,2 = 2d (7) (In E — In(C,(1—«) H,(E2)}, 1n EX" — 24.2 = 2d (7) [In E — In (C, (1 —«) _(Ei"))]. (6) 


Regarding x Naan t) and yj (E, t) as slowly varying functions of the energy and neglecting the weak en- 
ergy dependence of the coefficients and inhomogeneous terms in the equations for ny and yj} (it can be 
verified that the error thus admitted is < 10% for E 2,10" ev), we find the solutions: 
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al is similar in form. 


In just the same way one determines xy (E, t) and yf (E, t), and so on (with the successive saddle 
points being also found from Eq. (6), where one substitutes for E the values of the preceding saddle 
points). The series (4) converge rapidly. We shall not write out the solutions in general form, however, 
since it is not convenient to use them in practice. The total number of nuclear-active particles # = gN 
+ JF" can be represented in the form of a double sum with respect to t (the expansion of y,(E, t) = x7 (, 
t) + xy; (E, t) begins with the first power of t, that of y,(E, t) + yp (E, t) + yN(E, t) with the second, and 
so on). To accuracy about 10% for the energies in which we are interested, we can confine ourselves to 
terms in the expansion up to the second order inclusive. Therefore we get finally 


&(E, t) = az exp{—[1—aro(Z)] Ah + m+ val = ae exp {— [1 —wro(Z)|ehfr + [aNe) + a (Et 


| (8) 


a E{N amt (Ee 2 a o om "A OT 7 Oe a 2 
—ax[A°N(B) Ao(—) + A** (E) Ao ()] > + (A°%(E) (AMERY + A (EIN) + A (E)(A" (ET) + A (ETSI. 


a 


SOLUTION OF THE KINETIC EQUATIONS 491 


The distribution that has been found for the nuclear-active particles in the atmosphere makes it possible 
to obtain the characteristics of the nuclear cascade process in explicit form and to analyze their depend- 
ence on the theoretical parameters a and T, and also on the index y of the primary spectrum and the 
interaction path length tp. 

The form of the energy spectrum of the particles produced in the nuclear interactions has the strongest 
effect on the altitude distribution of the particles in the atmosphere. By the use of the expression we have 
determined for #(E,t) the absorption coefficient of the nuclear-active particles, 


TABLE I, Absorption Path Length of Nuclear-Active Particles, m= —(1/#(E, t)) df (E, t)/ot 
1/m (in g/cm?) 
can be written in the following way: 
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Ba fie se ae ie ee The first term in D is due to the 
a rb +a to=65 See es . fastest particle produced in the ele- 
45,9 110.4 93.7 0.7 110.4 110.5 mentary act. For a ~ 0.6—0.7 it 
amounts to 90 to 95 percent of D, 
0.5; RT, =Myc? | E=10" ev; £=8.7 i.e., the absorption of the cascade 
ee is almost entirely determined by 
y=1.7; 9 f9=75 g/em the value of the fraction of the total 
(381005 02.8 0.6 irijoat efwasdie set AR cm ede sent 


The dependence of the main term 
* The values of t, expressed in units of ¢,, correspond to the altitudes at of D on a is in agreement with 
___Pamir and at Moscow. that found by Zatsepin.? The factor 
w(E/a) makes a statistical allow- 
ance for the fact that this particle may be either a nucleon or a m7 meson. 

With increase of the energy the role played by the nucleons decreases and w(E/a) becomes smaller, 
approaching the value 4h - Values of m computed by Eq. (9) are given in Table I.* According to the data 
of Kaplon and others,’® for heights in the range less than 700 g/cm? one has m ~ '/99 g/em?; for about 
this same energy value Ryzhkova and Sarycheva'! found m = 1/(112 + 6) g/cm? as an average value from 
Pamir (t ~ 650 g/cm?) to Moscow (t ~ 1020 g/cm”). From Table I it follows that with reasonable as- 
sumptions as to y? and ie values of a between 0.6 and 0.7 give satisfactory agreement with experi- 
ment; variation of T;, has practically no effect on the results. 

We shall now determine the spectrum of the » mesons produced by the decay of the mesons. The 
main contribution to the intensity of the 4 mesons with energies 2& 10’ ev is made by the » mesons 
from the decay of the 7 mesons with spectrum given by the first term of the series for 9 (E, t): 


TT E Te 
9% (E, t) =exp{—[1— aro(>)] tha (E, 4), (10) 
(here in expanding the curly brackets in xXi(E, t) in terms of t we can confine ourselves to the first 


power of t). 
The number of p» mesons with energies greater than E at the depth t is calculated in the following 


14 
way: 
: t co EY (Mp /My)? 
gp c= E, t= Wee ai at'\ dE’ \ j 2s (Ee t’) Rn (E”) Di (Ez E’) dE". (11) 
0 E £E' 


Here k,(E) isa coefficient characterizing the probability of decay of a m meson with energy E. Fol- 
lowing Ref. 15, we take 
hp = En | E = (to/ 65 ¢/cm*) 1,17-10% ev/E, 


* The writer is grateful to Z. S. Maksimova for aid with the numerical calculations. 
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Dj (E", E’) dE’ is the probability for formation of a » meson with its energy in the range dE’ from the 
decay of a m meson with energy E”. If we assume that the mesons are distributed isotropically in } 


the reference system of the mt meson, then 
Di dE’ = dE’ /(1—(M,/M,)) E’ 


(M, and M, are the masses of the » meson andthe a meson). The limits of integration in the inte- 
gral with respect to E” correspond to the m-meson energies necessary for the production of a p meson — 
of energy E’ when it is emitted forward and backward, respectively, with maximum energy in the system | 
of the mt meson. In calculating by Eq. (11) we take advantage of the weak dependence on the energy of the | 
quantities 7, H,, w, A%™(E), and AGN (E ), and also of the closeness of the limits of the integration, 
bring these factors outside the sign of integration with respect to E”. Using the fact that 


dt’ 


t 
\ le" e-*] oe Inx 
0 


for sufficiently large t, we get: 


BE, (1—(M, /M,)?*” ee (E/a) 
qv: p 
oh es: 1B t) =, (y + 2) (aye [i (My aa 30 (E/a) 
aE 
p dry (E/a) [4° (E) + A*N (Ey) [1 —exp{—[1—2%0(=)] | 
[1 — a%w (E/a)] 80 (E ja) —a%w(E/a)| 

2m (E/a) A*N E ; i HE Lee (Ee 1 \ 

30 (E/a)a%e (E2N/a) [1 — ato (EXNja)] | w@(E/a)a%o(E%*/a)  [1—a%e (E2" ja)}) 


(the contribution to the total number of mesons from the decay of the a mesons from the part of the 
spectrum given by the remaining terms of the series for #"(E,t) can be neglected). 

In the formula (12), just as in 
Eq. (9), the main term is that 
caused by the fastest particle [it 


TABLE II. Intensity of  Mesons at Sea Level 
(particles cm~ sec”! sterad™!) 


ane ae gives ~ 90—95% of #H(>E, t) 
f=65 g/ ent a=0,7 for a ~ 0.6—0.7]. Here the co- 
Sa. i. | 7 = AD p joe | Ance efficient 2m,(E/a)/3w(E/a) is 
, : a manifestation of the fact that the 
i pean a Fe ae ee presence of nucleons reduces 7. 
3.4012 Sghig- 8 915.404 3.1012 2.5-40-8 2610-8 Values calculated by Eq. (12) for 
the numbers of 4 mesons* at sea 
te =75.g/cm? a = 0,6 level with energies 10” ev and 
3 x 10" ev for various values of 
Peete 0.6 | 0.5 = 65 g/cm 73 g/ent a, Tk, y, and ty are shown in 
Table II; the coefficient B is de- 
ate | rae ae moon gee Dace termined for the various values of 


y from the normalization of the 
spectrum used to the intensity* of the primary particles at E = 10! ev. Gorchakov'® has made numerical 
calculations of g#(10"ev) for several values of a, Ty, y, and to; his results agree with ours. 

Comparing the values of #4 from Table II with the experimental values obtained on the basis of the 
work of George, !" 

He (OS 10iev) 2. 10 "(a 10 ey) 

cm’ sec steradian 
we see that the theoretical values of the intensity of the » mesons have turned out too high. But no great 


significance is to be attached to this discrepancy, since the data on y mesons of such high energies are 


*In the derivation of Eqs. (9) and (12) a@ was assumed not to depend on the energy. In actual fact® 


a ~ EB (2c9 —c)/4cp — Be e0o i.e., it decreases slowly with increasing energy. In the computations 


for Tables I and II we have used this dependence directly in Eqs. (9) and (12) [the values indicated in 
Tables I and It are for a=a(10"ev)}. 
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extremely rough. The attempt to diminish #H by assuming that the fastest particle is always a nucleon 
leads to a decided lowering of the absorption coefficient. At the same time the data on the absorption co- 
efficient, which can be accounted for without additional assumptions, appear more reliable than those on 
the » mesons. Because of the strong dependence of both characteristics on y and ty and the uncertain- 
ties in these quantities we cannot establish strict limits on the variation of @. From Table 1 it follows 
that satisfactory agreement with experiment is given by a ~ 0.6—0.7, but we cannot exclude also 0.5 and 
0.8. From the estimates for the traveling wave® one found a ~ 0.5. Thus the hydrodynamic theory of 
multiple production of particles is not in contradiction with the existing experimental data on nuclear cas- 
cade processes in the atmosphere. 

The present work was inspired by the late S. Z. Belen’kii, whose advice was especially valuable to me. 

Iam extremely grateful to I. L. Rozental’ and G. T. Zatsepin for helpful discussions. 
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In the first part of this work certain paradoxes are considered which arise when the transfer 
equations are applied to a quasi-stationary, completely ionized plasma in the case in which 
the frequency of collisions between particles is much smaller than their frequency of rotation 
in the magnetic field. In the second part a cylindrical pinched plasma is considered in which 
the plasma pressure is balanced by the electrodynamic forces produced by the current which 
flows through the pinched plasma. Several solutions of the plasma equations are found for 
stationary and non-stationary cases. 


1, CERTAIN PARADOXES 


Tue nature of the particle motion in a plasma depends critically on the ratio between the collision fre- 
quency 1/7 and the frequency of rotation in the magnetic field w. When wt «1 the particles move in 
virtually straight lines between collisions and the influence of the magnetic field on kinetic effect (diffu- 
sion coefficient, heat conductivity, etc.) is small. In the second case, when wT >1, the magnetic field 
has a strong effect on the plasma kinetics. In this case, if one compares the results obtained by a direct 
application of the transfer equations with those which are tobe expected on the basis of the motion of in- 
dividual particles in a magnetic field, there are seeming contradictions and paradoxes. Certain of these 
paradoxical situations have been considered by Alfvén and Spitzer; a number of paradoxes are consid- 
ered by us below. 

We shall limit ourselves to the case in which the gradients of all quantities and the electric field are 
perpendicular to the magnetic field. The transfer equations from Ref. 3 will be used. We will assume 
that the processes involved are so slow that all quantities change only slightly in the time between colli- 
sions. It is easy to show that in this case, we can neglect the terms dv/dt and div o (inertia and vis- 
cosity) in the projections of the transfer equations on the plane perpendicular to the magnetic field. Using 
these equations it is possible to obtain explicit expressions for the components of electron velocity vo 
and ion velocity v; perpendicular to the magnetic field in terms of the gradients 

Ve = yr lExH] — pe Axe] — (Te + 7) + VT — sz ATi, 


2n 


(1) 


G ; C mc? n 4 
Vea (ExH]-++ shee [HxVnT ;} 2H \(Te - T;) we + VT; — > vie} 5 


where m is the mass of the electron, c is the velocity of light, 1/7 is the frequency of electron colli- 
sions with ions, T, and Tj are the electron and ion temperatures. Here we carry out an expansion in 
powers of 1/H and discard terms of order higher than 1/H’. The plasma is assumed to be comprised 
of electrons and singly-charged ions with charge e. The number of particles of each type, as is gener- 
ally assumed for a plasma, is taken to be thesame, nj =ng =n. The velocity components along the mag- 
netic field cannot be expressed directly in terms of the gradients; we will assume that these are all zero. 
Using Eq. (1) we find that the electric current depends only on the pressure gradient p = n( Te + Tj) and 
is perpendicular to this quantity 


Jj = en (vi — ve) = cH? [HxVp]. (2) 


It is of interest to compare Eq. (1) with the picture based on the motion of individual particles in the mag- 
netic field in order to interpret conveniently the various terms in these expressions. 


* This work was performed in 1952, 
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As is well known, in a strong magnetic field a particle moves along the magnetic field lines, rotating 
about these lines with a frequency w=eH/mc. The presence of the electric field and a small inhomoge- 


 neity in the magnetic field means that the center of the circle moves across the magnetic field with a 


velocity V 


V = UB) — 35 [Sra] — 2 (0-¥) toa (3) 


Here h=H/H is a unit vector in the direction of the magnetic field. The first term in Eq. (3) is usually 
called the electric-drift term, the second the magnetic-drift term and the third the centrifugal-drift term. 
If we average Eq. (3) over a Maxwellian distribution we find an expression for the flow of circle centers 
(the charge of the particles is assumed to be positive) 


<7 c if H 
V= Flbal— 2 a +(heV) beh J. (4) 
Using the condition H-curl H=0 we can transform this expression to the form 
V = Seat & cu (4’) 
igf e onl 


Thus, the first term in Eq. (1) may be interpreted easily—it is the electric-drift term. 

The second term in Eq. (1), which we will call the Larmor flux, is related to the fact that particles 
which intersect any area, moving from right to left and from left to right, move between regions with dif- 
ferent densities and temperatures, as a result of which the fluxes do not cancel. The particles travel a 
distance of order p = mvc/eH and “carry” a flux nv, hence, the resultant flux is proportional to Vnv? 
~ VnT. 

At first glance, it seems to be paradoxical that there are no terms in Eq. (1) which correspond to the 
magnetic and centrifugal drift terms and which contain explicitly spatial derivatives of the magnetic field. 
Actually, however, the absence of these terms is completely reasonable since the magnetic field, whether 
uniform or not, does not disturb the Maxwellian distribution. Hence, if the density and temperature of the 
particles are independent of coordinates, the particle flux should not be coordinate-dependent (cf. for ex- 
ample, Ref. 2). Under these conditions the magnetic and centrifugal drift terms appear as edge effects, 
giving rise to “by-pass” currents at the boundaries of the region characterized by constant density and 
temperature. One is easily convinced of this by a simple example. If we re-write the terms in Eq. (1) 
of order 1/H in the form 

cnT 


ae h cnT V7 cnT 
nv = 2 [pe] + 2 curl — curl (3 h) = nV —cutl(-F-h), 


it becomes immediately obvious that the difference between the flux of “centers” and the flux of particles 
through any area is completely determined by the values of the quantities at the boundaries of this area. 
This difference is due to the fact that some particles pass close to the edges of the area and the “centers” 
of the circles associated with these do not pass through the area. The flux created by these particles is 
cnT/eH (per unit length of edge along h) where the opposite edges of the area are traversed in opposite 
directions. 

The last terms in Eq. (1) (these are enclosed in curly brackets), in contrast with the first terms, de- 
pend on particle collisions, in particular, collisions of electrons with ions. These terms may provision- 
ally be called diffusion terms. They are the same for ions and electrons and depend only on the density 
gradient and temperature gradient but are independent of the electric field. At first glance both of these 
results seem paradoxical. Actually, the factor which characterizes the diffusion of particles across the 
magnetid field is of order D ~ py 7 because a particle which does not experience collisions circles about 
one point and, as a result of collisions, is displaced randomly by an amount of the order of the Larmor 
radius p during the time between impulses T. In an ion of mass M, both p and 7 are larger by a 
factor of ¥M/m than for electrons, hence it is to be expected that the ion diffusion coefficient should be 
/M/m times larger than the electron diffusion coefficient. In actuality, however, this is not the case. 
Suppose, for example, there is an ion-density gradient along the x-axis and the magnetic Held is along the 
z~axis; under these conditions there will be produced a Larmor ion flow a one. the yeas yas a velocity 
Vy = ( cT/eHn) dn/dx. In this case it is impossible to apply the formula for p*/r directly in estimating 
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the diffusion coefficient because the diffusion takes place in a moving medium and in collisions an ion will | 
receive, on the average, some momentum along the y-axis. We now go over toa system of coordinates f 
in which vy = 0. In this system there is an electric field Ey = (vy/C) H = (T/e)d 1n x/dx in which the 
ions have a Boltzmann distribution and the ion flux vanishes because the motion cancels the diffusion. 

Thus collisions between identical particles do not result in diffusion of these particles across the magne- 
tic field. Collisions between electrons and ions, however, lead to “diffusion” because the Larmor flows 

of ions and electrons are in opposite directions. The resultant flux along the x-axis may be considered” 
as the result of drift produced by the effect of the friction force between electrons andions R directed 
along the y-axis. Inasmuch as Rion = —Relec, the velocities of both kinds of particles are identical. 

We now consider the role of the electric field. Suppose there is an electric field along the z-axis. It 
produces drift of particles of both signs along the y-axis with a velocity vy= —cE/H. In the system of 
coordinates in which vy = 0 the electric field E& = 0 so that no flux due to an electric field is produced 
along the y-axis. 

It is well known that when a magnetic field changes slowly in time the energy associated with the trans— 
verse motion of particles €, = mv’, /2 changes in proportion to the field —the betatron effect. The heat 
transfer equation does not contain a term proportional to 9H/dt. However, it is easy to show from a 
simple example that the betatron effect is taken into account. 

Suppose, for example, that a uniform magnetic field is directed along the z-axis and increases with 
time. Let the plasma occupy a cylindrical volume which is infinite along the z-axis. We will assume that 
the temperature and density of the plasma are constant over the volume (thus there will be no heat flow) 
and, for simplicity, we neglect collisions between electrons andions. We also neglect the shielding of the 
external magnetic field by currents in the plasma. Then the induction electrical fieldis E= Eg = —Hr/2e. 
The electrical drift leads to a contraction of the plasma with velocity vy = — Hr/2H. The heat-transfer 
equation assumes the form 


—n ——=—nT divv = —nT(H/H). 


This expression is precisely the betatron effect. Actually, in betatron heating only the energy associated 
with the transverse motion de =«¢, dH/H is increased directly. Collisions establish an equal distribution 
over the various degrees of freedom so that €, = (%)€ and (*4) de/dt = (¢/H) dH/dt. In this case the 
betatron effect appears as heating due to the adiabatic contraction of the plasma. 

We now consider the case in which the ion-electron collisions exactly “balance” the electric drift so 
that the plasma is at rest. In this case heat fluxes are produced in the plasma, hence, we shall consider 
the total increase in the energy of the plasma. If the heat-transfer equations for the ions and electrons 
are added and integrated over the volume of the plasma cylinder (unit height along the z-axis), we obtain 

Ones 

2 di 
Substituting everywhere E = —Hr/2c, j = (cH) 9p/dr and integrating by parts we again find (*4) de/dt = 
(e/H) dH/dt. In this case the betatron effect is manifest in the evolution of Joule heat. 

The two cases which have been considered differ in one respect. In the first case the ions and electrons: 
are heated in the same way by the contraction. In the second case the heat is generated directly in the 
electron gas and only then, by collisions, is it transferred to the ions, although it would appear that in 
betatron heating the ions should obtain as much heat as the electrons. The point is, however, that in the 
absence of an ion current in the plasma a radial electric field is produced; the magnitude of this field is 
determined by the ion balance condition enE, = —-8nTj/dr. This field causes an ion drift in the azimuthal 
direction against the vortex electric field. It is easy to show that its work (negative) on this drift exactly 
compensates for the betatron heating of the ions. The electrons also drift in the radial field and acquire 
as much energy as is lost by the ions. 


\n (Te-+ 73) Qer dr = | Ei2ardr. 


2. CONTRACTION OF THE PLASMA DUE TO HIGH SELF-CURRENT 
1. Basic Equations 


The magnetic field produced by a large current flowing through the plasma has a very strong effect on 
the motion of particles in the plasma and on the configuration of the plasma as a whole. The joint effect 
of the electric field which gives rise to the current and the magnetic field produced by this current is a 
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“drift” of charged particles of both signs within the current-carrying channel; as a result the plasma con- 
tracts into a more or less narrow filament. Considering this picture phenomenologically, we can attribute 
the contraction of the plasma to the mutual attraction between the elementary “filamentary currents” which 
make up the total current. 

As has already been shown in a number of papers (cf. for example, Ref. 6), such a filament is unstable 
against various deformations; nonetheless it is of interest to study the problem, even if only from the 
point of view of methodology. The stationary filament has already been considered by Schliiter.® 

We will consider a plasma filament with cylindrical symmetry, neglecting end effects (electrode ef- 
fects). The gradients of all quantities are directed along the radius r and the electric current flows 
along the z-axis while the magnetic field is azimuthal. 

It will be assumed that all changes in the plasma occur so slowly that we can neglect “inertia” effects, 
in which case the momentum balance equations assume the form of equilibrium equations. The magnetic 
field is assumed large so that wrt >> 1 both for electrons and ions (w is the Larmor frequency, 1/7 is 
the collision frequency). The expressions for the kinetic coefficients are expanded in powers of 1/wt 
and small terms are neglected. It will be assumed that the density of electrons and ions (singly charged) 
is virtually the same nj =ng =n. A sufficiently dense plasma is always characterized by this so-called 
quasi-neutral property. It will also be assumed that the ion and electron temperatures are the same 
Te = Ti = IU. 

Under these assumptions the system of basic equations is of the form (cf. Ref. 3): 


Qe ah Oar. 
OF eee..0! ” (Ga) 
OrH __ 4m, 
Shy mp ee (1b) 
on , Ornv : 
gnarl a (1c) 
v 3 cnoT . 
jao(E+ SH) 3 Rar (1d) 
oP On T les 
— 5 = — 2S = =H; (le) 
aul OT’ Oru ORG v ; Dea 
3n (57 —05-)-+ nT + 3? = (+2 H)j—Bn VT. (1f) 


Here Eqs. (1a) and (1b) are Maxwell’s equations, E is the axial component of the electric field and H is 
the magnetic field. Eq. (1c) is the equation of continuity and v is the radial velocity both for ions and 
electrons. The expression for the current density (1d) is obtained from the electron equilibrium equation 
if it is projected on the z-axis: en(E + vH/c) =R. The force R is made up of friction forces, which 
depend on the relative velocities between the electrons and ions (m/etT)j and on thermal forces which 
depend on the electron temperature gradient (4) (n/wr) 8T/dr. The time between ion-electron collisions 
7 and the coefficient of electrical conductivity o are expressed as follows: (“the Coulomb logarithm” 
A ~ 10): — 

a= 3V mT Y Oe hein ~ 3.5- 1047S / nem-s (Sec), (2) 


o= ent /m= 3,7, 3, = 0.9-1018sec™! (evom (3) 


We may note that the electrical conductivity depends only on the temperature. Eq. (le) is the plasma 
equilibrium equation projected on the radius; Eq. (1f) is the total heat balance equation. The main role 
in the transfer of heat across the strong magnetic field is played by ions as a consequence of the fact that 
the Larmor radius for the ions is so much larger than that for the electrons. In Eq. (1f) we will assume 
only an ionic flow; hence we have the following expression for the heat conductivity 


g = —x0T / Or, x= V 2M/mmeneT | eH? (4) 


(M is the mass of the ion, m is the mass of the electron). . . 
The first term on the right side of Eq. (1f) is to be associated with the generation of Joule heat while 


the second term is the heat loss produced as a consequence of electron bremsstrahlung. The coefficient 
B can be obtained using the results given by Heitler.4 Averaging over the Maxwellian electron distribu- 


tion we have 
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Ba 32/2 8/8) x-137 mec, (5) 


If inertia effects are taken account in the equation for the radial motion of the plasma, in place of Eq. (le) | 


we obtain 
Mn (dv / t + vdv / Or) = — Op / Or — jH /c. (1e’) 


We now compare the inertia term in (le’) with the pressure force. The first quantity is of order 
Mnv/t, where t is the characteristic time for radial motion. In the case of uniform motion we may set _ 
t ~ a/v where a is the radius of the plasma cylinder. The second term is of order p/a, Thus the ratio | 
of the inertia term to the pressure term is of order Mv2/T and if the radial velocity is small compared 
with the thermal velocities of the ions the inertia effects can be neglected. Suppose for example, a ~ 10 
em, t ~ 1075sec; then Mv? ~ 1 Mev which, in cases of practical interest, is always much smaller than 
the energy associated with thermal motion. 

If, at the starting time, the radial distribution of current density and pressure is such that the pressure 
and magnetic attraction are not balanced at each point, or if there is a sudden change in the current 
strength, a rapid redistribution of matter takes place in the plasma; this effect can be accompanied by the 
production of intense shock waves. In this case the velocities associated with the motion may become 
“supersonic” and the inertia effect can play an important role (cf. for example, Ref. 7). Below we shall — 
consider only the “continuous” cases in which inertia effects can be neglected. | 

Substituting the expression for the current from (1d) in (le) we find that the radial velocity is composed 
of an electric particle drift toward the axis and a diffusion outwards, resulting from collisions 


| 
| 
| 
| 


ae ty cE 2mce?T (1 On GE 
US Da Ter sears (| rea ap ). (6) 
The filament is considered in the coordinate system (“laboratory”) in which the ion velocity along the axis 
is equal to zero. Under these conditions, the equilibrium equations, written separately for ions and elec- © 
trons, assume the form 
—0(nT) /Or + enE, = 0; (7) 
— 0 (nT) /Or —enE,=jH/c. (8) 
The ions are constrained in the plasma column by the radial electric field Ey which transfers the pres- 


sure of the ion to the electrons. If 9T/dr = 0, the ions have a Boltzmann distribution in this field. 
Determining the current density from (8) and integrating over radius, we have 


cnT (5 OH 1 


? CEs 
j=\ jenrar =—e nS Si ier Caaae —+)} oxrar. 


This expression shows graphically the mechanism which makes it possible for the electrons to carry cur- 
rent across the magnetic field —the drift of electrons under the effect of the radial electric field and the 
inhomogeneous magnetic field. 

Neglecting inertia effects it is possible to obtain a simple relation between the total current flowing in 
the plasma and the mean particle temperatures. If the expression for the current (le) is substituted in 
(1b), multiplied by c’Hr?/2, and integrated from r = 0 to the edge of the plasma cylinder r=a andif 
it is assumed that H(a) = 2J/ca, where J is the total current, we find 


a 


J? = — 2xc? \ Toa + Oh 2c (( p2urdr — xa*p(a) 
0 0 
When the pressure at the edge can be neglected as compared with the internal pressure, it follows that 
a a 
J2=42NT, N = | n2ardr, ie N-*\ nT 2nrdr. (9) 
0 0 
Here N is the number of particles per unit length of filament, T is the mean value of the temperature. 
The relation given in (9) has already been obtained by Schliiter® for the case in which the current density 
and temperature are constant over the radius. 
We consider a numerical example. If N = 108, the plasma temperature is T =1kev ata current of 
J = 800 kiloamperes. 


We now estimate the difference between the ion temperature and the electron temperature. For this 
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purpose we compare the Joule heat which has been obtained / o with the heat transfer due to collisions 
between Peon and ions. AQ = (3mn/MT)(Te — Tj). If we take Eq. (9) into account the comparison 
yields AQ/j*/o ~ Il(Te — Tj)/T where 


Tl = &N/Mce?. (10) 


If Il > 1, the assumption made above that Te = Tj = T is valid. This dimensionless criterion implies 
that the ion Larmor radius pj is small compared with the radius of the filament. A simple estimate, 
taking Eq. (9) into account, yields p;/a ~ m-, The dimensionless quantity II is an important similitude 
criterion in plasma theory, particularly, in pinched plasmas. A high numerical value of II is a necessary 
condition for the applicability of the system of magneto-hydrodynamic equations used above. We shall 
assume that this condition is satisfied. 


2. Stationary Mode 


The system of equations given in (1) becomes considerably simpler if all the quantities are time inde- 
pendent. In this case Eq. (1a) and (1c) yield E =const and v= 0. 

The temperature change over the radius may be assumed small. If we compare the order of magnitude 
of the Joule heat j?/o with the divergence of the heat flux, which is of order xk ( dT/dr)/a we find (a/T) 
dT/dr ~ ¥m/M. We can obtain an approximate solution by assuming the temperature constant. In this 
case the thermal forces vanish and the electric conductivity is constant. Hence, the current density is 
constant, and the remaining quantities are easily determined 


H =(2) /ca)r ja, n = (2N /xa*) (1 — r? / a), T = const. (11) 


This solution has already been obtained by Schliiter.®° In accordance with Eq. (9), the temperature is com- 
pletely determined by the total current which flows through the filament. The electric field decreases 
with increasing current 

E=J [ona = 83N" | oyna2J?. (12) 


Naturally, the stationary mode can be realized only if the heat generated in the filament is removed. 
For example, the plasma filament could have its outer surface in contact with the walls of a cylindrical 
discharge chamber, thereby transferring heat to the walls by conduction. Another possibility is the ener- 
gy loss from the filament via radiation. In the first case the radius of the filament must be equal to the 
radius of the discharge chamber ay; in the second case the radius of the filament can be arbitrary (but 
must be smaller than the radius of the chamber). 

Strictly speaking, in a filament which is in contact with the walls the temperature cannot be constant 
over the entire cross section since there must be a drop in the region of the walls. Nonetheless, the solu- 
tion given in (11) is still a good approximation. Numerical integration of the system given in (1) in con- 
junction with (3), (4) (for 8/at = 0 and without radiation) indicates that the behavior of all quantities over 
the larger portion of the radius is approximately the same as that given in (11) while close to the edge, 
where the density and heat conductivity are much lower, the temperature falls off sharply and then rapidly 
approaches zero. 

There is another remark which must be made concerning the central portion of the filament. A de- 
tailed investigation shows that close to the axis of the filament, over a region of width of order all/4, the 
difference between the ion temperature and electron temperature is of order m7” (not I17!). In this 
central region the thermal force is of importance; as a consequence the surrent density is larger than in 
the remaining portion of the filament. Calculations carried out using a separate heat balance equation 
for electrons (assuming that wt > 1) indicate that the ratio of the current density at the axis to that out- 
side the central region is 1.93. 

The energy balance relation in the filament (per unit length) is of the form 


-27'l2 4 1/5 lN2 
EJ = Qheatt Or ad Qnheat = 27aq (a), Qrad= Bn gpa => BT! — 


where the first term is the flux to the wall while the second is the energy loss due to bremsstrahlung. 
Using Eqs. (9) and (12) it is easy to show that the ratio of radiation to Joule heat depends only on the mag- 


nitude of the current in the filament Qa Vee S7/deoa: where 
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Jead = (12 c4 / Ba,)2 = (30-1372 / 2)'eme? /e = 1,4-108 A. (13) . 


If the current is smaller then Jyaq, part of the Joule heat is radiated and the remaining part is removed | 
by conductivity. When J = Jraq (9) and (12) yield | 
T = J?44/4c2N = 3-102 / Nev; a = (28/3nc)"N" /E” (14)) 


c : = | 
It is impossible to have a current larger than that given in (13) in the stationary mode since the filament | 


cannot be heated beyond the temperature given in (14)* An increase in the electric field in the filament _ 
leads to further compression and increased radiation because the temperature and current do not change. 
The volt-ampere characteristic of the stationary plasma filament thus consists of two parts: a branch | 
with negative slope (12) and the vertical line J =Jyaq. Finally, the value of the current given in (13) is 
the limiting value for the stationary mode only. In the non-stationary mode the current can exceed the 
value given in (13). 
| 

3. Non-Stationary Modes | 

In the non-stationary case (1) becomes a system of nonlinear partial differential equations, the solution 
of which is, in general, extremely difficult. We shall consider only a certain class of solutions in which _ 
all quantities change with time in such a way that the distribution over cross section maintains similitude | 
as a function of time. Solutions of this type are usually called “self-similar” solutions. The idea of look- 
ing for self-similar solutions was suggested by A. D. Sakharov. 

In place of the radius we introduce the variable x = r/a(t). The variables t and x are separable and 
we perform the integration of usual equations. The equation of continuity indicates that the velocity in the | 
self-similar solution changes in accordance with the relation v = ax. As in the stationary mode, it may 
be assumed with reasonable accuracy that the temperature is constant over the radius. In the self-similar: 
solution the magnetic field is expressed in the form H = (2J/ca)h(x) where h(0) = 0 and h(1) = 1. Using» 
Eqs. (1a) (1b) and (1d) we obtain the following equation for h(x) 


d e a — kh, (153 
where 

== (4na2s /c2J) dJ / dt = (oyna2J? / 2c5N'h) dJ | dt. (16) 
In what follows we shall consider for simplicity only the case in which dJ/dt > 0. The solution of Eq. (15), 
and then all the remaining quantities, are easily expressed in terms of Bessel functions of imaginary 
argument 


H = (2J / ca) I, (kx) (1, (k); 


(17a) | 
n = (N / xa?) [15 (k) — 15 (kx)] / 13 (A); (17b) | 
Oy —, 2 a Ip (kx) (17c)) 

Fae ametea teh RI, (Rk) * 


This solution applies if the quantity k remains constant in time. The quantity k gives the ratio of the 
filament radius to the thickness of the skin-layer and characterize the degree of non-stationarity of the 
process, 

When k « 1 there is no skin effect and the distribution of all quantities over the cross section of the 
filament is very similar to that which obtains in the stationary mode. 

When k > 1 the skin effect is pronounced and the plasma density is constant almost over the entire 
cross section; at the edge the density falls off sharply and the current and magnetic field penetrate the 
filament to a small depth. At the edge the magnetic field forms a sort of magnetic wall; at this wall the 
electrons experience a sharp deflection, being reflected in a way similar to that in which molecules ofa 
gas are reflected at an ordinary solid wall. The ions in the filament are constrained by the radial elec- 
tric field which is formed close to the edge of the analogous “electric wall.” The “magnetic wall” acts 


| 

a | 
*A similar result has been obtained by R. S. Pease [Proc. Phys. Soc. B70, 445 (1957)]. | 

| 

| 
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something like a piston, compressing the ionized gas and heating it. If the compression takes place slowly 
so that the energy of the particles can become equalized over all three degrees of freedom by collisions, 
this heating obeys the usual adiabatic relation T?/ 2/n = const. Writing Eq. (16) in the form k? = (45 T/J)I 
it is easy to show that the current can change slightly during the time between collisions for k? > 1, if 

II is sufficiently large. 

Equations (17) contain J(t) and a(t). The time dependence of the current is determined by the prop- 
erties of the electrical circuit of which the plasma filament is a part. The time change of the filament 
radius is determined by the energy balance condition: the heating (cooling) due to compression (expan- 
sion) of the filament must be such that at each moment the condition which relates the temperature and 
current is satisfied. Integrating Eq. (1f) over the cross section we find, assuming that the filament is not 
in contact with the wall, q(a) = 0 


3aT , 4da Je ey (h) ie Qrad (18) 


T dt Ya di ~ NTon@ 4 \72 iNTe 


where Qraq differs from ( J*/o 1a’) (7 rad) by only a factor on the order of unity. If radiation is neg- 
lected, as may be done when J « Jyad, and the relation between the current and temperature and Eq. (16) 
are used, we find 


cepa ral 
2 


Evatt: (19) 


This equation is easily integrated and, in conjunction with the condition k® = const, indicates that the self- 
similar solution corresponds to the case in which the current in the filament increases in accordance 
with a power law. Thus, for example, if k = 1.65, if; (k)/1? (k) =5/2 so that the radius of the filament does 
not change in time and the current must increase in proportion to tt/ 3. A linear current increase with 
time corresponds to k = 3.08, in which case 1 (k)/13 (k) = 3/2 and the radius of the filament is inversely 
proportional to the time. If the current increases so slowly that k < 1.65, the filament expands in the 
course of time. In the limiting cases k « 1 and k > 1 the condition that k is constant no longer obtains. 
When k > 1, if} (k)/1 (k) © 1 this means that we can neglet the Joule heat and Eq. (19) gives aJ3/2 =const 
or T3/ 2/y = const, i.e., the adiabatic equation. When k « 1 the skin effect is small. If we neglect the skin 
effect the change of radius with time is determined by the equation (taking radiation into account) 


tda, 3di_ (\-z ieee (20) 


‘adt ' 23 dt xa’ 70, a2J3 


Suppose, for example, that dJ/dt = 0, T = 103 ev, and a = 10 cm; in this case the filament radius is 
doubled in a time of the order of 0.05 sec. 
The author wishes to express his gratitude to B. I. Davydov, M. A. Leontovich, and G. I. Butker for 


many illuminating discussions. 
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RESONANCE SCATTERING OF y-RAYS 


N. A. BURGOV 
Submitted to JETP editor February 15, 1957 Bs 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 655-659 (September, 1957) 


Some experiments are suggested which may be used to determine the width of excited levels 
as well as to determine the correlation constant between the electron and the neutrino (if 
the experiments are of sufficent duration). The experiments consequently can be used to 
ascertain the choice of type of forces in B-decay. 


I. The observation of nuclear resonance scattering is made difficult by the Doppler shift which the y-rays 
experience due to nuclear recoil both in emission and absorption, while at the same time the nuclear lev- 
els are very narrow. However, in radioactive substances the emission of a y-ray in a ground state tran- 
sition is usually preceded by a B-decay and, sometimes, by another y-quantum. The nuclear recoil due to 
this proceding radiation can be utilized to compensate for the Doppler shift. In Refs. 1 and 2 the condi- 
tions necessary for such a compensation have been treated if the preceding radiation is a y-ray. The 
present paper is devoted to the case when the preceding radiation is a B-decay, or a B-decay with a y-ray 
cascade, 


2. We analyze the following experimental setup (Fig. 1). The source S emits B-particles and y-quanta.., 


The decay of the source material takes place according to Fig. 2. We assume 


A 5 Ene max Zz V £3 a moc aah MC. (1). 
Se SEE al Sofas oa 
.e Here eke max is the maximum kinetic ener sys of the electron in the B- 
Np decay, E y — the energy of the photon and moc? — the rest energy of the 
Soe electron. In Fig. 1, A detects B-particles of a given energy and B is 
N a y-ray counter. The scatterer C is placed in the path of the y-rays 


and comprises the nuclei obtained after the B-decay. The transparency 
FIG, 1 of the specimen C to gamma rays from the source is determined, also 
as a function of the angle a. 

Resonance scattering will lead to increased y-ray absorption in the scatterer C. 
We shall now determine the cross section of resonance scattering in terms of the 
above experiment. We shall assume that the radioactive source material is given in 
gaseous form so that one can assume the recoil nucleus to be free. 

3. We start from Eq. (10) of Ref. 2. The cross section for resonance scattering 
of y-rays is 


= 09 (VY xT /2A) exp {—(E, — E,)? / A}. (2) 
FIG. 2 : ‘ 2s 
with the following abbreviations: 
Oy = Ark? (2j + 1) /(2i + 1) (3) 


i.e., the peak resonance scattering cross section (see, for example, Ref. 3); j is the angular momentum 
of the excited state of the daughter nucleus, i is angular momentum of the ground state of the daughter 

nucleus X = ch/E re ; I — intrinsic width of the excited level A — Doppler width, due to the thermal mo- 
tion of the nuclei both in the source and in the scatterer, given by (see, for example, Ref. 4) 


A = Ey V 2k(T, £T2) me, (4) 


where T, is the absolute temperature of the source, T, the absolute temperature of the scatterer, k is 
Boltzmann’s constant, m, the nuclear mass, and E, the energy required to excite the nucleus: 


E, = En (1+ Ey / me); (5) 
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aii energy of the y-quantum emitted in the direction of the y-counter after emission of the B-particle. 


he energy E,, depends on the angle a between the directions of the electron and the y-quantum, and 
also on the direct 


n of emission of the neutrino if the momentum of the electron is not close to the max- 
imum. Since one cannot observe the neutrino, one has to average (2) over 
all directions of the outgoing neutrinos. 

4. We introduce the coordinate system shown in Fig. 3. The source is 
placed at the origin of the coordinate system. The electron is emitted in the 
direction of the negative X axis, and OM is the direction of the y-ray 
counter. We denote the angles between OM and the momentum Ppny¢ of the 
nucleus by 5, between the momenta of the B-particle pg and of the neutrino 
Py by 8, and between OM and Pp, by g; €=7—g@. Then 


EY, =F, (Ul — E,/2m,c? + pcos /m,c). (6) 


The mean value of the cross section is 


Bh o(1 +2 22cosg)ao. (7) 


Here o is given by (2), vB is the velocity of the electron ) the electron-neutrino correlation constant for 
B-decay (see, for example, Ref. 5). Utilizing the conservation laws 


E, + E,=E, max» Pp + Py +P (8) 


nuc 


(om-—4 


where Eg is the energy of the detected electron, E 


the energy of the neutrino, Egmax the energy of 
the B-decay, and taking into account 


Vv 


Pre 088 =p,cos«+ p,cose, cosf = cosecos% + sine sin «cosh, (9) 


and that dQ = sin ededw(wW — azimuthal angle in a plane perpendicular to OM), one can evaluate the in- 
tegral (7). 

The mean cross section o depends not only on TI and A but also on the quantity } which characterizes 
the interaction of the B-decay. Defining 


p=Am,c/ p,E; t= Am,c/E,p,; o = Amc? /E*, (10) 
we have 
-- . Vr 1 CPg p Va 4, cosa 4 4 cosa ( 
3(%, Py, A) = 9, VETS (1+ 2g £ cose — 1g? 2 costa) St pert (5 + = —<) + eri (= = +5) 


(11) 


41 Boasafero {822-8 — HY} ene (SFY) 


The cross sections for the B* decay of As™ are plotted in Fig. 4. The following values have been used: 


Exg max = 9.92 Mev, Ey = 0.596 Mev, Eg= 0.8E Bm . The shapes of the curves depend markedly on). 
The | oeuiion of the maximum for A = — 1 and A =1/3 
6/6, differs by 28°. In order to calculate the absolute value 
a7 of the maximum one needs to know the width of the ex- 


cited state of Ge™, The mean life of this state has been 
determined by Metzger® by the method of resonance 
scattering and was found to be (1.9 + 0.3) x 10°! sec. 

The cross section at the maximum then turns out to 
be 6.9 x 107*4 cm*. Such a cross section can be meas- 
ured (it is ~ 80% of the cross section of the Compton 
effect and the photo effect). 

5. We now turn to the case where the decay scheme 
is given by Fig. 5. In the experimental arrangement of 
Aa 450 a45 260 ais ese Fig. 1 counter A now detects y-rays of energy E 

and counter B y-rays of energy Ey, C is a scatterer 
FIG. 4 consisting of nuclei with atomic num paso Z+1. InRef, 2 


504 N. A. BURGOV | 


this case was treated neglecting the influence of the preceding B-decay. We shall here again consider the 
recoiling nuclei to be free (gas source). We now shall determine the cross section for resonance scat- 
tering of y-quanta with energy Ey, on nuclei of the scatterer C if y-coincidences 
are counted. 

6. Let the B-decay-induced momentum of the nucleus prior to the emission of 
the first y-quantum be Ppyc, Making an angle 0 with the direction of the second 
y-quantum. Then the energy Ey, of the second y-quantum will be 


ao 


F° E 
Ey = E%,(1 aie 4. Paue cos § + —4cos a). (12) 


2myc? / myc myc? 


The energy needed to excite the scattering nucleus is,as before, 


FIG. 5 E, = EX, (1+ Eve /2mec’), LE) 


and the cross section will be given by (2) where one has to replace E,, —E, by 


Ey E p 

En Lh. as cos a — mae mc oS 6) : (14) 
Since the B-decay is no longer recorded one has now to average over the angle @ and over all momenta of 
the recoil nuclei. We shall assume an allowed B-decay so that there are no 8 —y— correlations. Denoting 
by f(Pyuc) IPyye the distribution of recoil momenta normalized to unity we have 


Pouclim 


e ried % Eo ea E P ae 
c= Oy a \ T (Png) pee \exp i= oa x cosa — —@ +B cos 6) sin 6d. 


myc? myc? 


0 0 


Since E,, pyyc/Amyc > 1 one can evaluate the integral over 9 by approximating its argument by a 6- 


function. Thus we obtain 
= Phuc lim eh 
aa Tw 1 


Ey cos A—-Eyoo|—1 


7. The recoil-nuclei distribution function can be obtained numerically for each concrete case. From 
(8) follows 


Pane Pack Peek 2P,P, COsB, (16) 


where £6 is as above the angle between the electron and neutrino directions. The number of decays with 
this angle between 8 and 8 + d@ is given by 


1 cp ‘ 
z( + NF, cos B) sin 8 dB. 


For a given momentum Pg the distribution function of the recoil nuclei is thus 


2 9 
Lahti Pave Ps — Pr) Pauc“Paue 
9 : oe ST le eae |e 


Eg 2D gP, PoP, (12) 


if 


i al Prue Pai eel 2 (18) 


and equal to zero if (18) is not satisfied. By virtue of (18) the momentum Pg for a given Pyyc has to lie 
between Ag (Pyyc) > Pg > Ay (Pnuc)» where 


ripe eae (Es max ~Paue)— moe | y= 1a mart Paucl + moet 
np es 2(Eg max — Pruc) ie 2 Phuc G 2 (Ee max +¢P a (19) 


nuc 


Assuming an allowed B-spectrum, the momentum distribution function of the recoil nuclei will have the 
form 
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: 2 
Fane) ~ Puc \ (1 ne E, SE EET, ANS E.) PoP, dp. 


Ao 2 
5 Pa P nue PG sep, 


(20) 


A, 


Here F(Z, Eg) is the well known Fermi function describing the influence of the nuclear Coulomb field on 
the B-decay. The integral (20) can be evaluated numerically. The distribution function depends on 2. 


0 10 2 30 40 50 60 70 60 90 W0'p 
FIG, 6 


8. The numerical integration was performed for the decay of Na”4 
which has a decay scheme similar to that of Fig. 5. The following val- 
ues have been assumed: 


TE RSS i ae 


One sees easily that the maximum of the cross section occurs when 


COS G == Eys)/ Ea. 


The integral in (15) which determines the cross section equals 
0.448 m;/mp for A = 0, 0.378 m,/mp for A =+ 1, and 0.530 m,/mp for 
A = — 1 (m,— mass of the nucleus, my — electron mass). 

The dependence of the cross section on the angle a@ has been plotted 
in Fig. 6. All curves have been normalized at the point 0 = O,ay. 

The maximum cross section (assuming I’ = 3.4 x 107? ev, lifetime 
2x 107! sec) will be 3 x 107% em?, 2.4 x 10° cm?, and 2 x 107% cm? 


for A = —1.0, and + 1 respectively.The variation of the cross section with the angle is quite dependent 


on A. 
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ON THE THEORY OF THE INFRARED ABSORPTIVITY OF METALS 


R. N. GURZHI 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. — Gi 
Submitted to JETP editor February 16, 1957 | 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 660-668 (September, 1957) 


The infrared absorptivity of metals is studied by means of the quantum kinetic equation. The 
quantum properties of the electromagnetic field and the anomalous character of the skin effect 
are taken into account. 


| 

| 

| 
I. In the infrared region the energy fiw of a photon is usually comparable with or greater than the im- | 
precision kT of the Fermi level for electrons in a metal, so that a quantum method of study is required,!~* 
We shall first endeavor to carry through a qualitative analysis of the light absorption mechanism of a 
metal. In an electromagnetic field the equilibrium electron distribution function fp (Ep) is modified by an 
additional small term which is proportional to the field amplitude. If the electromagnetic field is regarded | 
as classical (unquantized) the electrons cannot rise appreciably above the breadth kT of the Fermi level, 
because the energy acquired by an electron in a mean free path is always small compared with this 
quantity. 

At high temperatures (T > @) electrons are obviously able to absorb and emit phonos of all momenta - 
up to the limit. This results in relatively high absorptivity which is proportional to the temperature. 

At low temperatures (T «< @) momentum exchange is difficult. Indeed, there are almost no “large” 
phonons, so that they are seldom absorbed. On the other hand the majority of the electrons do not possess 
sufficient energy for the emission of “large” phonons, since the average electron energy above the Fermi 
level is of the order kT, which is small compared with k@. As a result there is weak absorption which 
decreases rapidly with temperature (~ Toy When we take into account the quantum properties of the 


field an especially important difference appears in the limiting case of low temperatures and large elec- 
tromagnetic quanta, when 


ho S>kO SS kT. (1) 


Indeed, electrons which absorb quanta rise far above the region of the Fermi level. To be sure, they are, 
as previously, unable to absorb “large” phonons, but because of their high energy they can emit phonons 
over the entire spectrum. In this respect the quantum absorption mechanism in the limiting case (1) is 
similar to the classical absorption mechanism at high temperatures. 
We shall here discuss the near infrared region for which 
o> 1/%, 19 /O<6, 6 = (4nNe? / mc*)—h, (2) 

where 7 is the mean free time, 6 is the skin depth vj/w is the distance traversed by an electron during 
one period of vibration of the electromagnetic field and vp is the velocity of an electron at the Fermi 
level. It will also be assumed that the photoconductive threshold has not been reached. For most metals 
(2) is satisfied when >A « 100. 


Except at very high temperatures, the skin effect in the infrared region is anomalous, i.e., 
Lie oO, (3) 

If, however, it is assumed that the electromagnetic field and the electron distribution vary little in a mean 
free path £, for the purpose of calculating the volume absorptivity of a metal it is possible to employ 
perturbation theory, as was done by Holstein.? As Holstein gave a result only for the limiting case (1) and] 
did not show his calculation, we began with a similar calculation. 

In calculating the probability of photon absorption it is necessary to take into account all second-order 
processes with simultaneous participation of a photon and a phonon; there are 8 such processes in all. 
By simple calculation the expression for the volume absorptivity Ay (A = 1—r, r is the reflection 
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coefficient) assumes the general form 


A, = 28/cx(T), | (4) 
after introduction of the effective mean free time 
a eR Ts (5) 
where 7 (Cl) ( T) ~ 1/T is the usual high-temperature mean free time and* 
TSENG) ak cctcs 2a ny V—o vta ) pee (6) 
Y a\ 0 ; ey peel 4 Ace aed yg aie 


When kT > k 4>> hw we necessarily have gy © 1, whereas in the other limiting case (1) 9 » 20/5T 
and consequently, 


2(T) = (5T /20) 2) (7) = 5/, (el) (8), 


which is in agreement with Holstein’s results.’ 


We note that (5) and (6) are obtained simply from the quantum kinetic equation derived in Ref. 1. 
For convenience we introduce the notation 


Q(Ep) = me(T) D(p), 


where 7T(T) is given by.(5) and it can easily be shown that 
\ dEv(E)=—1. 
0 


Then the kinetic equation (17) of Ref. 1 becomes 


; Pp Of; i ee fo 1 Of p 
IO is ie a © tes cE |S 51: Fons ae — forme} (Eo) - (7) 
The term (p/m) 8f,/ar drops out of a spatially uniform distribution, after which, in virtue of w > 
i/r(T), the kinetic equation is solved simply by successive approximations: 
I Of 
Pp) = Z(ES), A?) = aac (EP)Y (En), 


1@ 


The first approximation naturally yields the dielectric constant 
e = 1—4nNe?/mo?, N = (8x/3) (po/2rk)3 
(where N is the electron density), and the second approximation gives the conductivity 


3 = Ne? /mw* (T), 
where, as expected, 7(T) is given by (5). A free electron cannot absorb an electromagnetic quantum; 
therefore losses occur only through electron collisions with phonons (or impurities) or with the metal 
boundary. Since, according to (2) and (3), in the infrared region the path vo /w of an electron during a 
period of the field vibration is small compared with the mean free path £, for calculation of the surface 
loss it is possible to neglect collisions with the lattice in first approximation. For diffuse electron re- 
flection from the boundary the surface absorption is given by? 


Ag = 30 / 4c. (8) 


However, one must first be certain that even for very high frequencies it is possible as in Ref. 2 to sim- 


ply add volume and surface losses in first approximation. 
2. We now proceed to a rigorous examination of the problem with allowance for the anomalous nature 


of the skin effect. We first note that in the infrared region |e|>> 1, so that itis are ae for us to con- 
fine ourselves to normal incidence of electromagnetic waves on the surface of the metal.” Then all quan- 
tities will depend only on the distance z between any point and the metal surface. 


*In all calculations it is assumed that kT, k@ and hw are small compared with the electron energy 


limit Eo. 
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In momentum space we select spherical coordinates (p, ¥, ¢) with the axis directed into the metal | 
and perpendicular to its boundary, while the angle ¢ is measured from the direction of the electric ; 
field E. 

It is known that in the case of the anomalous skin effect the electron distribution function must be sub- 
ject to boundary conditions whose form depends essentially on the character of electron reflection from 
the metal surface. Certain theoretical considerations,’ as well apparently as experiments, would indicate 
diffuse reflection. (1) (2) 25 

We denote by fy; and f; the respective values of f,;(p, z) for electrons reflected from (pz > 0) 
and approaching (p, <0) the metal boundary. Then the condition for diffuse reflection is 


2 (p, 0) = 0. Se 
(2) 


In addition, we must impose the condition for vanishing of f, 


within the metal: 
©) (p, 00) = 0. ee 
We introduce the dimensionless coordinate x = wz/vg and the dimensionless quantities: 
n= 0,/03, x= 1/or(T), s=t(T)/t, £4 = (i+xs)/cos®. 
With this notation the kinetic equation (7) becomes 


Ef, + Of, / Ox = (ev9/ ©) E(x) x (p), 


where 
) x(p) = — iL +sin 9 cos 9 Of) / OE, + ixtand cos 9-0 (Ep). 


The general solution of this equation can be written as 


x 


fx (p, x) =e \dx'E (x') exp {(x’ — x) £9} x (p), 


Determining the lower limit of integration from the boundary conditions (9) and (10), we obtain 


co 


ie (Pp, x) ane, 


dx E(x)exp(v— YL} x(p), fP (p, x) = —e 22) dx’ E(w) exp (x — 2) L7}x (0). 


x 


The corresponding current density 


: 2e ; 
i) =—gar| \ dp-sin 9cos @ = f,” (p, x)+ | dp-sin cose Ff? (p, x) 


Pz>0 P2<0 


after some transformations becomes 


co co 21 = 
: 3Ne? ; , ee ie 
1) = — From \E (x) | aE \ de {a9 sin? 900s 9 exp{—|x—x' [Lx (0). 
0 0 


0 


So 


Inserting this expression into the equation for the electric field we obtain, since the term (w/c)?E asso- 
ciated with the vacuum displacement current is small in the infrared region: 


co 


E" (x) = ai dx'E (x') K(x —x’), (11) 


o 


where 
1 fos) 2m a pk 
K (x) = — dB, \de | a9-sin?cosge '*'" x (p), C= ipa. 
0 0 0 


An equation such as (11) is basic in the theory of the anomalous skin effect and has been thoroughly studied 
by Reuter and Sondheimer.* 


Specifically, for the surface impedance 
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Z=R+iX =—i(4n0)/ C2) E(0)/E’ (0) 


Reuter and Sondheimer’s results easily yield the expression 


TET OTe 


c2 


where 
1) =—\at-in(1+-c42); (12) 
0 
oo 9 foe) am = yb (13) 
pm ie Ge ee F j 0 
k(t) = EOE = ~#\ dE, | do \ d¥ sin? 9 cos 9 ——— 1 (P)- 


In virtue of (2) we have for the infrared region |¢| « 1. It is therefore reasonable to attempt a rep- 
resentation of the surface impedance by a power series in €. However, when the integrand of (12) is di- 
rectly expanded in ¢ divergent expressions appear. As will be seen below, this follows particularly from 
the fact that the expansion does not take place in whole powers of €. 


For the purpose of obtaining a suitable expansion we can follow Dingle® and use the Mellin transform 
of I(€), which is given by 
M(z) = {al (ic 


0 


(14) 


(See Ref. 6, for example). Let the integral be bounded as follows in the region 
Zy< Rez < Zo: 


\a [1 (6) |&2-? < const, (15) 


t) 


then the inverse transformation is given by 


ag 
ag 
2g 
og 
og 
a 
og 
a 
XZ 
og 
XY 
og 
ag 
2g 
ag 


C+ico 
1() =5> \ M (2) dz (16) 


and exists for z,< Cc < Zp». 
In our case we easily obtain from (14) and (12) 


( ata (ts 


0 


Mz) = 


z sin mz 


Substituting this expression into (16), we obtain after changing the sign of the integration variable 


C+ ico fore} 
1 e ae 
IQ=a> \ dz \dtk’ (ty, (17) 
€—100 0 
_ with the condition (15) satisfied when 
Uig<— Re Z<Glis; . (18) 


In order to obtain an expansion in increasing powers of ¢ we naturally close the integration contour at 
infinity in the right-hand half-plane and use the theory of residues (see the figure). However, for all z 
outside of the limits given by (18) the integral 
(a(t) (ae (19) 
0 
diverges. This difficulty can be overcome if we succeed in constructing an analytic continuation of (19), 


as was done in Ref. 5. | 
For this purpose we assume now that z lies in the zone given by (18) and write (19) in the form 

co 1 

\ dtk? (t)t * = \ at Rt) to + \ dt k? (t) 17. 


0 0 a 


Loe} 


(20) 
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We shall also assume that we have obtained the expansion 


k(t<1) =a Yat, k(t >l)=t 7b Dot”, a= =! 


n=0 n=0 
and hence 


K (t =a Yast iis Kis) se y Bat. (21) 


n=0 


The coefficients A, and By can be expressed simply in terms of ayn and bp; specifically, 
As ts VAL aie he ee Layee (22) 


Substituting the expansions (21) into the first and second integrals of (20), respectively, we obtain after 
integrating 


ay a*A,,(z) b7B,,(2) (23) 
a a Se ep 


n=0 


For the integration it was assumed that (18) is fulfilled, although the final result, unlike the integral on | 
the left, is analytic over the entire z plane. 

This analytic continuation can be written in a somewhat different form. We note that the lower limit 0 
did not contribute to the integral in (20). Therefore the analytic continuation (23) can be written as 


(dt af (t) e™, (249 


The arbitrary constant in the original function 


Y (x, 2) = \ ai iy hoe 


is derived from the condition that £(0, z) vanish in the region (18), since otherwise (24) obviously is 
meaningless. 
Substituting (23) into (17) we have 


C+ico c+tioo 


igo ae uta 4 eS 
5 Qn ~ zsin nz 3 PEEL, a3 ‘Qn “zsin nz a a j 


c—ico c¢—ico 


When the integration contour is closed on the right-hand side (see figure) it encloses the zones for sin 1z 
at z=1,2,3.... and, for the first term, the zones z=(2n+1)/2 (n=0,1,2....). A complication 
appears in the fact that, whereas the coefficients Ay are easily obtained, the coefficients By cannot be 
given in explicit form. Indeed, according to (2) k « 1, and thus L= (i+ «8)7! cos 3 % -icoss isa 
bounded quantity. Therefore in (13) an expansion in Lt is possible for small t. On the other hand, when 
t > 1 Lt cannot be regarded as large, so that an expansion in (Lt)7 1 is not permissible. In Dingle’s 
classical treatment® a number replaced the operator Ee so that it was possible to integrate in (13) and 
then expand the result in reciprocal powers of t. 

We shall first take the residues at the poles z = (2n + 1)/2, and in calculating the residues due to 
sin mz we shall use Eq. (24) for the analytic continuation. The result is 


: Tey, oe ie et SEN arnt 
1 (0) = (a6) Sa (ayn (nt 5 )— > yy onl at et yo. 
n=0 n=] 
If the integration contour were closed in the left-hand half-plane it would be possible in exactly the same 
way to obtain an expansion in reciprocal powers of €, which would correspond to the radio frequency 
range. But it would be necessary to know an explicit form of the By. 
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Expanding (13) in powers of (Lt), we obtain 


2m 


ere * 
2 Os a jee n ae ar ys ye 
a =——\dE \do \ ds sin? 9 cos ef x (p), ty eae ee | 4k \ de {09 sin? 9 cos 9h" (p): 
w & 0 0 0 


a T 
0 


The values of An can be obtained from (22). Furthermore, according to (13) 


fore) 4 py 1 22 Qn rs co eae 
2" (ie di (=) Il \ dE» \40, \ di, sin? 9, cose, (a ane tee) (p,) 
k=10 0 0 oy e 


2m A 


=(2)' II (ae \do, (a9,sin’ 9,cose, hy? y (at — i bt yO) 
0 0 ideas t 


where 


n 
Cmn = Bese II (hig ye ae 
isl] 
the prime denotes that the product includes no factor with i=m. From our definition of the original 
function 


foo) 


= pie aa a dt As 
\ at-t ne 1— om | ma eae aire 
Thus 
fo) a 0 2m z n n 
\ at oh t)t = (2y Z ll \4E, \ de, \ 49, sin? 3 cos @, Ly _ jee II (li? ST yey (P,)- 
h=10 0 0 wast. via , 


When L = (i+«8)~! cos# and € = i3n?/4 are substituted in these expressions I(€) can easily be rep- 
resented as a series in the small dimensionless parameters n and x. Limiting ourselves to quadratic 
terms in 7 and kK, we obtain after some tedious calculations 


3 = 4 16 8723 83 34 A a (6) 
A~—R=-——B + 2QBy ly —- Z By? (g51n2 | eae 38m [F799 + © (- Scos— § cos? # — cos $8 cosy, s)] 
A A “a aN 3 i 5 3 os ~ , 
ae 3px? | © (3 cos ® — scos 9, - ) +E ® (Scos + cos? s — ss wv |—3py-8 [5 ok 0(5 = 7,9), (25) 
83 A 0 3 A 
—x ie ae 359 2 — 3Bx® (s cos 9, oe “x Bat x? [1 + 20 (s, v)]. (26) 


Here B=vo/c, 1 =Vvo/wd, K=1/wt(T) and © denotes integrals of the form 


© Che = Oe 
® (5, 2) = —\4e \ de \ d9sin? 9-cos ©-s sin 9-cos 9: (Ep). 
0 0 0 


It is easily seen that when the operator $8 is replaced by unity (25) and (26) go over into the correspond- 
ing expressions which were obtained in a classical treatment by Dingle.’ The first term in (25) coincides 
with (8) and thus gives the loss associated with electron reflection from the metal boundary, whereas the 
second term coincides with (4) and thus gives the exchange loss. Thus in first approximation we actually 
have a simple addition of exchange and surface losses. 

All of the integrals ® are of the order of unity and can be calculated without great difficulty. How- 
ever, the corresponding expressions cannot be written in compact form. We note that thetratte (n/k)? 
=(L/6 ie for most good conductors is large compared with unity.* Therefore in (25) the first two correc- 
tions, which are proportional to n? and nk, are usually most important. A calculation shows that 


*For example, for Cu, Ag and Au (2/5)? ~ 10 even at room temperature. 
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QIT 
RIN? | 
® (= Scos — 8 cos® 9 — cos 9 scos 9, te = am (e) \ do: 0 zag | 484 — 5690" (= oa 4 ! 
; 
2 coth  —coth 2° + coth 95" ee eRe (27) 
x cot ie ae oO r CO (ett? 1? (Ce ay 7 


It has already been mentioned that in the infrared region we usually have hw > kT. We therefore as- 
sume that 
Pps: 1, ere SS Be (28) 


Then when terms of the order of ewA w/kT are neglected the integral in (27) is greatly simplified and in 
our approximation (7* > x?) the absorption becomes 


e| T 
3 Se tl ey oo (fC 8723 Q gp Nee a 2 (= 
=~ ze =e 28y 1x Z wae (Gs In2 yl py fea ain ® 5 @ ) \ du-v* coth —— 5) ’ 350 [484 569-v -) | 4 
0 


On the basis of (27) in the classical limit (hw « k® « kT) we easily obtain the following expression for 


| 
| 
| 
the second absorption correction: 


ces 569 ( ee ]. 


UPo 


Pax G79 “al 
If we immediately set S$ = 1 in (25) the result is —{nx83/12, which agrees with the corresponding 
term in Ref. 7. It appears that in Ref. 7 all corrections beginning with the second were calculated incor- 
rectly, because even when hw « kT it is not always correct in the case of the anomalous skin effect to 
approximate the collision integral by means of an expression of the form f,/T (see the comment at the 

end of Ref. 8). 
When the inequalities (28) are fulfilled it follows from (6) that 


O[T 
o(T)~2(L) \ dovt cot — 2 8 (29) 

0 
An investigation of this expression shows that from room temperature down to the temperature of liquid 
helium the mean free time 1T(T) = 7(cl) (T)/o CL) is eee independent of temperature and changes 
smoothly from z(cl) (T) at high temperatures to %, (cl) (©) at low temperatures. Classically, as we 
know, 7T(T) increases very rapidly as the temperature is reduced (at low temperatures it is inversely 
proportional to T®). It is significant that (29) was derived subject to the relatively mild limitations of 
(28); therefore quantum effects play an important part at least when fiw ~ (2 — 3)kT. 

It must be remembered that the results obtained here are based on the assumption of a spherical Fermi. 
surface for the electrons of a metal and can apparently be applied only to polycrystalline specimens. Of 
course, m and vp mean averaged quantities. In addition, and especially at low temperatures, interelec- 
tronic collisions may play a large role. This question will be discussed at a later date. 

The author is profoundly grateful to V. L. Ginzburg and V. P. Silin for their continued interest and val- 
uable comments. 
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A number of further consequences which follow from the general formulas obtained in Ref. 1 
for the spectral intensities of scattered light are considered. The integrated intensities of the 
fine structure components of the isotropic part of the scattered light are obtained for a medi- 
um with small viscous losses and small heat losses using specific dispersion relations. The 
dispersion corrections for the Landau-Placzek relation are considered in greater detail for a 
low-viscosity liquid. The results of the general theory which concern anisotropic scattering 
are discussed and simple dispersion relations are indicated which yield a satisfactory approx- 
imation to the observed intensity distribution in the wing of the Rayleigh line for a low-vis- 
cosity liquid. Using these relations the integrated intensities are obtained and an approxima- 
tion formula is derived for the depolarization coefficient in Rayleigh scattering. 


In an earlier paper! (referred to hereafter as I) we have developed a spectral theory for Rayleigh scat- 
tering, based on correlation theory as applied to the thermal fluctuations in an isotropic medium.” Gener- 
al formulas were obtained for observation at right angles to the primary wave and four combinations of 
the polarization of the primary and scattered light [Eqs. (3.1) of I]. These general formulas apply for 
any dispersion relation between the parameters which is consistent with the dissipation requirements of 
the medium. As a first result we have obtained the integrated intensity of the isotropic part of the scat- 
tered light and, using certain assumptions, have found the dispersion correction to the Einstein formula 
for liquids. 

In the present part of the work we consider further consequences which follow from the general formu- 
las; first of all, we consider the problem of the integrated intensities of the components of the isotropic 
part of the scattered light — the central line of the Mandel’ shtam-Brillouin doublet and the background. 
Although the background due to dispersion in the compression modulus K and the shear modulus yp is 
present in isotropic scattering, in low-viscosity liquids it turns out to be extremely weak. In practice, 
the isotropic part of the scattered light tends to be characterized by the usual triplet in this case. The 
intensity of the triplet components is calculated in the approximation that there is dispersion only in the 
elastic moduli; the simplest dispersion relations are assumed — with a single relaxation time for each 
modulus (7’ for K and 7 for yp). The neglect of the dispersion background is manifest only in the 
correction to the intensity Iyjp of the Mandel’ shtam-Brillouin doublet. This correction, due to the dis- 
persion in K leads specifically to the intensity ratio for the non-displaced line Igent and the doublet 
which was obtained earlier by I. L. Fabelinskii?*4 in an analysis of the doublet based on diffraction by 
Debye waves. 

Essentially new results are obtained in an analysis of the anisotropic scattering (Secs. 3-5). The 
spectral intensities are given by formulas which contain the results of the wing analysis for liquids de- 
veloped by Leontovich® as a particular case corresponding to the assumption that the mechanical -optical 
coefficient X is directly proportional to the compression modulus p. A departure from this assumption 
allows a good approximation for the distribution of intensity in the wing, including the intense center part 
even when the simplest dispersion relations for X and p are assumed. In this case it is sufficient to 
assume two relaxation times for X, 7; and T, >> 7,, the values of which may be obtained from the spec- 
tral intensity distribution. A calculation of the integrated intensities for the dispersion laws which have 
been indicated leads to an approximation formula (5.9) for the Kabanovsky depolarization factor A. An 
estimate of A in benzol based on this formula turns out to be in good agreement with the experimental 


value. 
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1. INTEGRATED INTENSITIES OF THE I;,, COMPONENT 
(FORMULATION OF THE PROBLEM) 


The spectral intensity of the isotropic part of the light which is scattered by fluctuations in the density 
and temperature of the medium is given by the following general expression [ Eq. (4.1) of I; all notation is 
the same as in I]: 


tS) 4 dA * [7 - Vall Fad # % K ( 12 = a rome 
x= sapere all As _ CC*Rgt) — YZCKo + ¥°2 (C A, — Cz As) +12! A, | comp. conj.t (141) 


In calculating the total integrated intensity in I 


+00 


pecs \ Sedan (1.2) 


1so 
co 


we have made use of general theorems’ which make it possible to obtain a definite result by simplifying 
the dispersion relations for some of the parameters which appear in (1.1); in particular, Y, Z, C and 
K. This approach is not adequate in problems in which loss must be taken into account since separating 
Iigo into component intensities means that we must find the residues of the integral (1.2) at separate 
poles of the integrand; consequently this procedure requires a complete knowledge of the function. _ 

As in I, we shall make the following assumptions with respect to the parameters Y, Z, C and K: 
(a) the coefficients Y and Z are independent of Q, (b) the thermal parameters C, D, and k are inde- 
pendent of 2, (c) the elastic moduli K and 7 are characterized by the simplest dispersion relation with 
a single relaxation time for each (7T’ and T respectively ) 


Yon? + Uo | T : : 
re Se i al (z = iQ). (1.3) 


SS ee .= 


We note that by virtue of the assumptions in (a) and (b) the corresponding parameters are given by the 
real thermodynamic values 


Y =— ,)(0e/0),, Z=To(02/OT),, C=aTo, D=poT Cp. (1.4) 


Using these assumptions the determinant A which appears in the denominator of Eq. (1.1) has the form 


# ligG? ; Wy = “xT .g2\ => D 
iN Coe reo (Cte se al (20 Se rer ae {2 (2) #2) 
_ Keog? 1 PoD 100 (1.5) 
igs (z — xq") (2 a =) (z = a)} = z(z+ 4 Tate ac 4 / +) (z 2) (z 22) (z pixi 23) (z aa 24) (z Bea 25), 


where 
u (2) = 28 (2 + 1/5) + (Meo? 00) (2+), 0(2) = (2 +20) (2 + 1) — =! Nea (e+ a), 
(1.6) 


a= Ko/ Kor’, b = to / Poot, GE. D,=D—eK =D(1-*—" 4), 
0 


xX =k/poCp is the heat conductivity of the medium, y = cp)/cy. Thus, the numerator of A contains a 
polynomial of the fifth degree in z in which all the roots Z; must, in accordance with the dissipation 
requirements of the system, lie in the left half-plane of z. All dispersion laws for the parameters must 
satisfy this criterion. 

Substituting Eqs. (1.1) and (1.5) in Eq. (1.2) and using the notation of (1.6) it is easy to reduce the ex- 
pression for the integrated intensity of the isotropic scattering to the form 


lisg= a p { Wea % ae “| @ » f(z) = (@— 2) (2 — 29) (2 — 25) (2 — z%) (2 — 2,), (1.7) 


J 
where the path of integration I goes along the imaginary z-axis and is closed at infinity, encompassing 
the left half-plane, and where 


Pe ae) 21/02) v2) ee 
g(2)= z—a = 7,G =e oe u(z) + 252 [u (2) (2+ Ife’) -+ (Keog?/po) (2 +a) (2+ 1/s)]. (1.8) 


oe) 
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Here, in place of Z we introduce the quantity 


Zy =Z-+CY, (1,9) 


by virtue of which the expression for g(z) can be written in shorter form. The thermodynamic signifi- 
cance of Z,, in accordance with Eqs. (1.4) and (1.9), is the following: 


Z,= Ty (02/0T)>— «T 9 (0e/Op)r = Ty (02/OT) p, (1.10) 
where p is the pressure. 

The path of integration I chosen in (1.7) encloses all the poles Zj (j =1,..., 5) and, in addition, the 
pole z = —a of the function g(—z).* Now we find explicit expressions for the roots z: in order to es- 
tablish with which roots the specific individual components of Iigg are to be associated. 

From eqs. (1.5) and (1.6) it is easy to show that one of the roots zj (suppose this is z,4) becomes zero 
along with the heat conductivity y. Actually — at least for liquids — the root z, is extremely small in ab- 
solute value as compared with the other roots. This allows us to consider values of z,, calculated only 
to second order in xq’, while the values of the other roots are taken for x = 0, that is, without taking the 
effect of heat conductivity into account. Thus 


21 = 1974 (Mo + Ko)/(Mo + 1Ko) (1.11) 
and 


tks Kod? 
a = Ky (24 a) u(z) + “(24+ =)(2+a)}. (1.12) 


Deo (2 — 22) (2 — 25) (2 — 4) (2 — 25) = D {Iz 4 


In what follows we shall limit ourselves to the case of a medium with rather small viscous losses or 
[in accordance with (1.3)] what is the same thing, a medium with rather small dispersion differentials 
AK = Ko —Ky and AM = Ma — Mp. Under these conditions we can use the values of the roots z;, calculated 
from Eq. (1.12) with accuracy up to first order in AK and AM. These values are as follows: 


; ‘ 4 ; 
22 = 10yp +h, 23%, %=—a(1—C), 4= —+4 (=SG) (1.13) 
where 
2 Pah Keil n ork epratehnnt CAR aoe tM 
OQup = (My + 1Ko) ea = - (+ } 3 Pr) ’ h ag 2e,(4 ae LOW) 205 a se TOE) ? 


72q@?AM 
eo (t + O27?) 


hos 
= 


rr AK 1 + 7/?Moq?/00 
St Scene 
It is apparent from Eqs. (1.11) and (1.13) that the residue at z = z, yields the integrated intensity of 
the central maximum (the undispiaced line). The residues at z = Zz, and z = z, determine the total inten- 
sity of the Mandel’shtam—Brillouin doublet, the maxima of which (with an accuracy up to the first-order 
dispersion corrections) lie at the frequencies Q + Qy;p. The residues at the poles z = z * — 1/7’ and 
z=-a%—1/r’ yield the integrated intensity of that part of the background which is due to dispersion in 
the compression modulus K. For brevity we will call this part of the background the “compression wing” 
to distinguish it from the “shear wing” or, in accordance with established terminology, simply the wing. 
This latter is the other part of the background, which is caused by dispersion in the shear modulus we 
the integrated intensity of this component is determined by the residue at the pole z = z; & —1/t. In low- 
viscosity liquids the extent of the two background components turns out to be considerably different be- 
cause of the large difference in the relaxation times T’ and T (t'/T ~ 10%), 


2. INTEGRATED INTENSITIES OF THE COMPONENTS OF I;,, (RESULTS) 


Taking the residues at the poles or groups of poles indicated above and using the values of the roots 
(1.11) and (1.13), from Eq. (1.7) we find the following expressions for the integrated intensities.f 


*It is easily shown that z = 0 is not a singular point. 

+In computing the residues we keep only those terms of order lower than the dispersion corrections in 
the expressions for the corresponding roots. Thus, taking the residue at z =z, , everywhere, aside from the 
factor z + ye we can substitute z =0 in (1.8). In the remaining residues we can assume at the outset that 


x =0 and z, = 0, keeping terms only of first order in AK and AM. 
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The undisplaced line: 


~ @(y—1) (vy 1+ 487u,/3 Ze (2.1) 
Cent 0230p (4 + 48 rt49/3) aT 
the Mandel’shtam—Brillouin doublet: 
ent Ean in ae Oty | ee (2.2) 
vB = Po fc Ko 1+ Oa 8reg(4 + OFT”) 1 ao Patt Oop)” Z 
the compression wing: 
yo. AK (1+ 4u0q?t?/3p9 \ 71,2. 
cea © | Papecesetiah [ee eas Ce Ear) . 
Torap. Wing 08; 1K ( 1+ 03,08 } } ) (2 3) 
the shear wing: 
lying = OY 18'G AM/po (1 + Qype)”. (2.4) 


In these formulas we use the thermodynamic expressions (1.4) for the parameters C and d (inac- | 
cordance with the assumption that they do not exhibit dispersion) and the fact that Kp = 1/ By» where By 
is the isothermal compressibility. In addition, we take account of the well-known thermodynamic relations: . 


aT) = pop (Br —Bs), 1 =CplCo = Br/Bs, 2) 


where fg is the adiabatic compressibility. Finally, we use the symbol Y, to denote the quantity Y; = Y 
— ZCK)/D,, the thermodynamic significance of which is easily established by means of (1.4) and (2.5): 


Yama Pol palace Ga pa ta aa 


Before proceeding to a discussion of Eqs. (2.1) — (2.4) we point out that the sum of these expressions 
coincides with the intensity Ijg, obtained earlier by more general methods [Eq. (4.3) in I] if, in the latter, 
we make the same additional assumptions as to which terms can be neglected in calculating the density of 
the component (specifically, that D is dispersionless, that the heat conductivity can be neglected and 
that only first-order terms in the dispersion corrections are needed). Eq. (4.3) of I then assumes the 
form 


ery ee waZ2 AK 4 [2 1 + (4t409?/300) 7 CK 
Tiso= © | Kot My | Dio aa Ke : 1 + OF gr’? e ae Da z\}\, 


which coincides with the sum of the intensities given by (2.1) — (2.4). 

It is apparent from Eqs. (2.2) and (2.4) that the intensity of the shear wing compensates for the correc- 
tion due to the dispersion in the shear modulus which is contained in the intensity expression for the 
doublet. Hence, I;59 is independent of AM as should be the case for the explicit dispersion relation 
given for yw, in accordance with the more general Eq. (4.3) given in I. 

In what follows we shall limit ourselves to the case of a liquid (pp = 0). If we introduce the parameter 


s = 1/Qhpr’?, (2.7) 
already used in I [Eq. (5.2)], Eqs. (2.1) —(2.3) assume the form 


2 
Zz; 


1 68 ee 
cent — 08; (2) Y =6 PT Cp’ ae 
Oar yee AK 1 (y—1) 2] ee 
eae ate fer ee ee 
d Sires 2.10 
lomp. wing = OVI Z~(a =) (2.10) 


In the isotropic part of the scattering, which is due to fluctuations in density and temperature only, the 
intensity of the shear wing (2.4) is extremely small. It is sufficient to compare Iwing with the first dis- 
persion correction in the doublet intensity (2.9), i.e., the quantity 


Alup:-= 087Y2AK/K,(1 +s). 
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vena tre twing/TMB and keeping in mind the fact that yKoq?/pp) = OMB we have 
Fring m OK? (927?AM/e0) (4 + 5)? ; 
“IMB (yAK/Ko} (1 + O27)? 


AS oSH se 2 
But for Cesar the values of the quantities OMBT and q’7?AM/ Po = 4pog? 72/ 3p) = 4a2n) 7/ 3p) are of the 
order of 10™ so that 


ling! Alm ~ (Ko/~AK) 10°, 


i.e., these are vanishingly small quantities even in the case in which AK/Ky amounts to a fraction of a per 
cent. Hence, we may neglect both the intensity of the shear wing and the corresponding correction in the 
doublet intensity (2.9). 


The intensity of the compression doublet (2.10) is also small as compared with Alms 


comp. win, 


For the highest value of s which is at our disposal (s = 0.52 in carbon bisulfide) Icomp. wing 2mounts 
to approximately one-quarter of Aljjp. Consequently, in comparing the intensities of the doublet and the 
undisplaced line we need not add Icomp. wing to the latter. 

eid the ratio of the intensities (2.8) and (2.9) with the accuracy given above (to first order in AK) 
we fin 


I Z vAK ee 7) 
se Gry) OD + gales 2a | (2.11) 


or, neglecting the quantities s and Z in the dispersion correction and making use of (1.10), (2.5), and 
(2.6) 


best [4 ($0) fou ($e). ) Se fi py A. one 


If we disregard the dispersion correction yAK/K and set Z = Ty (d¢/8T), = 0 in accordance with (1.10) 
and (2.6), the first factor in (2.12) becomes unity, i.e., we obtain the Landau—Placzek formula® 


| enter! {MB = &T o/poCp3s = 1 — |. 


As has already been noted by Fabelinskii>’? without taking dispersion into account, that is, even in the 
framework of the thermodynamic theory, the first factor in Eq. (2.12) is considerably different from 
unity if we donot neglect (d¢/dT) p: We can neglect this quantity without introducing a noticeable error in 
the value of integrated intensity of the isotropic scattering; however, it turns out that we cannot neglect it 
in the formula for the ratio of the intensities of the fine-structure components. 

It can be shown that the dispersion correction can be taken into account in the ratio Teent, MB using a 
formula of the usual “thermodynamic” form if for the adiabatic compressibility we take the quantity 


Bs = Bs (1 — yAK / Ko), 
i.e., the reciprocal of the “adiabatic” compression modulus [cf. Eq. (5.5) of I]. 
Kaa = KD/D, = DK /(D —C?K) 


for 2 — ~ or, more precisely, for QT’ >1. The more complete expression for the dispersion correction 
contained in (2.11) corresponds to the case in which the compression modulus has not completely relaxed 
at the frequency of the doublet so that it is not very small as compared with unity. 

The formula for Igent/Ijj7R Which contains the value of the compressibility at the doublet frequency 
was obtained earlier by Fabelinskii?*4 from an analysis of the doublet on the basis of the diffraction of 
light by the Debye waves. He also allows for dispersion in the coefficient (d¢/9p), so that we must also 
introduce the value of this parameter which corresponds to the doublet frequency in the ratio Icent/ IMB: 
This is certainly proper (cf. below) if we depart from the purely terminological moment: if there is a 
frequency dependence in Y, (i) the use of the thermodynamic notation (8¢/8p), = —Y4 (0)/po has signifi- 
cance only at sufficiently low frequencies. In concluding this section we consider the problem of how to 
introduce dispersion in Y and Z into the results of the calculation of the integrated intensities of the 


fine-structure components. 
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The derivation of Eqs. (2.1) — (2.4) indicates that the dispersion in Y and Z may appear in two ways. 
Firstly, in the component intensity we introduce the values Y(z) and Z(z) at the appropriate poles — 
at z= 2, for the undisplaced line (i.e., the quasi-static values), at Z = Z and z= z3 for the doublet | 
(ie., the values of Y and Z at the frequency Qyp), andat z=2z,*%—1/7’ and z= 25% -1/tT respec- | 
tively for the compression wing and the shear wing. Secondly, additional background components appear, | 
given by the residues at the poles z= Zw of the functions Y(z) and Z(z). If, however, the dispersion 
in Y and Z is small, wherever the intensity Jjg9(z) is still noticeable, these additional terms will be 
small and, in practice, we need consider only the first of the indicated effects. In other words, the addi- 
tional terms do not play an important role in the case in which the characteristic frequencies of the co- 
efficients Y and Z lie beyond the limits of the observed spectrum, i.e., |Zw| > |Zj|. This is the case | 
even for the root z; ~—1/rT of the dispersion equation (|z5| >> |z;|, j=1,...4) asa result of which 
it turns out that the shear wing is absent in practice and the observed region in the spectrum of Jjgo is 
limited to the doublet components. 


| 
4 


| 


3. ANISOTROPIC SCATTERING. REMARKS ON THE ANALYSIS GIVEN | 
BY M. A. LEONTOVICH® | 


Turning now to scattering by anisotropic fluctuations, which are responsible for the wing of the Ray- 
leigh line (i.e., the shear wing), we may note, first of all, that the results of the well-known analysis by 
Leontovich® can be obtained from Eq. (3.1) of I as a particular case for the following assumptions as to 
the parameters. In Eq. (2.1) of I, which relates fluctuations of the dielectric constant to fluctuations in 
deformation and temperature 


Gog = XUzg t+ Yudag+Z93ag (Uap = Uag — 1/5 Udag) (3.1) 


it is assumed that 
(a) the coefficient X is proportional to the complex shear modulus 


UD Ba GO). B=const; (3.2) 


(b) the coefficient Y is dispersionless and is given by the real thermodynamic value (1.4); 

(c) the quantity €gg is independent of temperature (for fixed density) i.e. z= 0. 

With respect to the mechanical and thermal parameters of the medium it is assumed that 

(d) there is no thermal expansion (C = 0); 

(e) there is no dispersion in the compression modulus (K = Ko = 1/By, € = 0); 

(f{) the shear modulus obeys the simplest dispersion law with a single relaxation time tT and py = 0 
(liquid) 

p=p t+ iQy = peiQ/(iQ2+ 1/2). (3.3) 


It should be emphasized that some of these assumptions [ (c), (d) and (e)] were made only to simplify the 
basic problem — the explanation of the wing in the case of liquids — thus dispensing beforehand with de- 
scriptions of the undisplaced line and the doublet. 

Using the assumptions enumerated above and the notation 


B= Alp, OF = tag? /9o, Of = Keq?/m, 08 = OF +20}, A; =O? OF 4 70r (0? 08, Ap=i0 +12 


after several transformations Eq. (3.1) of I leads to the same expression which was obtained in the cited 
work of Leontovich, namely, 


ja ee osu HOG ack piu lyn Br abana 4 | 
le SeibOtihs 14; Le Di Mi ie a8) ieee (Ta + 77am} | 
jpegs Me (ise aly 4 4AYQ?(Q?—Q?)  8y¥204 
eee eee Wy Pee Va 1+ O77, | 3) A, |? STI 


We note that because of assumptions (d) and (e) the frequency dependence of the isotropic part of J - ; 
i.e. of the quantity 


Jiso= (Ot / Qtp2.0) Z 8Y2Q; / 3 | Ar | 2 


cannot give the intensity distribution in the region of the doublet and the undisplaced line; nevertheless, 
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the integral of Jigg over Q yields the Einstein formula, as can be shown by direct computation. In ac- 
cordance with the general expression for the integrated intensity Ijgg [cf. Eq. (4.3) I] this should be the 
case since a liquid is being considered (wo = 0) and (c) and (e) are assumed. 


In that region of the wing which lies beyond the limits of the doublet, i.e., for 2 > Q, 


MB: “4- 
(3.4) yields* 


Jz Jf =I) =4S} =(@A%/ Arp.) /(1 + 222), 
so that the degree of depolarization in the wing is 
Je/Je= (lx +J2)/(Jz +J2) = 6/7, 


and the reciprocal intensities are proportional to 1+ 9?7*. The slope of the line in the curve which shows 
the dependence of 1/J on 9? obviously allows us to determine the relaxation time tT. This determination 
has been carried out by Fabelinskii?»® whose measurements have shown that in a number of liquids there 
is actually a wide region (40 —60 cm™') in which the dependence of 1/J on ? is linear. The deviations 
from linearity occur in the region of Q smaller than 15—25 cm! and larger than 70 cm~!. In this con- 
nection special attention is merited by the assumption in (3.2) which is important in the Leontovich analy- 
sis. 

Generally speaking, it is difficult to find any basis for the fact that the frequency behavior of the me- 
chanical-optical parameter X(iQ2) is completely determined by the dispersion of the purely mechanical 
quantity — the shear modulus ji. In Ref. 5, Leontovich starts with the assumption that 


Sis fe Atze (A =const), 
where €qg is the so-called anisotropy tensor which is related to the pure shear deformations Uap by 
the relaxation equation 


ae =e Cag/* = TES, 
or spectrally by 
Cue = iQuy / (iQ + 1/2). (3.4) 
Consequently, Sp = Xuq p> where 


X = AiQ / (iQ + 1 /r). 

On the other hand, Leontovich has assumed that in the equations of motion of the liquid the pure shear 
stresses are also determined by the tensor Cqg, specifically, omg = 2aoCapg. According to Eq. (3.4) 
this relation means that the complex shear modulus jp obeys the dispersion law in (3.3). As aresult X 
is expressed by Eq. (3.2) where B = A/uq. 

The fact that the observed dependence of the reciprocal intensity of the wing on Q? departs from a 
linear relation may indicate both a more complicated dispersion for y if the assumption in (3.2) is to be 
retained and/or the inapplicability of (3.2), i.e., in the final analysis it may not be valid to assume that 


oars and oy B depend on the same internal parameter in the same way. It is reasonable, at sufficiently 


low frequencies when 


X (iQ) = Xq + (AX / 102)y iO, 4 (iQ) ~ Ho + inp, 
to assume for solid bodies that Xg is proportional to yg while for liquids (Xp = 0, po = 0) (8@X/idQ)» is 
proportional to no. Formally both cases are connected by the relation in (3.2). 

The optical anisotropy in a solid body, which arises as a result of the static (or sufficientiy low-fre- 
quency) stresses, is expressed by the following empirical formula? which we do not write in the usual way 
(in terms of the stresses) but in terms of the shear deformations 

Sar ae 4 V & Chrollag- 
: -13 
Here c is the so-called relative optical stress coefficient, measured in Brewsters (1 Brewster * 10 
cem2/dyne). An empirical formula for the anisotropy due to flow in the liquid (the Maxwell effect) is of 


the form” , 
cap = 21QeonoMuces (3.5) 


*It is sufficient if Q@ exceeds Qyqp by several line-widths of the doublet. 
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where M is the Maxwell constant. According to (3.2) at low frequencies we should have B = Vege = 2€9M, 


i.e., the following relation between the photo-elastic constant for solid bodies c and the Maxwell constant 


for liquids M: 
ose (3.6) 


It is possible to establish the validity of this relation only in bodies which, in the low frequency region 
being considered, behave as “intermediate cases” between solids and liquds, i.e., bodies which allow - 
measurement of both anisotropic effects. In typical liquids and typical bodies in which the comparison ~ 
indicated above cannot be made, (3.6) is essentially meaningless. Without going any further into this 
problem we wish to emphasize once again that even if there is an actual relation like (3.6) at low frequen- 
cies there is no reason to expect that this relationship is maintained at frequencies of the order of 10! 
and that the relation in (3.2) is satisfied. 


4. SPECTRAL INTENSITIES IN THE SHEAR WING 


We now turn to a consideration of the shear wing and certain consequences which follow from the gen- 
eral formulas (3.1) inI. We are interested in frequencies Q which exceed both the doublet frequency 
Qyp 28 well as the characteristic frequency of the compression modulus 1/7’. In this case, from Eq. 
(3.2) in I we have 


d= Ds, dpe Dire = Dis Ce Kay ND, 02, a a AS ee 


as a result of which the general expressions for the intensities (3.1) from I are reduced to the following: 


ak =liaGdi =o-(s =)= : 1. (4.1) 


4 8riQ u* 


Thus, the degree of polarization Jx/Jz is Je in the wing regardless of the frequency behavior of X 
and I. 

According to Eq. (4.1), a graph on which is plotted the reciprocal value of any of the intensities as a 
function of 9? represents the quantity |f/X|*/n as a function of 27. If we grant the validity of the re- 
lation given in (3.2), i.e., X = Bp, this quantity is simply const/n which indicates a linear dependence 
of 1/n on Q? if the dispersion relation given in (3.3) for w is assumed. Since, as was indicated above, 
the relation given in (3.2) is open to doubt, it is reasonable to interest ourselves in those relations which 
give simple dispersion laws for X and j in the event that (3.2) is inapplicable. 

Using the dispersion relation for » given in (3.3) we assume that 


X (iQ) = (Xai + Xo/%) (EQ + 1/4). (4.2) 
Then, as can easily be shown, each of the intensities (4.1) has a frequency dependence given by the 


expression 


1 53454 y & 
ni oe ps an (4.3) 


WJ FIG. 1 


For different values of 8 < 1 the relation in (4.3) is shown by the 
solid curves in Fig. 1. The dashed line corresponds to the value 

B= 0 and is inclined at the same angle as the asymptotes of the other 
curves for increasing x. This dashed line corresponds, in particular, 
to the Leontovich theory, since it is assumed that X is proportional 
to gf and consequently that 7,=7, B =y2/u2, = 0. However, the de- 
parture of the experimental curves in the low frequency region from 
the linear behavior is precisely that which is to be expected from (4.3) 
for 8 #0. Assuming the relation in (4.2), we have the possibility of 
determining from the experimental curves not only T, but also the 
value of the parameter 8. Thus, for example, the curve for carbon 
bisulfide given in Fig. 2 of Ref. 8, which is incorrect according to 

Eq. (4.30), gives 7, # 1.5 107% sec from the slope of the asymptote 
whereas the fourth point in the region in which the curve slopes down- 
ward gives a value of 8 © 0.09 with a spread of not more than 10 per 


4) 
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cent. From the data of Weiler,!! we obtain in benzol a value of 7, = 2.16 x 1078 see and B = 0.385. 

It is clear, however, that in the liquid case being considered the dispersion law for X given in (4.2) 
cannot remain effective to any arbitrarily low frequency because when Q — 0, this relation gives a value 
X=Xp different from zero. According to Eq. (3.1) this would denote a photo-elastic anisotropy, which is 
possible only in a solid body. Assuming that the relation given in (4.2) applies only at sufficiently high 
values of x we may assume that deviations from this relation are due to the existence of other relaxation 
times T,; > 7, in X. The simplest dependence, for which we introduce only one other additional relaxa- 
tion time tT, and which by giving X +0 as Q2—0 maintains (4.2) for Q > 1/72, is of the form 


iQ} Xf =F Xo / 73 
1/Ts lane i (4.4) 
1Q + 1/7, 1Q. ++ 1/7, 


OPS 


Then, in place of (4.3) the reciprocal intensity is given by the expression 


oa \ 
ea 1 baleee (4.5) 
x= 3 


which gives the former behavior of the curve (Fig. 1) at x > Ti, 7 but a value of 1/J different from 
zero as x— 0. 

The first factor in (4.5) determines the behavior of 1/J in the narrow and most intense central part 
in which both the width of the central part as well as the maximum value of the intensity depend on T, for 
x= 0. The value of tT. can be estimated from any of these parameters; however, in view of the difficulty 
in measuring the intensity of the wing at zero, more reliable results can be obtained by estimating the 
width of the central part of the wing. 

At low frequencies (Q <« 1/7,), in accordance with (4.4) we have X =iQ27,Xq so that the anisotropic 


aniso 
part of Ea Bp is found to be equal to EaB = iNT,X pug Be Comparison with Eq. (3.5) indicates that in the 
relation given in (4.4) 
Xo = 2eq%oM/*. (4.6) 


In evaluating the applicability of Eq. (4.4) at low frequencies special interest attaches to the observa- 
tion of the diffraction of linear polarized light on ultrasonic waves, propagating at an angle (say, 45°) to 
the direction of the crossed axes of the analyzer and polarizer. An experiment of this type may give some 
idea of the frequency dependence of |X|? upto Q ~ 10°, 

As has already been noted, the experimental curves which show the dependence of 1/J on Q? also 
exhibit a departure from a linear dependence in the high-frequency region. This result also indicates a 
departure in the dispersion relations for and/or p from the simple forms taken above but we will not 
dwell on this problem at this point. 


5. INTEGRATED INTENSITIES OF THE ANISOTROPIC SCATTERING 


Since the dispersion relations given in (3.3) for p and in (4.4) for X permit a good approximation to 
the behavior of the intensity over the entire extent of the wing, with the exclusion of the high-frequency 
part, where the intensity is small,* it is of interest to calculate the integrated intensities of the aniso- 
tropic scattering using (3.3) and (4.4). For this purpose we turn to Eq. (3.1) of I noting, first of all, that 
in the case of a low-viscosity liquid, to which we are limiting ourselves, the quantity QF 7 =a’not/po 
is of the order of 1074 thus making it possible to neglect certain terms and to simplify considerably the 
expression for the spectral intensities. In particular, in the expression for JZ we can neglect terms 
which contain the determinant A in the denominator while in the expression for JZ = Jé it may be 
assumed that Ay = poQ? — jag’ © po”. Then Eq. (3.1) of I assumes the form 


ane 
U 


1 he tg 
eas de = Sed x + Jcross + Jiso» 
{2 


<a ee an . ° : 2 
* Actually, this intensity falls off more rapidly than as given by (4.5), i.e., more rapidly than We: 


+ The validity of neglecting these terms was verified in calculations of the integrated intensities which 
were carried out without eliminating small terms. 
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where Jerogg denotes “cross” terms of I which contain products of X and Y or Z and where liso 
is given by Eq, (1.1). ae 

To compute the integral of Jerogg over @ we neglect terms with Z and assume that Y, C and K 
are dispersionless. Then the integrated intensities are 


lee ; : GIxe(S-s)F: L} =" elk + Icross + liso» 


27 * 


y* u (5.1) 


CYq 1 -P ae De 
lead et 3s OR Dp, {(x )< a) a comp. canj..} =. 


Here z=iQ while the path of integration I goes along the imaginary z axis and is closed at infinity, 
enclosing the left-hand plane. The expression for Ijg9 has been found in I [ Eqs. (5.1) or (5.3) ] but for 
the following estimates we will simply use the Einstein formula 


ligo= OY Br. (5.2) 
Substituting Eqs. (3.3) and (4.4) in the top formula in Eq. (5.1) we find 


~_ 8% 1 Gy [e@e—a)e—e') _ g(—2) (2 +a)(z+0’)| & 
aa p F(z)(z—a)(z—a’) fF (—2)(ztaj(z+a’)} z’ (5.3) 


where we have introduced the notation 


g(z)_——s— (z@+a)z Vey pres! (5.4) 


4 
FQ) Rae ey ee ee eer 


al V2 


As to Igyogs,» the integral of (Xd,/A — comp. conj.) is obtained by the theorem given in (7.5) of Ref. 2 
and is Xq/Kyq’ while the integral of ((x*ud,/u*A)— comp. conj.), after substitution of (3.3) and (4.4), 
assumes the same form as the integral in (5.3) except that 


&(2)/ f (2) = Xeotdy | (2 +4’) A. 


Thus, all the calculations lead to computation of an integral of the type given in (5.3) where all the roots 
of f(z) are in the left half-plane while the poles z=a and z=a’ are in the right half-plane. An ap- 
propriate extension of the theorem given in (7.4) of Ref. 2 (which provides for only the existence of one 
root on the right) is not difficult; specifically: 


1 - jfe@ae—ae=¢) . gaa) a) ae 
int D, \ Fae =a ea) epicenciteaai z (5.5) 
= 21) 9 GIN ey a ee 
f (co) TaN aj/a—a f(a’) a’ jJa’—a f (0) aa’ * 


Using this formula, from (5.3) we have 


Tz = (OX% / 40) # (0? + aa’) / aa’ (a+ a), (5.6) 


while for Ijgo, calculating the values of A and dy =D,+kToq*/z for z—,z=a and z=a' by 
means of Eqs. (1.5), (1.6) and (3.3), we find 


I a eh { ioe 20MBXeo (Gi (@== 23) (a’ — a’) (a’ — a) i 
cross Bie | ' (a—a') Xo 2 Lae 19 2 4 | . 
(a? + Qin) (a+ 2’) + 5 OFa (a? + Oigp) (@’ ++ 2") + 3 OF" 


where, as before, O'R = yKya"/po, 2%, = Uod?/Po = Noa2/poT. If we now take account of the fact that the 
quantity a~aw~a’ is much larger than Qyp ~ Qy, the first correction term in Iigo turns out to be 
very small (smaller than O%rBTs ~ 107%) and may be disregarded while the second term can be simpli- 
fied considerably 


2 
eer *X oO MB (5.7) 
3 | Xoa (a? + 07) 


In Eqs. (5.6) and (5.7), returning to the original notation, using (5.4) and replacing X, by VBXo, from 
Eqs. (5.1) and (5.2) we have the following final result: 


CORRELATION THEORY FOR RAYLEIGH SCATTERING OF LIGHT. II 523 


OXG Tait. B 4 — Q? 2 ‘ 5.8 
Ca ee ee ET pe OXY same oe (5.8) 
. Ang t+ ty a 3 Ix 3 Br ip 2 + OY B,, 
MB"2 


The increase in the anisotropic intensities with increasing T, is completely understandable since the 
finite value of t. specifically limits the intensity of the brightest central part of the curve. The intensity 
Icross can take on different values between +@X YSy_/3 depending on the magnitude of QMBT i.e., on 
the ratio between the width of the central part of the wing and the frequency of the doublet. In low-viscos- 
ity liquids ORT < 1 so that the correction to Iocross = ~OXoYST /3 can, in general, be discarded. 

Finally, we have the following expression for the depolarization coefficient in Rayleigh scattering in 
low-viscosity liquids: 


ame 6 12 Tet TH ANG! 
are oy etl [! + 7 Broke (#2 af 3)| (5.9) 
where [cf. Eq. (4.6) ] 
k=|Y |/Xot2 = po (Oe / Op)r / 2eqnoM. (5.10) 


We estimate the value of A for benzol, assuming that* Bp = 9.36 x 10m No = 6.5 X 105°, €9 = 2.32, 

Po( d/8p) p= 1.62, M=9x 107", 7 = 2.16 x 107%, B= 0.385, t2=3% 10". The condition that O%-p73 
be small is thus satisfied (this quantity is approximately 7 x 107°). Eq. (5.10) gives k = 5.97 x 1011, 
From Eq. (5.9) we find A = 0.39 while the experimental value is A = 0.43. The latter is obtained from 
Eq. (5.9) if, maintaining all the other parameters fixed we set 7) = 2.5 x 107. Considering the inaccu- 
racy of the determination of tT,*+ and the presence of a number of (apparently less important) assumptions 
which were made in deriving Eq. (5.9), the result which has been obtained is completely satisfactory. In 
the present paper we are concerned with only approximate values. A more complete comparison of the 
available experimental data for low-viscosity liquids with the formulas which have been obtained as well 
as the consideration of high-viscosity liquids and solid bodies will be carried out in a separate paper. 
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* The values of the quantities written in the upper line are taken from Ref. 3 where the statistical value 
was used for po( 9/8), in accordance with the neglect of dispersion assumed above in estimating 
Icross and Iigo. The values for 7, and f£ were obtained in Section 4 from the data of Weiler.!! The 
Maxwell constant M is taken from Ref. 12 (for 20°C). 

+ We assume the value of 72, calculated from the results of the measurements made by Fabelinskii® 
from the width of the central part of the plane (at the half-intensity level). In this procedure the frequen- 
cy interval from 0 to 20 cm! alone is used. The estimate of tT. made by Fabelinskii considering the 
region from 0 to 8 cm! gives a close value 3.3 x 10°", According to the data of Ref. 11, using the 


slope of the tangent to the curve 1/J(Q7) at the point Q=0 we find T, = 2x LOE. 
{The neglect of dispersion in Y and K and the fact that the anisotropic intensities fall off faster 
than 1/9? in the high-frequency part of the wing. 
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The cascade considered consists of several types of particles which, moving in an inhomoge- 
neous medium which may also vary with the time, collide with the particles of the medium and 
may be scattered or absorbed, and can also produce new cascade particles. Functions are in- 
troduced to characterize the distributions of the particles of each type in coordinate space and 
velocity space at any instant of time. Integral equations are obtained for these functions. For 
the case of a homogeneous medium not changing with time approximate solutions of these 
equations which are good for large values of the time, are obtained. Better approximations 
are obtained by iteration. 


We consider a cascade consisting of n types Aj(j = 1, 2,...,n) of particles K which move ina 
given medium and collide with its particles, so that there are scatterings, absorptions, and productions of 
new particles of the various types. We suppose that the properties of the medium in which the cascade 
develops are functions of the coordinates and the time. We also assume that the density of the cascade is 
small, so that its particles have practically no collisions with each other, and so that motion of each par- 
ticle between collisions, and also its acts of collision with the particles of the medium, are not affected 
by the motion of the other particles of the cascade. It is further assumed that the motion of the particles 
between collisions takes place according to the laws of dynamics, being determinate for given initial 
positions and velocities, and that distributions as to type and velocities of the particles emerging from 
collisions is a stochastic one. Examples of such cascades are first of all electron-photon cosmic-ray 
showers, and also nucleon-meson and nucleon-photon cascades.'~> Cascades of this type are also studied 
in the theory of the multiple scattering of particles,*®»” in the theory of chemical chain reactions,®”* in the 
theory of gas discharges, and so on. 

In the theory of cosmic-ray showers one usually considers only the energy distribution of the particles 
of the different types as function of the depth, and their scattering and distribution as to direction are 
found separately.! Sometimes also all these quantities are considered simultaneously, but the time is 
still not introduced into the discussion. But in such treatments the postulate that the process be of the 
Markov type, which is necessary for the setting up of equations for the distribution function, is only 
approximately fulfilled .!° In the researches of J anossy° the development of a shower is traced through in 
great detail. The particles are characterized not only by the magnitude, but also by the direction of the 
velocity, so that the Markov property of the process is assured. The results obtained make it possible to 
follow the motion of each particle, but with the development of the cascade the number of variables in- 
creases without limit, and the expressions become complicated. In general the discussion of cascade 
processes is always carried out under strong simplifying assumptions regarding the form of the functions 
giving the distribution of the particles in the cascade, and also of the form of the functions characterizing 
the elementary processes of scattering, of absorption, and of production of new particles. Therefore it 
has seemed to us worth while to find equations for the functions that characterize at each given moment 
the distribution of the particles as to type, position, and velocity, without interesting ourselves in the 
history of each individual particle. This seems expedient because, on one hand, in such a treatment the 
Markov character of the process is assured, and on the other hand the number of variables does not in- 
crease with the development of the cascade, so that the equations are not very complicated. By the use of 
suitable substitutions one can solve these equations, though indeed only approximately, under very general 
assumptions about the functions characterizing the elementary processes of motion and transmutation of 
the particles, and, as we shall see in two subsequent papers, by means of the resulting distribution func- 
tions one can solve a number of more complicated problems. 
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Let A;, r, and v be the type, radius vector, and velocity of a single cascade particle. We assume that 
between collisions this particle moves according to the law 


ar} dt =v, av dt == Fy (t; 8, v), (1) 
where F; is the force acting on the particle divided by its mass. We denote by 


vi=elirv,s), Y= o(trws) et 


the solution of the system (1), i.e., the values of the radius vector and the velocity of the particle at the 
time s, if at the time t it has the radius vector r and the velocity v. 

In a given collision the incident particle may be scattered or absorbed. In either case new particles 
may be produced. Since we are interested not in the individual paths of the separate particles, but only 
in their distribution as to type, position, and velocity, for the sake of unifying the notation we shall regard 
scattering as absorption of the incident particle and production of a new particle of the same type at the 
Same position, but with a different velocity. We shall also regard processes of spontaneous decay and 
production of new particles conventionally as collisions, since both kinds of processes are characterized 
by transition probabilities of the same type, and we shall not concern ourselves with the mechanisms of 
elementary processes, 


Qin, (t r,Vv, w;) dt dw; CMW AA ni) (3) 


denote the probability that the particle of type A; with radius vector r and velocity v undergoes a col- 
lision in the time interval t, t + dt and that among the particles obtained from this process there are m 
particles (m = 0, 1,...) of type Ak; With velocities between w; and w; + dw;. Here dw; means the 
product dwidw,...dwm, kj (i= 1, 2,...) and m are integers between 1 and m, and the w; are m 
arbitrary velocities. We shall take the probabilities (3) to be given. 

The value of (3) for m = 0 


p; (t,r, v) dt = Qi (¢,r, v) at (4) 


gives the probability that the particle K undergoes a collision of arbitrary type in the time interval dt, 
and the value of (3) for m=1 


Qin (t, r, Vv, w) dt dw (5) 


gives the probability that this particle undergoes a collision in the time interval dt and among the parti- 
cles produced there is a particle A, with velocity between w and w+ dw. 

Out of all possible collisions we single out a certain class of collisions — let us call it the class C — 
by using any chosen criterion as to the time and place of the collision, and also as to the types and veloc- 
ities of the incident particle and the emerging particles. For example, we can include in the class C all 
collisions in which the incident particle has an energy larger than a given value E and the sum of the 
energies of the particles emerging is less than another given value E’. The class C can be empty, and 
also can include all collisions. But by the definition given we cannot assign to the class C those colli- 
sions, for example, in which the incident particle has appeared as the result of another collision with a 
given number of emerging particles. In particular, we can take as the class C those collisions in which 
the incident particle is absorbed without producing any other particles — the class C,— or those colli- 
sions in which there are particles of the type of the incident particle among those emerging — the class 
C,. We designate all the particles of the same type as the particle K produced from it in collisions of 
the class C as the swarm of particle K. If the particle K itself does not belong to the swarm of another 
particle, we call it the primary particle of the swarm. 

In the following arguments the concept of the class C is not necessary. It is very suitable, however, 
in obtaining greater precision in finding the desired functions that give the distribution of the cascade 
particles. As we shall see, this classification makes it possible to consider collisions that lead only to 
scattering of the particles separately from those that lead to the production of new particles; the latter col- 
lisions may be small in number in comparison with the former, but are quite essential for the develop- 
ment of the cascade. For similar reasons the classification is useful in cases in which the processes 
causing the development of the cascade at high and low energies are different. This case occurs, for ex- 
ample, in cosmic rays, for which ionization, Compton scattering, and pair production become prominent 


at different energies. 
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The quantities (3) — (5) which we have defined on the basis of all possible collisions can also be de- 
fined with the restriction to collisions of class C only. We denote the quantity (5) for k =j, calculated } 
only for collisions of class C, by 


P,(t,1, v, w) dt dw. (S) 


Obviously this is the probability for a collision of class C of one particle of type A, during the time dt, 
accompanied by the emission of a particle of its swarm with velocity between w and w+ dw. Further- — 
more we denote by 


Pidt dw = (Qin —8jx Pr) dt dw (7) 


the probability of a collision of the particle K inthe time dt accompanied by the emission of one pri- 
mary particle of type Ak with velocity between w and w + dw. 

Suppose that at the time s there is a particle Kg of type Aj with radius vector q and with velocity 
u. We call it the initial particle of the cascade. We denote by 


W; (s,q,u, ¢t,r, v)drdv (8) | 


the probability that at the time t a particle belonging to the swarm of Ky has radius vector between r 
and r + dr and velocity between v and v + dv. Since according to the assumptions that have been made 
the development of the cascade is caused by the action of the medium, and the state of the medium does 
not depend on the propagation of the cascade, it is clear that the development of the cascade will have the 
Markov property.!” Because of this the functions Wj will satisfy the equation!! (integration with respect 
to vector quantities is always taken over the entire space): 


Wi(s,q,u,t,r, v) = (gi —q) 8 (Yi —4)O (i, Yi) /O(T, Y) 


t (9) 
+\\ Wi(s,q,U, 7 i, W) Pi (t, Gi, Ws YF) M(t,r,v,7) [0 (9, 01) /O(r, v)] d= dw. 
Here the functions Ot and wi are given by Eq. (2), and 
t \ 
M; (tyr, v, s) = exp (— \ pi (= gi, Hi) ae ) (10) 


tT=S 


gives the probability that a particle of type Aj; that at the time t has radius vector r and velocity v 
has not undergone any collisions in the time interval s, t.!! 

Let Vj (t, r, v) dr dv be the probability for finding at the time t a cascade particle of type A; with 
radius vector between r andr + dr and velocity between v and v + dv, and let U; (t, r, v) be ihe prob- 
ability for production of one primary particle in the time interval dt with radius vector between r and 
r + dr and velocity between v and v + dv. Let 


Vi;(s,q,u,t,r, v)drdv and U;;(s,q, u,t,r, v)dtdrdv (11) 


be these same probabilities, but on the hypothesis that the cascade is produced from a single particle Ko 
of type Aj that has appeared at the time s at the point q with the velocity u. 

Making use of the Markov property of the process, we find that the functions U; and Vj are connected 
by the relations 


t 
Vi (t,0.y= \\\ U;(s,q, u) W;(s, q, u, t, r, v) ds dq du, (12) 
U; (t,r, v) = U¥(t,r, vy) + SV r, w) Pi; (t,r, w, v) dw, (13) 


L 


where Uj is the density of sources of initial particles that occur not as the result of collisions of the 
cascade particles, but as the consequence of external processes. 
By elimination of Uj we get 
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t \ 
Vj (t,r,v) = Vi(t, 8, v) » \ \\\ Vi(s, q, u) Pi; (s, q, u, w) W;(s, q, w, t, r, v) ds dq du dw. (14) 


ee CD 


Here for brevity we have denoted by 


t 
Vi (t,r,v) = \ \\ U5 (s, q, u) W;(s,q,u,t,r,v) ds dq du 


— 0 


the density of particles of type Aj belonging to the swarms of the particles produced by the external 
sources, 


Suppose that the cascade is produced by a single particle of type A; with velocity u which has ap- 
peared at the time t at the point q; 
Uf} = 4;;3(¢t — s)3(r —q)8(v—u), V? = 3,;W;(s, q, u, t,r, v). 


The corresponding solution Vij (s, q, u, t, r, v) of Eq. (14) is to be regarded as the Green’s function of 
these equations. For it we get the equations 


t 


Vis(s, q, u, t,t, v) = 3;,W;(s, 4, u, fr, v)-+ oH \\\vin (s,q,u, <p, ») Prj (=, p, vw) W, (=, 9, w, t, r, v)dedodvdw. (15) 
k 5 


The functions Py, Py, Pi) F;, and consequently also oe and Ve are known. Then the functions Wj; are 
determined by Eq. (9), and Vij by (15). 
Let us suppose that C = C,, and consequently P; = 0. Then from Eq. (9) we get 
W;(s,q,u,t,r, v) =4(p; — q)4 (4; —u) Mj (E, r, v, s) 0 (93,9§) /O(r, Vv), (16) 
and Eq. (15) takes the form 


Vij (s, 9g, u, tr, v) = 313 (p7 —q) 8 (9) — u) M(t, 4, v, 8) 0 (47,87) /0 (Fv) 


(17) 

t 
, \ Vin (Ss q, U, t, 97, W)Prj (7, Pj W, ¥;,) Mj (t, F, V,*) [O(p 903) /O (Fr, v)]dt dw. 
fas) 
If the properties of the medium are independent of the coordinates and the time and the forces Fj 
acting on the particles are equal to zero, we get 
W;(s,q,u,¢,r, v) = Wi(t —s,r —q, u,v), Vi;(s,q,u,t,r, v) =Vi;({—s,r—q, u,v), Pi(t,r, v, Ww) = Pi (v, w), 
(18) 


Pij(t,r,v, w) = Pij(v,w), pi(t.t,Vv) = pi(0), Milt, t,v,s) =e 7" S|, gi =r—v(t— 5), Yi=v. 


Then, without loss of generality, we can set s = 0, q = 0, and from Eqs. (9), (11), (17), (18) we find for 
Wj and Vij withC = C;: 


Wi (t,r, u, v) = 8 (r —ut)d(v—u) EO", (19) 
t 
Vi; (é, 1,01, v) = 0;8 (r — ut) 8(v—u)e 77" + > \\ Vin (t — t, 6 —ve, u, W) Pr; (w, v)e 7i"de dw, (20) 
k 0 
and with C = C, we get 
: i 
W; (t,t, u, v) = 8(r —ut)3(v— ue 7" \\ W(t —*,r —vt, u, w) P; (w, v) 67 "de dw, (27) 
t 
Vii (t,r, u,v) = 87W, (2,1, u,v) + > \ \\\ Vin (t —7, 1 —p, u, ¥) Pas (¥, w) W(t, g, w, v) deed dy dw. (22) 
k 0 


All the equations (9), (15), (17), (20) — (22) we have obtained for W,; and Vij are integral equa- 
tions,” and not integro-differential equations such as are usually found in the theory of cosmic-ray 
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: : ats An by ak 
showers.!*4 To each of them three corresponds another integral equation adjoint to it. 


By well known methods!*’!> one can get from each of these equations two systems of mutually adjoint 
differential equations for the unknowns W; and Vjj. They are equations of first order with respect to 
t, but of infinite order with respect to u, or to v, respectively, and therefore are of no great practical 
interest. 

All the equations (14), (15), (17), (20), and (22) are equations of the type 


V=A+09Y/, 
where A is the inhomogeneous terms and @ is a corresponding integral operator. By the iteration 
method an m-th order approximate solution is obtained in the form 
VU" = AOA OA 4 aa OF A OPV", (23) 


where V° is the initial approximation for V. Whatever ve may be, the iteration process converges. 
If, as is usually done, we take V° = A, it is not hard to verify'® that V™ gives a good approximation only 
for t—s < mt, where t is the average time of free flight of a particle. In order to find a solution giving 
a good approximation for arbitrary t, we use Eq. (23), but as v° we take a function giving a good 
approximation for V for large t. 

Let us consider Eq. (20). As the initial approximation we set 


=) n 3,393 ele 
Vion vy 4 elestt ele—S"t 4...) oy? / w2aiB] (1 — x?))"2 


: s (ee or ea (24) 
x (yt — 2h;)**} exp {— 6; 2 — aid — 8) Bitmap) | 
where 
xj = exp {— it}, dy = (1 — exp {— 1it}/(1 + exp {— 1i#})- (25) 
Here the quantities 
OF By Ti, Oly S10 yO Oe alae (26) 


depend on the variables i and u that characterize the initial particle. For brevity we have not written 
the arguments i and u. Without loss of genrality we shall suppose that 


(Py (27) 


The quantities (26) must be determined in such a way that the function (24) approximate Vj; as well as 
possible for large t. The expression (24) represents a certain generalization of the Chandrasekhar 
function that gives the analogous probability in the diffusion of particles in Brownian motion. This function 
is obtained from (24) for n =1 if 


a=B8/VY2=c, y=6rayn/m, 8=0,e=1,  =e”"=... =0, (28) 


where m,a, and c are respectively the mass, radius, and most probable speed of the particle, and n 
is the viscosity of the medium.’ We shall not use the relations (28), since the cascade particles, unlike 
particles in Brownian motion, are produced and absorbed and do not come into thermal equilibrium with 
the medium. The formula (24) is a generalization of the expression that we used in Ref. 16 in the solu- 
tion of an analogous problem of the diffusion of neutrons. 

To determine the constants (26), we substitute Eq. (24) into Eq. (20). We find that the error to within 
which vi satisfies Eq. (20) can be written in the form VijRYpe where 


Rij (tr, u, v) = 1—8;)5 (© — ut) (v—u) e7"/V9 (4, r, u, v) 


_ DAN (Vix (t — +, r—ve, u, w)/V3;(t, r, u, v)] Pr; (w, v) eT?! "de dw 
Rk 0 (2) 
is the fractional error, We try to determine the quantities (26) in such a way that the error R;; goes to 
zero as rapidly as possible with increasing t. From Eq. (24) it is clear that the terms of highest order 
for large t will be of the type c exp {— (dq — 5 ;) t}, so that for 5; # 6, in Eq. (24) terms appear that 
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mcerease exponentially as t increases. Consequently, in order to make the error a minimum, we must 
set 


Let Be expand Rjj in powers of t™! (and exp {— yjt }, but these latter go to zero faster than any power 
of t™’, so that they can be neglected) and try to determine the quantities (26) in such a way that as 
many as possible of the coefficients of this expansion are zero. In the calculation of Rjj we can take 

K, = 0, dj = 1, «’ =e” =... =0, drop the second term in Eq. (29), and take the upper limit in the integra- 
tion over T to be ~, since all these steps lead to errors that decrease exponentially. We find 


5 co 3 
0338 \ (yj —2) pri or-89 


e;Rij = 6; ¢ Rj 
ae x : Oop 0 Kp, (en) ays HEED 
v2 w? Witty): Gy, fw) 
x exp| + — dt dw. 
a ae 82 (yf — 2) B2 (yp, (£7) — 2) | (31) 


As can be seen, we cannot make more than two coefficients in the expansion of Rjj equal to zero, so that 
we confine ourselves to terms of order t™!, We get: 


ere ete ay Bs C v2 w? x 
eRiy ns) De as 33 W\{ exes alae yews (v) —8)<} 


1 13 Cp SV) ANE aw) 
x Pri (w,v) 41 [ i ee eens 
nj (W v){ gy: IS cH By, By }} naw. 
From Eq. (24) it is clear that, at least for large t, 
4 
m,; (v) dv maa eer {— 0? / 22} dv (32) 


will be the probability that a cascade particle of type Aj has its velocity between v and v + dv. If we set 


r 


\ me (W) Pr; (w, V) dw = ap; (0), | wn, (w) Pej (w, v)d w = vb; (v), \ wm, (w) Prj (Ww, V) dw = v°Cp; (0), (33) 


the integration over w and then over T can be carried out simply. We find 


a), ; (V) 1 3 4 ¥;? —u—v) a, ; (0) 


: g8 
SA hice On SS DC se 2 fg : 
ejRij Bh k a; exp {u [ %j} i OSs =| t 9 (P; (v) — 8)? F a 7 (p; (v) — 8) 


h a 
(yar Wea, (OO) a Ye u)vb;, ;(¥) + 0? Cc, ; (v) } 
Pk Ye (P; (0) — 8) 


We cannot equate to zero the constant term and the coefficient of t! in this expression, since they 
involve the variables r and v, on which the quantities (26) cannot depend. Therefore, as in Ref. 13, we 
confine ourselves to setting their average values with respect to v equal to zero, Multiplying by (32), 
integrating with respect to v, and using certain considerations of symmetry, we get 


a 63 Om) Ares Gp; (2) (y jr -- uy? a, ; (v) + 274, ; (2) (Y¥_r — u)? a, ; (¥) +07, ; (2) 
7 2 BR a @—s * ¢L2 (,@)—s3P se Bry; (Pp, (2) — 8) Bh Ye (Pj (2) — 8) 
This equation must hold for all r and t. Therefore it falls apart into five, or more precisely into 5n’, 

equations, since it must be satisfied for all values of the index j and of the omitted index i. Thus we get 


a number of equations that exceeds by n? the number of unknowns involved in Eq. (34). But all of these 
equations are satisfied if we set 


|}av =0. (34) 


Bp=B, ti = 1- (35) 


Then Eq. (34) separates into 


= — Ye pS wee (36) 


a), ; (2) y2 y,; (V0) — ¢,; (2) 


3 E = 
daS[5 $e) 1 BY pws Jar = 0. (37) 
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From Eq. (36) it can be seen that €j is determined apart from a certain factor, 


ej = £@j, (38) 
where ¢ isa function of i and u still to be determined, and the quantities ej are normalized by 
7; == ll (39) 


_ 


We cannot find the equations that are still lacking in order to determine all the unknowns (26) by equat- 
ing to zero the successive coefficients in the expansion of Rjj as averaged over v because, as can eas- 
ily be verified, this gives an infinite set of new equations. Therefore we must bring in new considerations 
in order to get the required equations. 

From Eqs. (32), (33), and (39) we find that, at least for large t, 


(0) dv = >) e:ai; (0) dv / Dei | aij (2) av (40) 


will be the probability for the production of a primary particle of type Aj with velocity between v and 

v + dv. | 
Let rj(u) be the average radius vector of all particles for large t, if the initial particle of the cas- 

cade was of type Aj and had velocity u; then 


R= Di\n; (u)lFi (w)idu (41) 


is the absolute value of this radius vector, averaged over i and u according to Eq. (40). Let r2(t) be 
the dispersion of the displacements of the particles at the time t, averaged over the type and the velocity 
of the initial particle, so that the quantity 


D = lim g(t) (42) 


can be called the diffusion coefficient of the cascade particles. The quantities R and D can be found by 
two methods —from Eq. (24), or by statistical calculations, for example by the method of Yang. As in 
Ref. 13, by equating these values we find two more equations. 

From Eqs. (24), (41), and (42) we find 


ch a Serie 
R= — Di\ ni (4) udu, Ne rat (43) 


Let us introduce the concept of the chain C of a given particle K atthe time t. This is the succes- 
sion of particles, each converted into the next, by which K is obtained from Kp. We call the particle K 
a particle of the m-th generation if its chain consists of m particles. Let Viz (4, v)dv_ be the probabil- 
ity that one particle among the particles of the m-th generation produced from a single particle of type Aj. 
with velocity u is a particle of type Aj with velocity between v and v+ dv. 
Following Ref. 13, we find 
Pj (WY) 


1 ESS m+ tied m fab TEI See 
Viz (u, v) = 8;;8(v—u), Vi; (u, v) = S\ve (u, w) PANTIE v) dv dw. (44) 
I 


k 


Let ry (u) be the average displacement of the particles of the m-th generation, if the particle that 
produced the cascade was of type A; and had velocity u. We get 


r (u) = S\ Vii, v) an} dv, (45) 


foo) 


ri(u) = Dy rf (u). (46) 


m=1 


Then from Eqs. (41), (45), and (46) we find a second expression for R and, equating it to the expression 


(43), we get . 
\ ni (u) udu = x D)\ ni (u) 


i 


loo} 


Dae (| (47) 


m= 
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Let ty and ra be the mean lifetime and the dispersion of the displacements of all the particles of the 
N-th generation, so that we can set}3>18 


4 
eels it. (48) 
_ Here, following (18), we have 
N 
tn =Ni,ry— Dy re = Nr? +2 (N—1)r-? 4 2(N—2)r or 4+... (49) 
m, n=1 


where t is the mean lifetime of one particle, and r™ is the displacement of one particle of the m-th 
generation. We find that 


S n; (u) 

ote >| p; (u) du, (50) 
72 ~~ n; (u) 
—— Y en (uw) udu, (51) 


ror” = s\\ n; (u) Vi; (u, v) 
ij 


u-vVv 
Dp; (u) p; @) au Av. (52) 


From Eqs. (48) and (49) we find a second expression for D and, equating to Eq. (43), we get finally 


Layer nt ares (53) 
where ” r’?, and r’-r™ are given by Eqs. (50) — (52). 

Equations (30), (35) — (37), (39), (47), and (53) are sufficient for the determination of the quantities Oj; 
Bj» Yj» Oj» and ej. In this connection it must be noted that in all these equations i and u do not occur. 
Consequently, all these quantities, which we had taken dependent on i and u, without indicating this only 
for the sake of brevity, turn out to be independent of i and u, and £j, yj, 6j are even independent of j. 

In order to find the remaining unknowns 


3, (u), 8;(u),...e:(#), ©: (u), €(),... (54) 


we integrate (24) with respect to r and v and sum with respect to j. Using Eqs. (38) and (39), we find 


=P 


eje—F + (3; a ae ) i sje ¢1€ sat wae N; (t, u), (55) 


_ where Nj(t, u) is the total number of particles at the time t. From the definition of the functions Vj; 


it is clear that N;(0,u) = 1. We denote by Ni, N¥,... the derivatives of the functions N; with respect 


‘to t for t=0. Differentiating Eq. (55) and setting t= 0, we find 


e; Pee; tee) +: = 1, — 82; — (38 -+4;) ee; — (8 + 4;)¢ zi—-:- = Ni, (56) 


Sep (OHS, eye (3+ 8))? ais? Ee: ae |e eR Ce RAPT Fu iia aE ned : 


We calculate the quantities Ni, NY from Eq. (23) with v° =A. Then, using the fact that the operator © 
is of the order of t, we see that in the calculation of Nj we can without loss of accuracy use Eq. (23) 
with m=k. Breaking off the series 1+ Geo ae. i Eq. (24) at a certain term, we can write a suffi- 


cient number of equations of the type of Eq. (56) to determine all the quantities (54). In particular, if we 


use two terms we get for Et, ej and os 


N,;—N? sin (N;, + 8)? ks ed + 28N; + 3? (57) 
‘ a) Bae es 


panne ON) IN? N,+8 


From Eq. (23), with v°=A and m =2, in virtue of Eq. (20), we get for Ni and Ni, after some calcu- 


lation, 
Nj (u) = —pi(u u) + BVP ij (u, v) dv, 
(58) 
Ni (u) = ph (a) DIA) Pin (a, w) Pas (ow v) dwedy — 3 Di) (pe (u) + pj (2)) Pi th v) av. 
jk J 
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The expressions (57) and (58) determine the quantities (54). It is clear that the values obtained for them 
depend on i and u. They must satisfy the inequality (27). 4 
Consequently, Vij finally takes the form 


Vi (6.5, uv) —se7 (dies “haat 


if 4) / 80388 (1—x2)"s (yt —22)"] 


(59) | 
9 (v — xu)? (yr — A (u-+ v))? eee ed Mi / —y{ 
x exp | a a2 (1 — x2) BE (yt — OA) exe Ma Mi OOS) NT alee ae 


J 


The constants aj, B, y, 6, and e; are determined from Eqs. (36), (37), (39), (47), and (53). In the solu: 
tion of these equations it is expedient first to eliminate B, y, and ej and determine 6 and aj. Since 
the functions (54) are not involved in these equations, they are determined subsequently from Eq. (56) or, | 
in particular, from Eqs. (57) and (58). We shall not consider the problem of the existence and uniqueness 
of the solution. We note only that if several solutions are found one must choose the solution correspond- 
ing to the smallest value of 6, since it gives the main value of vi for large t. 

The method that has been explained for the solution of the equations (20) can be applied to Eq. (21). 
This is an equation of the type of Eq. (20) for n= 1. Consequently, one can obtain its solution by iteration) 
taking as the initial approximation | 


W(t, r,u,v) =c8[(e: (ue ter (ue Oh 4...) /n8ap BF (1 — i)" (eit — 26) "I | 
) 1; ( ))? ee 
(v — k,u))? (cr—l, (u-+v Dey x sn if 
ES SE os PY ane al Se Ae k; = t 6 l; = 1 5 L 1 i ' 
x exp { ae li=e (le eth) 
with the quantities aj, bj, cj, dj, ey(u), d{(u), e{(u) ... determined like a, B, y, 6, e€;(u), 
6+ 6;(u), e;(u) e{(u) for n=1 and Py = pj. 
We look for the solution of Eq. (22) also in the form (24). The determination of the quantities (26) is 
carried out in the same way. Here, using Eqs. (30) and (35), we get instead of Eq. (34) 


> a \ \\\\ exp ‘ae az} Pulw, v) W ((*, pv, V) 


TON Glee 
k R 9 


x {1 ar [ : <4 (yr =e v)2 a u "ik dz dp dy dv dw, 
where W, is given by the expression (60). From considerations of symmetry it follows that here, as in 
Eq. (34) the terms containing r and u drop out. The integration over p and v is carried out imme- 
diately. After this the integration over tT becomes elementary. The integration over w reduces to the 
substitution of the expressions (33). 
After carrying out all these rather cumbersome calculations, we get instead of Eqs. (36) and (37) 


6 — Dien | anj0) ay (0 3) dv =0, (61) 


= Peco. A el da. ; (v, 8) 314; 21 a y2 b% Qv2 Op; (v) v2 Cp; (¥) < 
Selous Ge ) 08 +(5 pe TD mit ga a> Bea Oy TPE Aa 
at 2 2 b,,(v) 3 3 a 2 2 
fh eee ve v2 OR] ee j oe v y ee 
+2(—3 tease =) (9,8 o+(S ee ae ee =; )ar(8 2c;) 
b2 a = d ashy . | 
6( Selo Sais ries i@) <= (62) | 
with!® + (3 ad) Lei8 c ) +e (») B( Cy \+ | dy = 0, 
é; (v) Be (v) © 
none tt Ot ant ee 
0 


To derive the equations analogous to (47) and (53) we must first of all change the concept of the gener-- 
ation of a particle. We shall call a particle K a particle of the m-th generation if the particles of its 
chain belong to m different swarms, i.e., if among them there are m primary particles. By 
Vij (u, v)dv we shall now mean the probability of finding a particle of type A; with velocity between vy 
and v+dv among the primary particles of the m-th generation, if the cascade is produced from an ini- 
tial particle of type Aj with velocity u. Instead of Eq. (44) we now get 


— — 
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R,, (w, v) P;,(v, ¥) 
\J Ry, (w, v) P 


Vir(a, v) = 3 3(v¥—u), Vi (u,v) = SVE (ww) 5 aw a 


J 


RT (v, Vv) dvdv 
with 

Roe (ty Ve \\ W,.(¢, r, u, v) dtdr. 

i) 

The mean lifetime and mean displacement of the particles of the swarm will be tj(u) and urj(u), where 
tj and rj are suitable functions of u, which can be found without difficulty by means of Wj. Then Eq. 
(50) remains valid, with 1/p; replaced by t;, and Eqs. (46) and (52) with 1/p; replaced by r;, while 
instead of Eq. (51) we must write 


r= Ss \ \\\ rm; (u) W;(t, r, u, v) dt dr du dv. 
one 
Equations (47) and (53) remain valid with the indicated changes of the definitions of the quantities ap- 
pearing in them. As regards the definition of the functions (54), for them Eqs. (56), (57), and (58) remain 
valid, it being only necessary to replace the quantity Pij in Eq. (58) by Qij [ Eq. (7)]. 
Both the proposed methods for finding the functions Vij by solution of Eq. (20) or Eq, (22) are in prin- 


_ ciple equally applicable. It is clear, however, from the structure of Eqs. (36) and (37), and of (61) and 


(62), respectively, that if the majority of the particles arising in the collisions are particles of the same 
type as the incident particle, i.e., if Qi > 5 Qj then it is more advantageous to take Cy, as the 
i 

class C. Then one must use the method based on Eq, (22) with Pj; =0. If, on the other hand, Qj; 
S$ igi Q'. 

j dsc 

From the expression (59), which is a solution both of Eq. (20) and of Eq. (22), we can draw some gen- 
eral conclusions about the distribution of particles in first approximation. The fact that one gets for the 
6 values not depending on i, j, and u means that the numbers of particles of the various types A; fall 
off by the same exponential laws for any i and u. The fact that the values of B and y are independent 
of i, j, and u means that the ratio of the densities of particles of different types is the same at differ- 
ent points of space and at different times. The dependence of the quantities aj and ej on j (but not on 
i and u) means that the velocity distributions and the ratios of the densities of the various types of par- 
ticles depend on the types of particles, but not on the type and velocity of the initial particle. The type 
and velocity of the initial particle affect the absolute values of the densities only through the common fac- 
tor €(1+ ele Ot +...). All of this is readily understandable, since for large t the distribution of the 
particles as to type, position, and velocity must be determined primarily by the transition probabilities 
pi, Pj, and Pjj, and not by the choice of the initial particle. 

The substitution (24) is fortunately chosen because, on one hand, it provides for a rather rapid de- 


it is better to use Eq. (20). 


| crease of the errors Vi Ri with increase of t, makes it possible to satisfy the equations (39), which 


exceed in number the disposable unknowns, and leads to values independent of r, and on the other hand 
the approximate solution (59) obtained on the basis of this substitution gives a qualitatively correct rep- 
resentation of the development of the cascade process. In this connection it must be noted that the sub- 
stitution (24) is convenient practically, since it can be applied for arbitrary choice of the functions pj, 
P;, and Pj;, anda large part of the functions (26) turn out to be constants, not even depending on the in- 
dices i and j, which can be calculated by means of the single integrations involved in Eqs. (26), (47) and 
(61), (62), respectively. The method we have given for finding the functions has advantages in comparison 
with other methods used in such cases, based on the principle of least squares, because in the latter 
methods the squaring and averaging of errors involves highly multiple integrals. 

An idea of the accuracy of the resulting solution can be obtained by calculations of the type of those 
presented in Ref. 16. 

I consider it my pleasant duty to express my gratitude to Academician N. N. Bogoliubov for a valuable 
discussion of the results and to Professor D. D. Ivanenko for his constant interest in the work. 
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CALCULATION OF THE INTERACTION POTENTIAL OF ATOMS 


O. B. FIRSOV 
Submitted to JETP editor March 5, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 696-699 (September, 1957) 


The sum of the Coulomb interaction between atomic nuclei and the change in electron energy 
connected with the mutual approach of the nuclei is taken as the interaction potential. The 
electron energy is computed on the basis of the statistical model. 


I. It was shown in a previous article! that the energy Hy of electrons, in the approximation of the 
Thomas-Fermi statistical model and for the presence of two nuclei, lies between the two values H and 
H,, which differ by not more than 5 per cent: 


eH =\L[5 Cor + Paa)®— a (eh + 0) (Por + Pon) |] — 3 (2 +22) (65, + Paa)} a 
(1) 
Ha =\ {R(t + 8) or + P00) —§ (lt + ott] — 3 (7 + 2) (601 + pos) ae, 


Lp} 


where A= Y, (342 )%/3 fi?/me? = 2.52 x 1078 cm, Z,e and Z,e are the nuclear charges, Poi(ry) and 
Pog (2) are the Thomas-Fermi electron densities in the atoms without consideration of the mutual inter- 
action, ry is the distance to the nucleus of the first atom, ro, to the nucleus of the second atom. 
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The relative difference between H and H, decreases montonically to zero upon increase in the dis- 
tance between the nuclei from zero to infinity. 
Under the condition that the electrons are always in the ground states, we have for the interaction po- 
tential between the atoms, in accord with (1), U,(R) < Up(R) < U(R), where 
U (R) = €2,22/R + H — H (co), Uy (R) = €°2Z,22/R + Hy — Hy (~). (2) 
It is evident that as R— 0, po;— 0, where pg, differs from zero; conversely, for Ly > ©, Poy(14) 
~ 1/r$. Therefore, 


1 Z1Z 3 5 1H a 2 as 5 LZ Z 
ge U (R) = et + VIALE (On + Poa) — (ott + O18) (Cox + 800) — Ho (Rt + £48) |— 4 (F000 + 22 oer)} a, 


(3) 


ibe ; 27% Ars 1, % y, | (b W 
fr Uy(R) = 222 + \Ln[ 5 (08 + 024) (ar + Pan) — & (0 + 084)" — 75 (0% + 008)] — 5 (Fog, + 220,,)} a0, 


Zo /R — Jry'pq(r_)dv is the Thomas-Fermi potential of the second atom at the distance R. Therefore, 
we can write (3) in the form 


g UR) = Fae [2 (ZZ) + (Za ZY] + (FOr + Pea) — FE + 6) or + Poa) — 35 (et + 8) ] 
a UAR)= Fe [x (Zi" A) + x ie ~\ +i \ [= (024 + 038) (04, + Pos) — (008 + pes)ts — (0% + pis)|qvo, (4) 


a = (9n?/128)"*h2/me? = 4.68-10-% om, 


where x(x) is the Thomas-Fermi function, the tabulation of which was taken from the book of Gombas.? 
The densities po,(r,) and po.(r2) are expressed in terms of the Thomas-Fermi function 


Zz ati \\" 
Por (t1) = (= 2h (Zi 1) 5 
and similarly for po2(re). 


2. If we write the potential U)(R) in the form 
Uo (R) = 2,2Z2€7fo (R)/R, 
then for small R, 


3 (2.423) — 20 =e 
ow 1—1.59x4 ...,.4%= 7 ZZ oe 


(5) 


This follows from the fact that for R—0, U(R) differs from the Coulomb interaction by the difference 
of the electron energy at R— «© and R = 0, which, in accord with the Thomas-Fermi model, are respec- 
tively equal to 


3 “AIS 2 33 "Is M5 ee 
—1,59 3 (Z, + 2,)*& and —1.59- > (Zi + 25. 


The first two terms in (5) coincide with the expansion of the Thomas-Fermi function of argument x. 
With the aid of perturbation theory, we can obtain,® for Z./Z,;—~ 0 or Z,/Z_— 0: 


fo(R)> x (Zt) or fo(R) x (25S), (6) 


which coincides with (5) for R — 0 under these limiting conditions. Obviously, fy(R) ought to bea 
symmetric function relative to a substitution of Z, for 2. 
We now consider the more general expression for the electron energy 


4 H(R =3\iptdo—\ (2 +2) odo + tS pt be laser 


[r—r’| 
The density ought to be such that H is minimal. Therefore, 


By (hav = 2 Me, ( (42 Boy ay 0 4 0H 
21 \pbdv=5 ay (E eg podv = & OZ et Lan (7) 
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It was found in Ref. 1 [Eq. (7) ] that 


Hence, by virtue of (7), we have 


Ho = EL OH/Oh NE: Oy [ OZ, “= Z, OH / OZ). (8) 


From (8), Hg can be written in the form 
(Z,Z,e2/R) 0 (Z"R/a, Z3°R/a). (9) 


Consequently, Up(R) also reduces to the same form. 
3. In the table below, the screening functions f(R) and f,(R) have been computed as functions of the 


argument x [Eq. (5)] for the ratio a = Z./Z,= %4, %, 1. 


The integrals in Eq. (4) were 


| 
| 
| 
| 
| 


es | a OC ee i aa ae 15 : 3 ; 7 iG computed with an accuracy ~ 2 per 
cent. These integrals are negative 
0| x(x) |0,79 0,72 0.61 0.52 0.425 0,315 0.242 0,158 0.079 0.046 0.0244 nd for abe: ie ae A a a 
1,1 F (x) [0.80 0.73 0.61 0.52 0.42 0.31 0.23 0.14 0.063 0.026 0.013 close dniva lle gh 
Eqs. (4). Therefore, the error in 
Uf,\ F(X) (0.79. 0:74 “0159. 0.50 O40 0128 082474042.) T0052. 002482 0.010 computing f and f, amounts to 
2/31 f (x) |0.80 0.73 0.64 0.52 0.42 0.31 0.23 0.14 0.056 0.026 0.011 about 10 per cent at x ~ 10. More~ 
x ae sf ee Ae nig a ees over, at some points there are evi- 
2/, 0,5 0.490.389 0,28 0: A 046 0.021 0. 
eee eee ee Ere dently small random errors, be- 
4 | f (x) [0.80 0.73 0.61 0.47 0,42 0.30 0.22 0.13 0.055 0.028 0.045 h i ied 
4} fi%) 10.79 0.70 0.58 0.44 0.39- 0.28 0.20 "0. tte 10,046 *0.024 10012 cause the computation was carrie 


out “by hand” by a single person. 
Since the statistical model is generally valid only with accuracy ~ 20 per cent, these errors have no sig- 
nificant importance here. 

It follows from the table that the screening function fy)(x), whose values lie between f(x) and f,(x) 
for large values of x, differs appreciably from X(x) even at a@ = ¥4. This corresponds to fy(x) for 
a—- 0. For x=10, the ratio fy(x)/x(x) is ~ eS Further change of @ up to 1 does not lead to a sig- 
nificant change in f(x). | 

We can, however, introduce another scale factor in the definition of x. This factor would coincide with — 
Eq. (5) when Z)/Z, or Z,/Zs tended to zero and would reduce for this same value of R to smaller 
values of x in the old definition. Then f(x’), for the new definition of x, will differ less from x (x’) | 
at larger x’. For example, the Bohr scale factor (z2/3 + 22/3) gives the following changes in x for 
various values of a: 


a= 0, te WED | 

i.e., if we introduce Hie LO un OS 2 anes | 
x= V 22 +22 Ria, 
in place of the value of x defined by Eq. (5), then at @a=0, x’=x, while at a =1, x’=0.92x. Then the 
values of f(x’) in the table above remain practically unchanged for x’ < 0.2, in the interval 0.5 < x’ | 
< 3, they increase by ~ 8 per cent, andfor x’ ~ 7—10, they increase by ~ 20 per cent. The difference 
between f(x’) and x(x’) will be much less. It would be even better to introduce a scale factor by the 
relation 
v= (Ze a Ley" Ria, 

Then the ratio x’/x will be 

g= 0, a eles 18 

A |x == OS 44 10.825 082: 

In this case, f(x’) differ from y(x’) by not more than 20 per cent throughout the entire range of varia- 
tion of x’ from 0 to 10. Since 


R=4.7-10 om-x’ /(VZ,+ VZ»)", 
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then, for x’=10, evenfor Z,=Z,=100, R=0, 64x 10-8 cm. However, at distances R > 107° cm, the 
calculation of the interaction potential of atoms on the basis of a statistical model loses its meaning. 

Thus, in the limits of accuracy of the Thomas-Fermi statistical model of the atom, the interaction be- 
tween atoms at distances between atoms less than 1078 em can be described by the potential 


U(R) = 7(1VE4+ VAI"), (10) 


where x(x) is the Thomas-Fermi screening function. 

This fact, that the screening function can be expressed approximately as a function a single argument, 
allows us to compute (within a suitable interval of energy of relative motion and for suitable scattering 
angles) the effective differential scattering cross section at once for an arbitrary pair of colliding atoms. 

In conclusion, I want to thank Academician M. A. Leontovich, Prof. A. B. Migdal and V. Galitskii for 


_ useful discussions of the research. I am very grateful to G. I. Biriuk for the computation of the integrals 
of Eq. (4). 
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CYLINDRICAL SELF-SIMILAR ACOUSTICAL WAVES 


IA. B. ZEL’ DOVICH 
Submitted to JETP editor March 6, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 700-705 (September, 1957) 


A one-parameter family of self-similar solutions for cylindrical motion is constructed in the 
acoustical approximation. This construction is accomplished by superposition of plane waves 
and is expressed in elementary form by quadratures. For motion with a finite pressure dis- 
continuity on the wave front of a converging cylindrical wave, the results agree with those ob- 
tained previously. It is found again that the pressure in the reflected wave is infinite. The 
maximum pressure is estimated and allowances are made for the deviations from the acous- 
tical approximation for large amplitudes. 


ZLABABAKHIN and Nechaev! have treated the propagation of a weak cylindrical shock wave and its reflec- 
tion from the axis in the acoustical approximation.* Their solution for the reflected wave has an unex- 
pected property: the pressure on the front diverges logarithmically, and is the same before and behind the 
front, that is 


JO el = ie 


a 1 brs, 
~ —— 06 
i Vr, eae 


(where p is the pressure change, and the solution is valid only for p « po). 

No such singularity occurs when a spherical acoustical wave converges onto a center and is reflected, 
or for strong cylindrical and spherical shock waves.” It is therefore desirable to obtain the result of 
Zababakhin and Nechaev differently, by a method in which the necessity for their solution would become 


clearer. 
*I take this opportunity to express my gratitude to the authors, who communicated their work to me 
before its publication. 


538 IA. B. ZEL’DOVICH 


It was found possible to obtain a whole family of self-similar cylindrical solutions of which, however, | 
the most interesting is just that found by Zababakhin and Nechaev. | 


1. GENERAL SOLUTION OF THE CYLINDRICAL PROBLEM 
The known solution of the acoustical problem for a plane wave propagating along the x axis, be || 
Ppl=f (x—Ct), ux = (I/oc) f(x — ct), uy = uz =9, (1) | 


shall be written in cylindrical coordinates with the polar axis directed at an angle ¢ to the x axis. On | 
the polar axis x=rcos ¢ so that on this line the pressure and velocities are given by 


Ppl=f(rcose—ct), u, = (1/pc)cos 9-f(rcose —ct) Ue = (I/pc) sin e-f(rcos — ct), uz= 0. (2))) 


By superposing such plane waves with all possible values of ¢ we obtain the cylindrically symmetric 
solution depending on one arbitrary function* 


1 
=p (5 t) = 5 \ f(rcos ¢ —ct) de; (3) 
iy 
2m 
Ure Ue b) x7 cos 9-f(rcos@ —ct) de, uy = uz, = 0. (4) 
0 


It is convenient to change the notation by making the substitution k= cos ¢, so that 


p = \ f(rk—ct) dk) VIB (5) 


i! 
ids 


ur = = \ f(rk—ct)kak/ VIP. (6). 


=) 


It is easy to see by direct substitution that the function p(r,t) so defined satisfies the wave equation 


1a%p 4 a ap 
cot ~—Sor Or Or’ (7) 


2. SELF-SIMILAR SOLUTIONS 


We shall choose the function f(z), where 


z2=rcose—ct = rk —ct, 


in such a way that the constants entering into the definition of f(z) cannot be combined to form a quantity, 
with the dimensions of a length. Then the only quantity with these dimensions which enters into the ex- 
pression for the pressure will be, with the exception of the independent variable r, the product ct. Then, 
the solution will be self similar, i.e., of the form t™y(r/ct). 

Specifically, let us choose f(z) such that 


jz) = 0. stor 20, fF @) = ai 2) fore <0 (8) 


On inserting (8) into (5), the limits of integration depend on the ratio between r and ct, andarethe k 
interval either from -1 to +1 or that given by the vanishing of f(z) for z=rk —ct=0. 

It is easily seen that t =0 is the time at which the wave is focused on the 
axis, so that t is the time calculated from the instant of focusing. The conven- 
tional rt diagram is shown in Fig. 1. Line I (or r =—ct) is the incident 
wave, andline II (or r=+ct) is the reflected wave. Region A (where ct < 0 

ié and r < —ct) contains the unperturbed gas before the incident wave front. Re- 
gion B (where ct <0 and r > -—ct) contains the gas behind the wave front. 
Region C (where ct >0 and r> ct) contains the gas before the reflected 


* The factor Vp in Eqs. (3) and (4) is introduced for convenience in writing (5) 
and (6) and those that follow. 
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wave front. Region D (where ct>0O and r< ct) contains the gas behind the reflected wave front. 


In region A, we have z>0 and f=0 throughout the interval -1< k < +1, so that p=0 asisto 
be expected. 


In region B we have —-1 < ct/r < 0, so that 


ctlr 


p =a(—ct)* | (Se— 1 dk) V1 42 
1b 


(9) 
In region C we have 0 < ct/r < 1, so that 
etir - 
p=a(ct)” \ (1— Za) dk /V1I—F. (10) 
maf 
In region D we have ct/r > 1, so that 
Gal A 
p=a(cty | (1-42) dk /VI—P. (11) 
-1 
As follows from dimensionality considerations, in all regions the solution is of the form 
p=a(\ctl)o(r/|ct|)=arto(S), r, =|ct|, S=r/r,, (12) 


which means that it is self similar for arbitrary values of n. We have used simple quadratures and have 
not integrated the differential equation, but have been able to obtain a whole family of self similar solu- 
tions depending on an exponent n each of which build up according to different laws and have different 
pressure profiles determined by the dimensionless function yw. 

It should be borne in mind that the function in Eq. (12) is different in the different regions A, B, C, 
and D, so that it depends not only on S but also on the sign of the time. This, of course, does not de- 
stroy the self modeling property of the solution. 


3. CHOICE OF THE EXPONENT FROM INITIAL CONDITIONS 
Let us find the pressure profile in the incident wave. According to Eq. (9), in region B we have 


1s 
e 


iS) | (6S — 1)"ae Vim, Sa. (13) 


aL 


If we let the variable of integration be y = (—kS — 1)/(S — 1), we obtain 


yo (S) = (S— Ie (S + 1“ vray | V 0-9 (43344), Sia 


In the neighborhood of the wave front with 
S —1«< 1, the integral approaches a limit 
given by 
1 
\ yt (ly) dy, 
0 
so that the pressure profile is given by the 
factor (S—1)2+1%, When n> —-% we are 
dealing with a gradually increasing pressure 
eee een oe ee oe SO Shs ks es (Fig. 2a), when n=-— (bs there is a finite dis- 
continuity (Fig. 2b) and when n< — ¥, the pressure on the front is infinite (Fig. Ak 
Thus a shock wave with a steep front and a finite pressure discontinuity is described by the Sane 
with index n= — Y,. As has been shown by Zababakhin and Nechaev, the amplitude increases as rf as 
the wave converges (compare with Eq. (12)). One may have expected such a result from the fact 


FIG, 2 
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that the acoustical energy of a unit volume is proportional to p’, and the area of a cylindrical wave is 
proportional to rg so that when n= -— VE the acoustical energy p*rsd is constant in the layer of thick- 
ness 6 about the wave front. 

We note that these concepts are applicable* also when there is no finite discontinuity, or when n # — ea 
the pressure is proportional to re at similar distances (for a given S), but at equal distances from the 


front, that is when S=1+ 5/T¢ the pressure for any n is proportional to pee 


‘ 


Let us return to the case n = —'%, for which | 
if | 

ble oth wy Saat 15) | 

veer yu / V0 W) (1+ sya 4): | 


When S=1 we have 
o(l)=a/V2, py =an/V 2rg. (15a) 


It is easily seen that behind the wave front the pressure drops with a finite derivative, as shown in Fig. 
2b. Far from the front we have, for large S, 


p~a/Vr,S=a/Vr. 
As one may have expected, the pressure far from the front is independent of the location of the front. 


| 
| 
| 


4, THE REFLECTED DIVERGING WAVE 


By treating a cylindrical wave as a superposition of plane waves we can clarify the question of the 
uniqueness of the solution after reflection. This follows from the fact that none of the plane waves have 
singularities on crossing the axis at time t=0. 
Prof Pref Let us write the expressions in regions C and D 
| for n= —%, namely 


1s 


| p=arz"b,(S), % = \ dk /V(—#)(1—SA), S>1; (16) 
41 
| 
| 


p=ar-"hy, (S), ¥p = \ dk/VO—P)U—Sh), S= ln 


3 b When S=1 both integrals approach 


FIG. 3 +1 
\ de/(1— 2) VIE 


Sil 


and diverge logarithmically at the upper limit. 
It is easily shown that when |S — 1| =e€ « 1 both expressions (16) and (17) give (up toterms which 
vanish as € approaches zero and may be different for Wo and wWp)tT 


oma ima (18) 


* The elementary concepts of geometric acoustics are applicable for the following reason. Close toa | 
wave front on which the pressure or its derivatives undergo a discontinuity, harmonic analysis gives the 
pressure increase in terms of the asymptotic values of the short waves for which } — 0. Thus the con- 
dition A/rg « 1 for the applicability of geometric acoustics is fulfilled. 


+ To show this, let us set S=(1-—e)7! in (16) and S= (1+¢)™ in (17) and break up each integral 
in (16) and (17) into two parts J; from —1 to 1—a and J, from 1-—a to the upper limit, where a is 
chosen such that 1 > a> e. In J; we set € =0 with an error of order ¢/a, in whichcase the integral 
is elementary and equal to gna In(8/a). In J, we may replace V1+k by ¥2 with an error of the 
order of a. Then J, is elementary and given by (up to small terms of the order of € and ¢€l1n €) 

Jy = 2-¥2 cosh-!(2a/e) both for (16) and (17). 
When a>e 
Jo = 27" In (4a/e), & = Jy + Jo = 2-? In (32/e), 


so that a drops out of the expression for wy. 
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This verifies the logarithmic divergence of the pressure in the reflected wave as found previously by 
Zababakhin and Nechaev. 


If on the incident wave the pressure is pinc on the wave front at a given distance r¢ from the axis, 
then on the reflected wave 


__ Pine 32r¢ 
Piel = oa reer (19) 


becomes infinite symmetrically before and behind the front rg =ct (see Fig. 3a). 
This result, which has been obtained in the acoustical approximation, is known to be invalid if the pres- 
sure according to (19) is of the order of pp, the absolute pressure of the gas in which the wave is propa- 


gating. A better evaluation can be obtained by finding the radius at which the incident plane wave can no 
longer be described by acoustical laws, that is 


To~ a" / pay, (20) 
where a is the constant in Eq. (15a). 
In the region of applicability of the acoustical approximation, however, that is if rf >> Yo, the acousti- 
cal expression (19) is applicable only when |r — r¢g| > rp. From this some simple operations give the 
maximum pressure in the reflected wave of the order of 


Pret = (2 Pine! *) In (Po! Pine) (21) 
Here as in (19) preg and pjnc refer to the same distance from the axis. 

Accounting for the deviation from the acoustical approximation also destroys the equality of the pres- 
sure at equal distances before and behind the wave front. Figure 3a gives a schematic diagram of the 
pressure profile when nonlinearity is not accounted for, and Fig. 3b gives the pressure profile with the 
deviations from the acoustical approximation. 

When the reflected wave is sufficiently far from the center, rg > rg and the pressure at the center 
can be calculated by the acoustical theory. It is clear that a perturbation in the entropy will not interfere 
with a smoothing out of the pressure over a region of the order of r,s. One then obtains 


p(0, t) = an/Vct = V2 pinc(—t). (22) 

We note finally that a similar method for constructing self similar solutions can be used for the spher- 
ical problem. In this case, however, when the pressure undergoes a finite discontinuity in the incident 
wave there will be only a finite discontinuity in the wave reflected from the center. 

The difference between the cylindrical and spherical cases in the acoustical approximation is clearly 
related to the difference in wave propagation in spaces with even and odd numbers of dimensions, as has 
been mentioned by Courant.? 

I take this opportunity to express my gratitude to E. I. Zababakhin and V. A. Aleksandrov. 


1h. I, Zababakhin and M. N. Nechaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 442 (1957), Soviet Phys. 
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2G. Guderlye, Luftfahrtforschung 19, 3 (1943). Cited by Courant and Friedrichs, Supersonic Flow and 
Shock Waves (Russ. Transl.), IIL. 
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BOUND STATES IN POSITRONIUM 


IU. A. TARASOV 
Moscow State University 
Submitted to JETP editor March 7, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 706-709 (September, 1957) 


It is shown that the bound states of an electron and positron may be studied by examining the 
poles of the photon propagator. 


Wi consider the bound states of an electron and a positron. Starting from the Bethe-Salpeter equation 
in the ladder approximation, and taking Fourier transforms of the wave-function wy ap (1, 2) and of the 
functions Sp, Dr, we obtain the momentum-space equation 

2 —ny Ny y™ ( 7 fg ny ’)) D pean) 
Ao —o5\> Ie (p’) v4" (p)] [4 (P) v4 © (P’)] Dp (p — P’) 


9 
(u"* (p) 7,0" (p)] fu" (p’) Yt 2 (PD WI 


(6, F a= W/2 ia Po) oy ona W/2 — Po) 


Here n=1,2 denote solutions of the Dirac equation with positive energy, n = 3,4 those with negative 
energy, and 6,;=6,=1, 63=64,=-—1. The second term in Eq. (1) is the exchange term. We define the 
three-dimensional amplitude by 


Ginn (P) = \ Anns (D) do. 


We obtain the adiabatic approximation! from Eq. (1) if we replace Dy by if Dye (p) 5 (po) dpo. The first 
non-adiabatic approximation is obtained by substituting the adiabatic expression for An,n,(P) on the 
right of Eq. (1) and integrating with respect to py and pg. Neglecting the minus particles, we have the 
old Tamm-Dancoff equation for positronium. We are interested in the contribution of the exchange term. 
After dropping tensor terms and integrating over angles, we obtain the equations for the triplet s-state 
(0,02 = 1), 


} 


| 


(07,2 W /2— po) (8,,,E , — W/2 — Po) (1) | 


27a) wen) (Kile. sW) al (p) 2 Kalpp’.eWya- (ep) 2 2a ap lee | 
a (p) =2\) 2p ew 2B, —eW = PRES ay Par (2) 
Here € = 1 for the plus-component (a‘t), and e€ =—1 for the minus-component (a); d = e2/47 = 
1/1377. 
In the adiabatic approximation 
) 1 a 
) ? eW rane 2 == as s 
Ki (P,P J=aKe PP pp) 


+p’ +E, +Ey—eW 1, P+p +E, tEy 


We introduce the notation 
, me ia Dap 
X= | 4 [ar (p') +a ‘(pF 
and look for a solution of Eq. (2) of the form 


a? (p) = AI" (p, W) x/(2Fo —eW) + g* (p). 
Substituting this ansatz into Eq. (2), we find that I'€ satisfies 
542 
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Te : W =| | \ \{ K,iT* (p’, W) I Kel ree(pes uaa 2d uA 
a) Even se Damen ya P ar 


(3) 


while g© satisfies the homogeneous equation with kernels K,; and Ky. The homogeneous system of 
equations for a has energy eigenvalues W differing from the eigenvalues of the equation for g€. 
Therefore, if W is one of the eigenvalues for a*, the equation for Ze has no non-zero solution. Sub- 
stituting a© into the expression for xX, we find 


yw? — a ae ' re (p, W) p?dp 
Since the equation for [© is the equation for a vertex function, Il(W*) is the photon polarization 
operator. Eq. (21) will have a nontrivial solution only for values of W at which the photon propagator 
Dr = 1/(W - 11 (W?)) has a pole. To find the poles we must carry out a renormalization. We separate 


a divergent factor from the vertex function 
T*(p, W) = ZT (p, W). 
The renormalized function I§ is defined* by the condition Té(0,m) = 1. Substituting [*(p, W) = 
ZT&(p, W) into Eq. (3) and separating [§(p, W) into two parts 
le(p, W) =Te(p, m) + © (p,W), 
we obtain the equations 
e ra (p, p’,em) — K;(0, p’, mete ile Oe rar gale eke 
Te(p, m= 142) (S@en—aee TD] TE (pt, may + | ABP RoE? | reo’, m)h pap 
} ipl joe 


a WC ee € Ne , eae. ALYY ~ = 
(pW) 1) ee AO | Pde’ + Pep, W), 


P 2E yy —eW 2E + «W 
where 
: Cf Ki(p, p'. eW)  Krlp,p'.em)] pe, Ka, BY 1 DUR. (pnp) | Bae dp! 
0 


After removing the overlapping divergences, the finite part of the polarization operator is separated,* 
TT (W*) = I1(0) + Il’ (0) W* + TL (W?) . 

A calculation up to terms of order A gives the result II’(0) = -', in the adiabatic approximation and 
1(0)=- ip in the first non-adiabatic approximation (after dividing by Zz"). The charge-renormalization 
is thus finite. The quantity I(W’) — (0) is obtained as an integral involving T§ (p,m) and &(p, W). 
The function Wes (p,m) is calculated by successive approximation. The asymptotic form of is (p, m) 
is p 2A in the adiabatic and p” in the first non-adiabatic approximation. In the adiabatic approxima- 
tion &*(p, W) = & (p, W) and so the two equations reduce to one, giving the result 


er ee ae 


2 2 U 2— — ! d . 
211, (W2) = T1(W2) —11(0) — 11 (Q)W? = 2 {— Ga wyuppeny tO } 


&é*(p, W) satisfies a non-homogeneous equation. A variational calculation shows that up to terms of 
order 2 we may replace the kernel of the homogeneous integral equation corresponding to the given non- 
homogeneous equation by the kernel which describes the motion of an electron in a Coulomb field. We 
make the change of variables 


pim=t VB, B=|E\/m, W =2m—|E| 
and replace the unknown function by 
9 (t) = 10+ ()/VE +1, 


*In the old Tamm-Dancoff method it is impossible to separate II, covariantly, since II depends on 
W and not only on Ww. 
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Then the equation for é@* becomes symmetric, and the binding energy appears only in the coefficient of 
the integral, 
e(t)= 7) (+ NG? + Din SE od? + FO, = — ©) 
o(t) = +\ 1 + 1) 7a a V6 
The solution of a symmetric equation may be written 


Shee) 


9) =F) +1 ATs fm = (fm), 


where yy are the eigenvalues and g, the eigenfunctions of Eq. (4), namely 


n—l 
D) set m 2 (2n — 1)... (20 — 2m) om 
A ea i al ei =e ae Libis 


Since Ig contains a factor A, the quantity W* — II¢ (W?) can vanish only near to an eigenvalue of the 
equation for @*, For example, suppose y is near to y,; then we substitute g(t) into Ig (Ww?) and ob- 
tain the result 

W2 — Il, (W2) = 4m? — 4m? (d?x?B,/AB,) + 0 (A) = 0, 


where 8; = E,/m, E; = me!/4h, and Af, is the ground-state level-shift. Therefore W* —II,(W*) vanishes 
for AB, = Bio? or AE, = E,a’, with a = 1/137. This result agrees with the perturbation theory calculation 
of the level-shift in the ground-state of positronium.’ For the other states, taking y near to yp, we find 


W? — II, (W?) = 4m? — 4m? (Byph?x?/AB,-n) + O(A) = 0, 
with 6, = 6,/n. Therefore W* — II¢( W) vanishes when 


(NG clout s 


We conclude that the study of the poles of a propagator can give information about the bound states of a 
fermion and an anti-fermion. The results are consistent with Lehmann’s theorem.’ We are currently 
applying the method to a study of the bound states of nucleon and antinucleon. 

I thank V. Ia. Fainberg for his constant interest and advice. 
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ON MAGNETOHYDRODYNAMICAL EQUILIBRIUM CONFIGURATIONS 
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Submitted to JETP editor March 8, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 88, 710-722 (September, 1957) 


The equilibrium conditions for bounded systems of a conducting gas in a magnetic field are 
investigated. We have obtained the equilibrium conditions for a thin ring with a helical current 
(a) taking into account gravitational forces; (b) assuming the ring to be surrounded by gas; and 
(c) in an external magnetic field. We have formulated a theorem about the correspondence be- 
tween magnetohydrodynamical equilibrium systems and hydrodynamical vortices. Using this 
theorem we reduce the problem of the equilibrium conditions for magnetohydrodynamical con- 
figurations to the theory of stationary flow of an incompressible fluid. We consider, for the 
case of axial symmetry, general equilibrium conditions for distributed currents. 


INTRODUCTION 


In recent years there have appeared a number of papers !~® investigating the equilibrium conditions and 
the stability of equilibrium configurations of currents in a conducting medium. The interest in these prob- 
lems is partly due to attempts to explain the existence of magnetic fields incosmic space, the magnetism 
of stars, and of the earth, and partly because of experimental investigations of high-current gas dis- 
charges. The current configurations investigated in the papers mentioned had axial symmetry and were 
unbounded along the axis of symmetry. Such systems are idealizations of real systems, except for the 
case where they are bounded at the ends (for instance, by electrodes in the case of gas discharges). It is 
therefore undoubtedly of interest to find the equilibrium conditions of bounded configurations occurring 
under the influence of electrodynamic forces. Recently Bostick!” has found experimentally plasma equi- 
librium configurations, which he calls plasmoids, for which magnetic fields are apparently essential. 
Apart from the possible applications mentioned above, an investigation of such configurations may be of 
interest for the theory of ball lightning. In this case one often makes the natural assumption!! that ball 
lightning is a closed current produced at the moment of the thunder discharge. If we forget for a moment 
the problem of the source of energy of ball lightning, !* then the question whether or not the above hypoth- 
esis is possible depends on whether such a dynamic stable configuration can exist. 

In the present paper we obtain the equilibrium conditions for a few systems described by the magneto- 
hydrodynamical equations 

—Vp +L ijxtl+ pve =0, unl = 42 j, v2 =—40Gp, divH =0. (1) 

In these equations p and p are the density and pressure of the conducting gas, @ the gravitational poten- 
tial, G the gravitational constant, and j and H the current density and the magnetic field. These 
equations have been investigated before by a number of authors 4-8 Liist and Schliiter® obtained a bounded 
configuration in weak fields(j x H = 0). Prendergast® found a solution for the case where the whole of the 
magnetic field was concentrated inside a gravitating sphere. 

Some general considerations about the necessary conditions for a stable equilibrium can be obtained 
from the virial theorem given by Chandrasekhar and Fermi? for the case of a magnetohydrodynamical 
system. This theorem has the following form for the case of a closed system in equilibrium, 


LC ndre QS > | pdr m = (Far (2) 
3(;—1U+M+OQ=0, U=—4\ pdr, Q=—7\ ear, M=\ Fear. 
V 
where U is the internal energy of the gas, & the energy of the magnetic field, and 2 the gravitational 
energy. 
If 2 = 0 there is no equilibrium possible of a closed system. For an open system and 2 =0 one can 
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easily obtain instead of (2) 


\ (30 + Fear = 9 ((p + ge)h — z(t) H Ids. (3) 
V 
Let the current be concentrated in a restricted region of space. Choosing the volume of integration suf- 
ficiently large we get from (3) 
\ (3p + ge )ar = $ prds = 3p. V. (4) 
It is therefore obvious that an equilibrium is possible provided that the external pressure Pe exceeds the | 
average pressure in the configuration. 

For Q = 0 and peg = 0 equilibrium is only possible in an external magnetic field. In that case, the sur- 
face integral in (3) does not go to zero. If, for instance, the field is uniform at infinity and equal to Hp, 
we have 

2 m | 
(G+ ejay. (5) 
The gas pressure and the pressure due to the magnetic field in the configuration can thus be balanced in 
the following three cases: (a) gravitational attraction, (b) pressure of an external gas, and (c) pressure 
of an external magnetic field. 

Corresponding to this we shall obtain in Secs. 1 to 3 three cases of the simplest possible bounded 
equilibrium configurations, all of the form of a thin ring. Of special interest is the ring with a current 
maintained in equilibrium by the pressure of an external gas 
(Sec. 2) since such systems are apparently stable. 

In Sec. 4 it is shown that equilibrium configurations correspond 
to hydrodynamical vortices. Based on this analogy we give an ex- 
ample of a spherical configuration. In Sec. 5 we obtain the equa- 
tions describing the equilibrium conditions for axially symmetric 
configurations. 


1, GRAVITATING RING WITH CURRENT 


Let us consider the equilibrium condition for a ring of a per- 
fect gas under the following assumptions. The large radius of the 
FIG, 1 ring R is considerably larger than its small radius a(R > a) 
(see Fig. 1). The gas density is constant along a cross section 
and the electric conductivity is infinite. Along the ring there is a helical surface current producing inside 
the ring a magnetic field, 


H; = {0, He, 0} (6) 


and outside the ring a field 


18 by See 0, HEX (7) 
The field H, is related to the current I, flowing a round the axis of the ring, 
tiem Lie er (8) 


and H, is related to the axial current I, (see Fig. 1). The fields H, and H, are obviously mutually 
orthogonal. 


The equations describing the behavior of the ring can be obtained from the Lagrangian 
Le T (Ry G) UR, Gylg 1) = VV hina, (9) 
where T is the kinetic energy; if the density is constant, we have 


T= 4A rar = (Re + ©), (10) 
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and 2 is the potential function of the currents taken with the opposite sign and is equal to the energy of the 


magnetic field. Since the fields H, and H, are orthogonal, ® will be equal to the sum of the energies of 
these fields, 


M = (1 /2c*) (Lyf? + bel), (11) 


where L; and Ly, are the coefficients of self-induction of the corresponding currents, 


Ly = 4n(R-V R= a) = Ly = 42R(In* —2). (12) 
The third term in the Lagrangian, 
VOT) =— NBinVIe (13) 


is the free energy of a perfect gas, N is the total number of particles, V = 27’Ra? is the volume of the 
ring, and T the temperature in energy units. Finally 


O(R, a) = — (GM? / 2eR) [In (8R / a) + 1/4] (14) 
is the gravitational energy of the ring and M its mass. We have, corresponding to the Lagrangian (9) the 
generalized velocities and coordinates 

qg=a, R, ly, In, T; =a, R. (15) 
We must consider I,, Iz, and T as cyclic velocities (see Ref. 13 for the possibility of considering T as 


a cyclic velocity). 
The first two Lagrangian equations (q = a, R) determine the rate of change of the two radii of the ring, 


MR = Fr, 1/, Ma = Fa. oa) 


The second and third equations (q = ];, I) give, as long as the ring is supposed to be perfectly conducting, 
the conservation law of the flux of magnetic induction, 


Ly, = const, Lol = CONST: (17) 


The fourth equation (q = T) is the adiabatic equation 
T =constV—". (18) 


Assuming the form of the ring to be invariant we find for the condition that the equilibrium is stable, 
F,= (OL /0q), = 9, OPA OG met) 4 Grantham ies (19) 


The motion in the neighborhood of the equilibrium position is according to (16) and (19) determined by 
the formulae 
(6a) + 04 (3a) = 0, (@R) + oR (BR) = 0, (20) 


where 6a and 6R are the deviations from the equilibrium values of the radii and w? and Wr the frequen- 


cies of the radial oscillations, 
Diem, ‘ 1 (OF p 21 
oh = — alae) oh= — alae) ( We 


Using (17) and (18) one can easily show that Fy = —  oW/dq, where 
NT { y GMP SR a. 4 
Ww = FO + (lat + Lal) — Soe (In +4) aa) 
is the total energy of the ring at rest. Thus the condition that the equilibrium be stable corresponds to 
asking for a minimum of the total energy W, as might have been expected. 
We write down the expressions for the forces, 


¢ anes 2 2 
Umer mereRmoMe PNT Pel a, only regs, GM? (1 8R s) NT (28) 
ee ead orks a). | OR eRe Te Gy) eDeRe Ag ame Ae ane 


Assuming F, = FR = 0 we find the following relations which determine the equilibrium conditions 
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ieee (In = — x) / (n= — 5) —8pi(In —>) / (in 88 — ) 


8 \ a ‘ 
2 8 1 He tou iS 8R 3 | 
Hi = Hg (In = — 7) / (ins — 5) 8xp; | (In —+). (24) 
We have here introduced the notation | 
Hy =21,/cR, Hoy = 21, / Ca, He = GM? /=*R*a’, pi = NT/V. (25) | 


The virial theorem (2) can be obtained from (24) by multiplying the first equation of (24) by V/8r, the | 
second by (V/47) [In (8R/a) — 2], and adding them together. One can easily ascertain that the necessary | 
conditions for the stability of the equilibrium, OF ,/ da <0, oF p/ dR <0 (stability of the equilibrium values 
of R and a under the condition that the form of the ring is kept invariant) are satisfied. 

We can obtain the considerations regarding the stability of the ring form from the calculations of the 
stability of a straight cylinder (see Appendix). In the case where the whole of the current flows along the | 
surface of the cylinder, an internal magnetic field, directed along the axis, will help the stabilizing action © 
on the perturbed form of the cylinder. The most “dangerous” perturbations are of the form cos (2nz/r) 
and cos (27z/A — gy), where z is the coordinate along the axis of the cylinder, g the azimuthal angle, and 
A the wave length of the perturbation. The instability of the first kind, “wriggling,” is produced, on the 
whole, by the tendency of a gravitating mass to take on spherical form; the instability of the second kind 
(a winding cylinder) is connected with the instability of a straight current. If 2ra/A «1 the stability 
criterion has the form (Eq. (14) of the Appendix) 


‘ jake I 1 2 mx Xr aL \ 
1) Hin >" + 2 Ha(In= —€ —-},02) Hin > Hio(In ne a (nS ama (26) 
with C = 0.577. 
From Eq. (24) it is clear that H2, S 2H4, H2, < 2H3,. Consequently the first inequality can not be sat- 
isfied for wavelengths } > 2a. A gravitating equilibrium ring is thus unstable against a perturbation of - 
the form cos (27z/A) (wriggling). 


2. RING WITH CURRENT IN A GAS 


Let us now consider a ring with current embedded in a gaseous atmosphere, the pressure of which 
exceeds the gas pressure inside the ring by an amount pe. This excess pressure together with the pres- 
sure due to the external magnetic field H, balances the pressure of the internal axial field H,. As in the 
previous section we consider an idealized situation where the current flows in an infinitely thin surface 
layer of the ring. In this case the magnetic field exerts a normal pressure on the surface and the condi- 
tion that the forces on the surface (s) of the ring are in equilibrium is 


H? {, = Ha\, + 8 xpos, (27) 


where according to (8) H, = 21,/cr. 
Condition (27) must be used to determine the form of the cross section of the equilibrium configurations 
For a thin ring this cross section is a circle with r|g = R + a cos w and 


Hij,= io(1—2 $-cosa). (28) 


The distribution of the magnetic field due to an axial current can be obtained from the paper by Fock!4 


in which he studies the skin-effect in a torus. For R >a _ the surface current density is distributed as 
follows 


jo= const {Ig (Inp — 7) cose. 


Consequently, 
2 a fl a 8R 
Ay \5 = mq! —25 (In —q) cosa}. (29) 


If we now substitute (28) and (29) into (27) and compare terms independent of w, and terms in cos w 
we obtain 
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Hin = Hy + 8rPey Hi = 8xp. (In ae —>) 


or 
eee SR pelt EWN SPAN UN SRL) 8S 
Hy = Hi» (in — >), Hh = Srp. (In = — 5) / (in Ft): (30) 
It is true that this equilibrium condition can also be obtained from (24) if put there G = 0 and take it into 
account that for p; we must take the difference between the internal and external pressure, which now is 
negative, pj = —pe <0, 
For Pp, = constant we find from (23) and (17) 


ies me R Geek wy) whe 228i 1 BR BR et 
ee ee ae ee ahs OLS Dn is R 1 
a sae R[2in = — 2 + (In 9") [2in®2—1-42(In 9) "1, (31) 


o OR c*R 


Since 0F,/da <0 and OF p/ dR <0 the equilibrium is stable with respect to changes in R and a.°The 
criterion for stability with respect to a change in form, obtained for a homogeneous cylinder, has the 
form (see Eq. (14) of the Appendix) 


Hyp > Hio(In = —C). 
According to the equilibrium condition (30) 


Assuming that the wavelength of the perturbation has its maximum value possible in the ring, A = 7R, we 
see that the criterion for stability is satisfied. 

We see thus that the configurations of magnetic fields which produce a helical current flowing along 
the surface of the ring and in which the external gas pressure is maintained are very probably stable con- 
figurations. This conclusion should be verified by a direct calculation of the stability of the ring. Whether 
such a ring could be observed in an atmosphere of a non-conducting gas under laboratory conditions is an 
interesting problem. The external gas can be prevented from penetrating inside the ring by the ionized 
envelope along which the current flows. We write down the connection between the current necessary for 
equilibrium and the excess of the external pressure. Expressing Hy in terms of I, and Hyg in terms of 
I, we get from Eq. (30) 


Is 2 2 8R 4 2 / (1,8 ae 
as — Es R?(In at) = 2 =pact | (In sore te =x) . (32) 


If the currents are expressed in amperes and the pressure in atmospheres, and if to be specific we put 
under the logarithm sign R/a = 10, we have 


ie aih eo Se ay (3) 


For instance, if a ~ 1 cm, and pe ~ 1 atmos the current must be of the order of tens of thousands of 
amperes. 

The period during which such a ring will exist unsupported from without will be determined by the time 
in which the originally produced current will die away due to the collisions of the electrons with ions and 
atoms. If collisions with ions are the determining factor, this relaxation time does not depend on the gas 
or its dimensions, but is determined by the magnitude of the conductivity o =e? nt/m [nt & 0.1 (mv’£?)’] 
and is given by the equation 


Peel Gs Ce al eA tie). 


Let, for instance a ~ 1 cm and the electron velocity be v ~ 10~? ¢ (such a velocity is normal for dis- 
charges with a current strength I ~ 104 amp); in that case tg ~ 10 sec. The time of diffusion of the 
external gas into the current channel tp ~ a?/D (D is the diffusion coefficient; for air under normal con- 
ditions D ~ 0.1) is larger than the relaxation time of the current right up to pressures p ~ 0,001 atmos 


and consequently can be neglected. 
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3. RING CURRENT IN AN EXTERNAL MAGNETIC FIELD 


We shall assume that the ring with an axial current I, is located in a homogeneous magnetic field Hy 
which is perpendicular to the plane of the ring. We can obtain expressions for the forces F, and Fp 
from (23), if we assume there that I, = 0 and G=0, and addin Fp the term corresponding to the 
Lorentz force c7! I,Hp 27R, 


. Dlg? Re PONT TES ANGI i " ee 
Fa — 7) a ame Fp = 22 OR ae R Cc. 1,Ho2eR. (34) 
From the condition F, = 0 we get the well-known formula for the pinch effect, 


22 =2C2NT / WR. (35) 


Expressing in NT the equation Fp =0 in terms of if we find the magnitude of the magnetic field support- 
ing the equilibrium current I, flowing in a ring of radius R, 


i= cR \4r0R L 5). <o) 


If there is a strong skin effect, L, = 47R [In (8R/a) — 2] and consequently 


I SRueit 
Hy = — Gi (in— 5). (37) 
If the current density is constant over a cross section, Ly = 47R [In(8R/a) — 7/4] and 
Ho= — Ze (in —2). (38) 


One can easily obtain Eq. (37) from the requirement that in equilibrium the value of the magnetic field on - 
the surface of a perfectly conducting ring must be constant over a cross section. According to (29) the 
field due to the current is on the surface equal to 


8 1 
A, = Hy {1— 2 (In 88 — 4) cosa} A 


The distribution of the external field for the case R >a is determined in the same way as in the case of 
a perfectly conducting cylinder located in a homogeneous field 


H =Vo, e=aHy(& +4 )sinw 
\ 


where p is the polar radius and w the azimuthal angle. Hence we have 


=— — — i} COS Gs 
e=a 


Consequently the total field on the surface of the ring is equal to 


Hog + 21H, — ane (in=8 = =) cos ®. 


Putting the factor in front of cos w equal to zero we obtain condition (37). 
A simple calculation of the derivatives of F, and Fp leads to 


Be a(t). Be = [oo 2B —1] / 8 (54 28)} Sa 


Since both derivatives are negative the equilibrium is stable with respect to a change in R or a. 
As we shall show in the next section, a ring current in a magnetic field has an interesting counterpart 
in hydrodynamics, namely the well known smoke rings. 


4, HYDRODYNAMICAL ANALOGY OF EQUILIBRIUM CONFIGURATIONS 


The theory of the equilibrium of magnetohydrodynamical systems shows an interesting analogy with the 
theory of hydrodynamical vortices in an incompressible fluid. This analogy can be formulated in the form 
of the following theorem: the magnetic field and current density in an equilibrium magnetohydrodynamical 
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configuration are respectively (expressed in suitably defined units) identical with the velocity field of a 
hydrodynamical vortex which is at rest and the vorticity in the system itself. If there are gravitational 
forces present the applicability of the analogy is limited by the requirement that the density in the con- 
figuration be uniform. The proof of this theorem follows from comparison of the equations describing the 
kinematics of a vortex with the magnetohydrostatical equations. We have written these last equations 
below in rationalized electro-magnetic units in order to let the analogy be more complete; one may assume 
that the gravitational terms are included in p: 


Equations for the kinematics of a Magnetohydrostatic 
vortex equations 

div v =0 div H=0 

curl vy =Q curl H =j 

[2x v]=— V (p/p + v?/2) liesHl= vp 


It is clear that the first two equations for v and Q on the one side, and for H and j on the other 
side are identical. The last equations impose on these quantities the identical conditions curl [2 x v] = 0 
and curl [j x H] = 0. The boundary conditions for v and H are also identical. Consequently the dis- 
tributions of v and H will be identical. 

The functions p/p + v?/2 on the one side and p on the other side, the gradients of which are determined 
from the last equations, may be different from zero. The analogy established a moment ago is, of course, 
not extended to the dynamics of a system described by equations which are no longer identical. In partic- 
ular, conclusions about the stability of the one system can not be transferred to its analogue. For instance, 
it is well known that the plasma string with a current (“pinch effect”) is unstable. The corresponding 
analogue — a single vortex filament in a fluid — is a stable system. 

The fact that there exists this identity between the distributions of the velocity field of a vortex and of 
the magnetic field of a magnetohydrodynamical configuration makes it possible to transfer methods and 
results of investigations in the one field to the other field. For instance, from the point of view of looking 
for the analogue, a ring current in a magnetic field corresponds to a circular vorticity differing from 
zero in a ring of large radius R and small radius a. It is well known that the kinematical condition for 
the existence of such a vortex is the motion of the vortex ring along its axis of symmetry. According to 
our theorem the velocity of the current flowing along a ring, in the frame of reference in which this is at 
rest, corresponds to an external magnetic field maintained in equilibrium by the ring current. Knowing 
the magnitude of this field we can thus immediately write down also an expression for the velocity of the 
vortex ring motion in a non-conducting gas which will be equal to the velocity of the gas current in the 
ring, but with opposite sign. Introducing the intensity of vorticity kK = J Qds corresponding to the strength 
of the current, and going over to absolute rationalized electromagnetic units we obtain from (38) the 
velocity of the vortex ring for the case where the vorticity is constant along a cross section (see Ref. 

15 p. 241) 


u= aS Un - 7): (41) 
We investigated in Secs. 1 to 3 systems with a surface current; these correspond in hydrodynamics to 
stationary currents of an incompressible fluid with a surface where the tangential velocoty is discontinous. 
Using the hydrodynamical analogy we can find a number of examples of magnetohydrodynamical equi- 

librium configurations with a distributed current. Thus, for instance, corresponding to the well known 
spherical vortex of Hill’s (Ref. 15, p. 245) in hydrodynamics, we have an equilibrium configuration, which 
might be called a spherical plasmoid, consisting of a conducting gas inside a sphere r < a in an external 
field Hy directed along the z-axis. We give here this solution in spherical coordinates (r, 3, ¢): 


r<a ip Sw) 
p= ap Hi a (1— cr) sin? 9 p==0 
io= = =e sind (Pe 
3 Teas 
$3 0 BE bes 9 plenrie( iio? ) 9 
H-= 5 H(1 ze) Cos H of ~ ) COs re 
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One can also easily obtain the analogous spheroidal configuration. We note that Lundquist! and Chand- 
rasekhar and Prendergast’ also mentioned the analogy between a stationary flow of a fluid with a vorticity . 
different from zero and a stationary magnetic field. However, in those papers the details of this corre- 
spondence were not established. 


5. GENERAL EQUILIBRIUM CONDITIONS FOR AN AXIALLY SYMMETRIC SYSTEM 


—_— 


We must note that in the considerations of Secs. 2 to 4 of the simplest bounded equilibrium configura- 
tions which had the form of thin rings we assumed that they did not depend strongly on the distribution of 
the current over the cross section. However, they correspond to only one of the limiting cases of a more 
general kind of configuration which has the form of a toroid with a non-circu- 
lar cross section and with arbitrary relations between the linear dimensions. 
Other limiting cases of such configurations are the configurations of the kind 
of spherical (or spheroidal) plasmoids. It is of interest to discuss general 
conditions for the existence of such equilibrium configurations. 

We suppose that gravitational effects can be neglected (or, if it is neces- 
sary to take them into account that the gas can be considered to be incom- 
pressible). In that case we need obviously not write down the term p@ and 
may assume it to be included in p. Using the analogy developed in the pre- 
vious section we take over into the theory of equilibrium of magnetohydrody- 
namical configurations (magnetohydrostatics) the hydrodynamical theory of 
the stationary motion of an incompressible fluid. We shall consider the equi- 
librium conditions for axially symmetric magnetohydrodynamical configura- 
tions. In that case the set of equations describing the equilibrium conditions 
FIG. 2 can be condensed into one equation according to the following scheme. We 

introduce the functions 


ba \ He Qerde T= \ je 2ardr meiey 3 (43) 
0 0 

in terms of which the r- and z-components of the field and the current are expressed. The surfaces of 
constant yw and of constant I are the surfaces corresponding to the magnetic lines of force and the cur- 
rent lines. From the equilibrium condition —Vp+[jxH]/c =0 it follows that each of these surfaces 
coincides with a surface of constant pressure, thatis, p=p(wW), I=I(wW). From the equilibrium con- 
dition which is not used we can determine the current density component j, as afunction of W and r. 
Finally, the equation 9H,/8z — 8H, /dr = Atjg/c gives us the relation we are looking for. All this can 
conveniently be collected in the following table, 


coe a A O(rH,) | OH, 1 oy 
divH =0 ae oa) Mg er (44) 
iS ee 
fi Qrr Oz 
_4n, A O(rH,) an, : 4, OF 
(curl H);, 2 = Sela (Op pean Ee Jz = Onr Or (45 
|) OH. an: “ie He 1 01 
Oz mee los ~~ Qnr dz 
1 : 
= NV Pits ~UixHl= 0 (HVp)=90, (iVp)=90 . p=p(%), T=1(d) (46) 
Op se a H c H a 0 . dt Bt 1 d 2 2 
op ¢ Mellz — Jz o) = EL caer: [? + 2ncr?dp (47) 
te OH, OH, 4m. Oh ab 1 dp Bre, 1672 dl ! 
(curl). aes Je “Oz Se 07a Ce Oz? or2 r or SS | Te aaa = I (%) oe — 16x37? oe (48) 


Equation (48), which contains two arbitrary functions, gives us the equilibrium condition. This equation 

is essentially an extension into magnetohydrostatics of the condition for a stationary flow of an incom- 
pressible fluid which has been investigated before (Lamb™). It was obtained, in slightly different form 

by Chandrasekhar and Prendergast who instead of the functions w and I (the meaning of which is eek 
spectively the induction flux and the current through a circular cross section of radius r at z= constant) 
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introduced the functions p and T which are connected with Ww and I by relations p = /2nr’, Ges 


21/cr’. If these functions are introduced the meanings of the different terms of the equation are no longer 
clear. 


Let us note a few consequences of the equations we just obtained. 

From Eq. (47) for lg it follows that, (1) if jg= 0 the functions I and p donot depend on z. Conse- 
quently if there is no gravitation a bounded equilibrium configuration can exist only if there is an azimuth- 
al current present; it also follows that, (2) if j,, = const/r a bounded configuration can exist Only itp 
const (weak fields), and that, (3) if j,, = const. r the solution depending on z exists only if I = const, 
ae if Hg = const/r. In particular, solution (42) corresponding to Hill’s vortex is obtained in the case 
where I=0. 


In conclusion I should like to express my gratitude to Academician M. A. Leontovich for discussing 
this paper with me and for a number of helpful suggestions. 


APPENDIX 
Criteria for the Stability of an Perfectly Conducting Cylinder with a Surface Current 


We investigate the stability of a homogeneous perfectly-conducting cylinder (a) taking gravitation into 
account, and (b) in the presence of external pressure. The program of investigation is the same as in 
Ref. 9 where these effects were not taken into account. Let there be imposed on the cylinder a perturba- 
tion of the form exp{i(kz+ mw) + Qt)}. An arbitrary perturbation can be represented in the form of a 
superposition a such perturbations with different values of k and m(m=0, +1, +2,...). For given 
values of k and m the equations of motion together with the boundary conditions will determine the 
corresponding eigenvalue 2. 

If we are only interested in the stability criterion we can simplify our considerations by assuming the 
gas to be incompressible. Indeed, the boundary of the unstable region lies at the value Q?=0. This value 
of 9? corresponds to a stationary perturbation when the compressibility of the gas does not play a role. 

(a) Gravitating cylinder. The original magnetohydrodynamical equations have the form 


== V(p —p® +55) + 7=(HV)H, OH /dt =cullvxH], divv =0, V2 = —4aGp. (1) 
We give the values of the different variables in the unperturbed state: 
Inside the cylinder Outside the cylinder 
o = const O= 
lil eeal) A. = Hya/r (2) 
like == Jeli, = COS! lil; = 0 
; = — 7Gor? @, = — 2xGpa? Inr + const 
P= Po — =Gp?r? p=90 


After linearization equations (1) have the form 
; (1) 


pQ7E = — V{ po + pee a) +E (HjV) HY, HO = curl(§xHJ=(HoV)E = tkH io, divE=0, VO =0. (8) 


where £ =v/Q = &(r) exp{i(kz + mw) + Qt} is the displacement vector of the gas particles, and pi) 
and H(1) are the perturbation-induced deviations of the pressure and magnetic field from their equilibri- 
um values. Eliminating H()) and introducing the notation p = pi) + HygH{))/ 4n we can write this set of 
equations in the following form, 


p (Q2 + KH? / 4x) & = — V(p—p®"), ee 
v0 =—0; V3p=0. (5) 


The solution for p which is bounded for r= 0 is of the form 


me | I GD), 
= a r eilkZ4-me)--Ot | (6) 
P= PAS) 7 hay 
The boundary condition for p . 
: os Po ty d (Hoo \ 


p (a) are (a) Or a ee t &r or f 8 / (7) 
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differs from the boundary condition in Ref. 9 by the term £ydpp /dr. Using the results of Ref. 9 we get 


— Gy (a) 2 mH, — Pp 
Pa) = — “GE io ark a Kea ee ip (8) 
where set 
QHe = — 4x0py (a) / Or = 8x?Gp?a°. (9) 


The solution of the equation v-a(1) = 0 inside and outside the cylinder can therefore be expressed by 


D'S CuI, (er) eltermerraes De — Cok (ke oe (10) 


The constants C, and C, are determined by the requirement that the potential and its derivative with 
respect to the normal must be continuous for r=a+ éy, 


0; OO syg OD heen 0 Org OU ere eee i 
i ar act Sg ly a oe Se ae! 

We find thus 
C, = 4nGoaK , (Ra) é, (a); Cy = 4nGoal », (Ra) & (a). (12) 


From Eqs. (6), (8), (10), and (12) we determine pe()) —p and substituting this result into (4) we get 


I AA ae (ka) 


. Coy m= 4cé, é 4 re Less 
O={S = [kaK,,, _, (Ra) ee r 78 (Kn (Ra) Im (ka) — +) (ka T,, (Ra) m) RCE (13) 


where C2 = Hy / Axo; CG = HG | 4x0; Css lar / Axo. 


The stability condition Q? < 0 is for Cg =0 identical with the criterion obtained in Ref. 9 for a com- 
pressible gas; for c=0 and m=0 it coincides with the result of the considerations of Chandrasekhar 
and Fermi,” 
realized for m=0,1, ka = 2ma/A ~ 0, when it is of the form 


2 4 2 9 4h 9 NN 
Hig > Hin + 2HG (In —C— 5) (m=0), Hix > Aa(In2—C)—we(In2—C+F) (m=—1). (14) 
(b) Cylinder with external pressure. If the external gas is non-conducting the change in the previous 
arguments lies in the addition to the right hand side of Eq. (7) of a correction to the external pressure, 
pf), determined from the equation 97é = — Vp), div  =0. When G=0 the dispersion relation is 


5 f 5 
ie Q* Shi Hao Dna (ka) 2 m ‘ Sar OQ? i —] (ka) m \ oh ool 252 / oy, Kin =) (ka) 
(bi k2' Ar / kal, (ka) (ka)? J} " ©° Re kaK,,, (ka) ' (ka)? ; An | \ 


m 


The absolute value of Q is reduced, but the stability criterion remains the same as for pg = 0. 
If the gas on the outside is perfectly conducting the calculation is slightly more complicated, but one 
can show that the stability criterion remains the same as before. 


1S, Lundquist, Ark. f. Fys. 5, 297 (1952). 
2S, Chandrasekhar and E. Fermi, Astrophys. J. 118, 116 (1953). 
3M. Kruskal and M. Schwarzschild, Proc. Roy. Soc. A223, 348 (1954). 
4V.C. A. Ferraro, Astrophys. J. 119, 407 (1954). 
5R, Liist and A. Schliiter, Z. Astrophys. 34, 263 (1954). 
8S, Chandrasekhar, Proc. Nat. Acad. Sci. 42, 1 (1956). 
TS. Chandrasekhar and K. H. Prendergast, Proc. Nat. Acad. Sci. 42, 5 (1956). 
8k, H. Prendergast, Astophys. J. 123, 498 (1956). 
®V. D. Shafranov, Aromnaa aHeprua (Atomic Energy) 5, 38 (1956). 
10W. H. Bostick, Phys. Rev. 104, 292 (1956); 104, 1191 (1956). 
“7, S. Stekol’nikov, Pusuka mosHuu u rposo3sammra (The Physics of Thunder and Lightning Protection) 
Moscow-Leningrad, 1943. 
®p, L. Kapitza, Dokl. Akad. Nauk SSSR 101, 245 (1955). 
'°H, Helmholtz, Vorlesungen iiber die Theorie der Wirme, Leipzig, 1922. 
MV. A. Fock, Phys. Z. USSR 1, 215 (1932). 
9, Lamb, Hydrodynamics, Cambridge University Press, 1932. 
Translated by D. ter Haar 
137 


obtained by a different method. For an infinite cylinder the criterion for stability can not be © 


\\ 
Katey +m). (8). 
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Collective excitations of axially symmetric even-even nuclei are investigated. It is shown 
that such excitations can be divided into two classes: those which are accompanied by appre- 
ciable changes in the nuclear quadrupole moment, and those which are not. The energy of the 
collective oscillations is expressed in terms of two parameters. 


In a paper of Scharff-Goldhaber and Weneser! it was pointed out that there is a large class of even-even 
nuclei in the mass number region 66 < A < 150 for which the first excited state has spin 2+ and excita- 
tion energy of 300 kev or more, while the second excited state has spin 2+, 4+, 0+. The ratio of the en- 
ergy of the second excited state to that of the first had a value between 2 and 2.5. This showed that these 
are not purely rotational states. Apparently in such nuclei an excited state cannot be rigorously assigned 
to pure rotation or vibration. 

In the present paper, we investigate the collective excitations of axially-symmetric even-even nuclei, 
‘using the generalized nuclear model developed by A. Bohr.” We shall show that the collective excited 
states of such nuclei can be classified into two types: excitations which do not involve an appreciable 
change in the nuclear quadrupole moment, and excitations in which the quadrupole moment changes con- 
siderably. Excitations of the second type may occur in nuclei which do not deviate strongly from spher- 
ical shape. In nuclei which deviate markedly from spherical shape, excitations of the second type play no 
part in transitions involving small changes in the energy. 


1. FUNDAMENTAL EQUATIONS FOR DETERMINING COLLECTIVE 
NUCLEAR EXCITATIONS 


In the generalized nuclear model developed by A. Bohr,’ it is assumed that the states of nucleons out- 
side of closed shells can be described by using the one-particle approximation, while the nucleons in filled 
shells (i.e., in the core) manifest themselves only through their collective properties. For collective 
coordinates we use the three Euler angles, characterizing the spatial orientation of the nucleus, and the 
parameters B and y which determine the deviation of the nucleus from spherical shape. 

In the adiabatic (strong coupling) approximation, we may treat the motion of the outer nucleons in the 
field of a core of fixed shape. By averaging the interaction energy of core and outer nucleons and the ro- 
tational energy of the core over a state of motion with total angular momentum J, and over all states of 
the outer nucleons which have quantum numbers njfjjjmj such that the projection on the nuclear symme- 


try axis of J3 = oy m; = 0, we can find the nuclear energy as a function of the collective coordinates 
B, y; i 
Ba C h (1 4 

E= = (? af Pel ee ot 7G Gao +) [J (J + 1) + D]+ AB cos y, (12D 
where the first term represents the kinetic energy of the surface oscillations, the second is the potential 
energy exclusive of interaction with the outer nucleons, the third is the rotational energy of the nucleus, 
and the fourth is the interaction of the outer nucleons with the core. The quantities A and D depend on 
the number of outer nucleons and their states of motion; the explicit form of the dependence can be found 
in a paper of Ford® (formula 18). The moments of inertia ]; and I, with respect to axes perpendicular 
to the nuclear symmetry axis, are given, in the hydrodynamic approximation which is used in the model 
to describe the collective motion, by: 


I, = 4B? sin? (y —22%/3), = 1.2. (in 
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If we use the explicit form (1.2) for the dependence of the moments of inertia on B and y, we find that 
the total potential energy of surface oscillation (which does not depend on J) 


C 


| 


2 2 WD / 1 1 | 
V (By) = ay B2-+ AB cosy 4 Z (+; HL =) (123) 


has its minimum, for fixed 8, at y=0 or y=7, corresponding to nuclei with axial symmetry; the posi- 
tion of this minimum does not depend on the values of the parameters in (1.3). The function V (By)? bes 
comes infinite for y =+ 1/3, + 21/3. It should be noted that (1.1) was obtained on the assumption that 
the nucleus has axial symmetry, so that the values y = 0, 7 are the “self-consistent” values. 


We shall assume that the surface oscillations do not destroy the axial symmetry of the nucleus,* whichf| | 


is observed for the ground states of all nonspherical nuclei, and shall consider the two values y = 0 and 
y =m separately. 
For y = 0, the potential energy (1.3) is given by 


Vo (8) = CB? /2 + AB + h?D /6 Bp?, (1.4) 
while the energy (1.1) is rewritten as 
E = BR? /2+V, (8) + M?/6 Be. (1.5) 


The potential energy (1.4) has a pole at B = 0. The presence of this pole corresponds to the fact that 
the moment of inertia of the nucleus tends to zero for B — 0. If there are nucleons outside of closed 
shells, then even if the total angular momentum of the nucleus is zero, the angular momentum of the core 
and the angular momentum of the extra-core nucleons are not integrals 
of the motion and are not separately equal to zero. Expanding V)(f) in 


of (1.4), which is given by 
By =—A/C+hD /3CBB5, 


and keeping only quadratic terms, we rewrite (1.5) as 


e=E —Vo (Ps) = +P + gam + 308 — Bo)”, 
where 


Co=C+ iD / BBs. 


To make the transition to a quantum equation, we note that the square 
of the angular momentum in the coordinate system, B, 6, y, for mass co- 
efficient B, is 


M? = BB* (6? + o% sin? 6). 
If T is the kinetic energy of collective motion, then 
oTdt? = Bap? + % pedo? +5 B2 sin29- de’, 
so that the operator for the kinetic energy of the collective motion is 
Stes, #2 4 0 ; ) 1 Oo? 
T = — Spar 138 G oo t Sin 6 G0 (sin 9 = + ante rel 


and the Schrodinger equation which determines the energy of the collective motion is 


[T + /s Co (8 — Bo)? —e] ¥ (8) = 0. (1.6) 
We shall look for a solution of (1.6) of the form 


U 
¥ (B82) = 3) Yn (6p) 


Ji 


*The question of possible deviations from axial symmetry requires investigation of the conditions for 
breakdown of the “self-consistent” values of y, and cannot be solved on the basis of (1.1), which was ob- 
tained on the assumption that the nucleus has this symmetry. 


powers of the deviation from the value fy) corresponding to the minimum — 
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where J takes on only even values, since the function should not depend on the choice of the direction of 
the symmetry axis. The functions Uy (8) satisfy the equation 7 


ihe aU, (8) 


7. Pop: ape + Vs (B) U;—eU;=0,  U/(0) =0, (1.7) 
where 
G #2 GC 
Vs (B) = 30 — Bo)+ aaa J I +1) Vs (6s) + (8B) (1.8) 
ae Wid s) hy Re 
8 8 =. (WJ =-1) 
ral So + 3BC,3} > Se Ua cry d (CS 


_ Introducing the dimensionless parameter 6 = Bo (BC /n2)1/4 and & = Byj/By) = 1, Eq. (1.9) becomes 


(6 — 1) = J (J + 1)/384, (1.10) 


_ The solutions of (1.10) for J =0, 2, 4 are shown in Fig. 1. 


In terms of the variables £, 6, and w9 = VC)/B, the energy Vy(fy) has the form 
Vy (By) | fiery = 8? (E—- 1)2 + J (J + 1) / 68222, Cite) 
and 
Cr=Co(V td (F-+ 1) / 384). 
Substituting (1.8) in (1.7), we have 
— (f / 2B) PU; / dB? + */2C 7 (8 — By)? Us — [2 — Va (Bs) Uy = 0. (1.12) 


Equation (1.12) coincides with the equation for a one-dimensional harmonic oscillator. However, because 
of the conditions B = 0 and Uy(0)=0, the solutions of (1.12) are not Hermite polynomials. 

To determine the eigenfunctions and eigenvalues of (1.12), we introduce the new variable € = &5 x 
(B — By)/By which varies between the limits —£5 = € < © and the new function v(¢€) defined by 


U (B) = 0 (6) exp{— 0/2}. 
The function v(€) will satisfy the differential equation 
v” (€) — 260’ (€) + 2vu (C) =0 (1.13) 
and the boundary conditions 
v(— &) = Oande-*2u (C) +0, for S—- oo. (1.14) 


The eigenvalue of (1.13) is related to the energy « by: 


e—V,(8;) 4 Wee JT#+1) 
1 aha yen ae cee =o VW 1+ See 


The general solution of (1.13) for non-integral v is given in terms of Hermite functions‘ of the first 
kind: 


vy (C) = aH, (©) + OH, (6), 


which can be represented by the series 


pO ET a 1) PR dS NT 
hy O=a ey & Sr P(e) 


By examining the asymptotic behavior of the Hermite functions for large €, we can verify that we must set 
b= 0 inorder to satisfy the boundary condition (1.14) at €— ~. Then the eigenvalues v, and conse- 


quently the energy 
e— Vy (By) = hay (v + 7/2), (1a15)) 


are determined by the condition 
v (— §) = aH, (— &) = 0. 
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For y=m7, the potential energy (1.4) becomes | 
Vx (8) = CB? / 2 — AB + 27D / 6BB?, 


| 
where 0 < 8 < ~, It is easy to check that the replacement of B by —8 enables us to keep all the results | 
for the previous case of y = 0 [including Eq. (1.13)], if we merely note that now the domain of variation _ 
of B is -~ <B <0, and consequently € varies between the limits —© < € = —&6. Then fy, 5, and & | 
will have the same meaning and values as for the case of y= 0. The function v(¢) must satisfy the dif= 
ferential equation (1.13) with the boundary conditions 


v(6)e-2 +0 for ¢+— oo; v(— 8) = 0. (1.16 ) 
The requirement that the boundary conditions (1.16 ) be satisfied gives us 
vy (C) = OH, (—S) 
and a transcendental equation 
Hy (Oey 


which determines the eigenvalue. | 


2. THE TWO CLASSES OF COLLECTIVE EXCITATIONS OF 
AXIALLY-SYMMETRIC NUCLEI 


According to (1.15) the rotation-vibration energy of the nucleus can be written as 


ey | fiedy = (9 + 3/2) VIF I (SH 1) 884 + 1/00? (E — 1)? + J (J + 1)/ 68%?, (2.1) 4 


where v is determined from the transcendental equation H,(—&6)=0 if y=0 and from the equation 
H,) (£6) =0 if y=. Since & is uniquely determined by the values of J and the parameter 6, ej/fiwy 
will be a function only of J and 6, so that the latter should be regarded as the parameter of the theory. 

Figure 2 shows the dependence of (2.1) on 6 as computed by Filippov® for nuclei having a positive 
quadrupole moment in the ground state. In this case, the 
ground state is an s-state with y =0. The excited states 
for each spin value J = 0, 2, 4 are shown for the case of 
y =0 by the solid lines, and for the case of y =7 by the 
dashed lines. As we have already pointed out in a separate 
communication,® for 6 > 0, the case of y = 0 corresponds 
to positive quadrupole moments, while for the case of y = 7, 
the quadrupole moments are small and negative. With in- 
creasing 6, the energy of excited states with positive quad- 
rupole moment decreases, while the energy of excited states 
with negative quadrupole moment increases. 

A transition of the nucleus from the ground state (which 
has a positive quadrupole moment ) to excited states corre- 
sponding to y= (the dotted lines), is accompanied by a 

FIG, 2 change in the sign as well as the absolute value of the quad- 

rupole moment. A transition of the nucleus from the ground 

state to a state with y= 0 (the solid lines ) does not involve a change in the sign of the quadrupole mo- 
ment. Thus the collective excitations of axially-symmetric nuclei can be of two types: (1) excitations 
without any essential change in the quadrupole moment; (2) excitations with a considerable change in the 
quadrupole moment, As we see from Fig. 2, excitations of the second type can occur in nuclei with low 
values of 5. We should, of course, remember that for low values of 6 the adiabatic approximation is not 
fulfilled, and that the curves have only a qualitative meaning in this region. 

Because of the small quadrupole moments in the excited states of the second type (cf. Fig. 2, dotted 
lines ), gamma transitions between them should have very low probability. 

In Table I we give experimental values (the references are given in the last column of the table ) for 
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TABLE I the ratio of the energy of the first few ex- 
ee cree yates aot | ok cited states to the energy of the first ex- 
ae 5 | Litera- cited state (which has spin 2), and the spin 
exptl. theoret | exptl. | theoret ture values. We also give the corresponding 
values obtained from Fig. 2 with a suitably 
me oe = (0) ate chosen value of 6 (which is given in the 
Snis 1.65 1.65 5 [2] next-to-last column). All the states given 
1.86 2,28 tt 4; 0 in Table I have positive parity. For levels 
fis on 5 ats C) which according to the theory are of the 
Bals4 ae A te : PI second type, the spin value is put in square 
a 0.65 ne (0} brackets. 
1.00 1.00 2 2 0.25] fp] 
se ale al ae 
Bes a . 3. ROTATIONAL ENERGY OF NUCLEI 
Bee Hee Bae 3 rare had For large deviations from spherical 
a 0.86 + symmetry, the excited states of the second 
Se ais oe ; O] ve ake type have considerable excitation energy. 
sa : = i ! Thus the first few levels will all correspond 
- 0.86 ; (0) to excitations of the first type and will go 
1,00 1.00 2 2 0.3 [2] over into a pure rotational spectrum with 
Xel28 2.18 2,18 2 [2] . : 
— 2,30 a increasing 6. 
2.33 2 4 For 6 > 1, the function £ = F[J(J + 1)/364] 
Mie mee % iia re 5) in (1.10) is very close to unity. Expanding 
Cdi!4 ae a : 2 (2) this function in series and stopping with the 
234 234 0 4 linear terms, we can rewrite (2.1) in the 
4.00 1.00 2 2 form 
Pdtos 2,2 2.35 0 [0]; 0; 4] 0.66} [14] 
B02 4 2 [2] sy [RO SF / hay + J (J + 1) /68 


— al? (J + 1)2/ 88, (3.1) 


Using the fact that 6 = By ( BC/t? yt/ 4 and introducing the moment of inertia I = 3B82 we can rewrite 
(3.1) as f 


ey =e) + AJ (J + 1) — Bs? (J +1), (3.2) 
where 
AGC U2Iy Bias hoy)rs Cit 2: 


It is known that formula (3.2) gives good agreement with experiment if A and B are regarded as 
adjustable parameters. Table II gives the values of A and B obtained from the energy spectra of a 
few nuclei. 

Using (1.16) and I= 3BR}, we can express the parameter 6 in terms of the moment of inertia and 
Aw: 


0 = hw! (3h? = hw /6 A. (3.3) 


In the third column of Table II we give the values of 6 obtained from (3.3) by setting hw) ~ 1 Mev and 
using the experimentally determined value of A. These are typical 


TABLE II values of 6 for nuclei having a well defined rotational spectrum. 
Nucleus | 4 (kev) | 3 (kev) 8 1G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 (1955). 
24. Bohr, Dansk. Mat.-fys. Medd. 26, #14 (1952). 
3 
Hf180 45.58 0.0703 3.3 US Ford, Phys. Rev. 90, 29 (1953). , 
The 12.16 | 0.043 3.7 4n, N. Lebedev, Cnenuanpunie SbyHkuuH u Ux Mpusozacenua (Special 
Puss (eel 0.0033 4.7 


Functions and their Application), GITTL, 1953. 
5G. F. Filippov, Dokl. Akad. Nauk SSSR 115, 696 (1957). 
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™§charenberg, Stewart, and Wiedenbeck, Phys. Rev. 101, 689 (1956). | 
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Interaction between polarons is considered. It is shown that the formation of “bipolarons,’ two 
polarons separated by a finite distance R and bound by a common polarization, is energet- 
ically feasible in crystals with parameters satisfying the condition n?/e < 0.05. 


Tue interaction of an “excess” electron, introduced into an ionic dielectric, with the crystal polarization 
oscillations leads, as is known, to the appearance of polaron states.! Polarons are majority carriers in 
ionic crystals; they determine the electrical, photoelectrical, and optical properties of these crystals. In- 
teraction between polarons reduces to electrostatic repulsion and attraction caused by the influence of the | 
inertial polarizational potential well of each electron on the remaining ones (such an attraction will be 
called hereinafter polarizational in the interests of brevity). Interaction between polarons was not taken 
into account in polaron theory! since it was assumed that the polaron concentration was small enough. 
The interaction of two electrons in a common polarizational potential well was considered in Refs. 2 and 
3. It has been found that such compounds (called bipolarons ) do not exist independently of the crystal 
parameter values. Physically, this means that the Coulomb repulsion force is dominant in this case. 
However, the electrostatic repulsion and polarizational attraction forces depend differently on the dis- 
tance between the centers of gravity of the polarizational potential wells and, in general, it cannot be 
stated beforehand that a stable state of a complex of polarons is impossible when this distance is not zero. 

The simplest of such complexes, two interacting polarons, is considered below. The purpose of this 
work is to explain the possibility of the existence of such a formation. We shall henceforth call it a bi- 
polaron, thus ascribing to this concept a more general meaning than in Refs. 2 and 3. Moreover, our an- 
alysis permits an estimate of the influence of polaron interaction on the energy of each polaron and serves 
therefore as a criterion of whether it is permissible to neglect this interaction for the purpose of formu- 
lating a multielectron theory. 

The interaction of an “excess” electron with vacancies has also been analyzed; the interaction poten- 
tial obtained can be used to analyze scattering of carriers by impurities in ionic crystals. 

Using the methods developed by Pekar,! the Hamiltonian of a system consisting of a crystal with two 
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electrons introduced therein can be written as follows: 
AH = —(h?/2u) Ay — (hi? / 2p) Ay + Up (ty, f2) + Vp (ry, Fe) + (e? | 12) rye. | (1) 


Here, the first two terms are the kinetic energy of the electrons, the third term is the interaction ene rgy of the 
electrons with the inertially polarized crystal, the fourth is the energy of the inertially polarized crystal, andthe 
last is the Coulomb repulsion energy; pw isthe electroneffective mass, n the optical refractive index of the crys- 
tal, rj) the distance between the electrons, andthe subscripts 1 and 2 refer to the first and secondelectrons. 

The Schrodinger equation with the Hamiltonian ( 1) can be replaced by an equivalent variational prin- 
ciple. The system energy is then determined by minimizing an appropriate functional dependent on the 
electron w functions and on the specific inertial dielectric polarization P created by the excess elec- 
trons, subject to the additional condition of normalization of the y functions. P is first minimized for 
a fixed W in the adiabatic approximation, after which the minimum with respect to W is found. 

The approximating function was selected in symmetric form: 


mils), 58h as sae ear 
U(r) = Alvabh, = adel) De = eae 2 Opin) Pate”? (2) 


where a, b are centers of polarization potential wells and a is the approximation parameter. The de- 
formation of the y cloud of each electron is not taken into account in such a choice of the w function. A 
similar assumption is made, say, in computing the hydrogen molecule by the variational method which, 
as is known, does not lead to any substantial error. 

A computation similar to the above was made by Deigen! for the F, center, a system consisting of 
two positive vacancies, separated by a distance R in the ionic crystal, and two polarons. It should be 
noted that the analysis carried out is not consistently quantum mechanical since the lattice ion motion 
was considered to be classical. The Deigen* results can be used if the terms giving the interaction be- 
tween the vacancies and the electrons and between the vacancies themselves are cancelled in the Hamil- 
tonian of the crystal —F, center system and if R is taken to be the distance between the centers of grav- 
ity of the polarized wells. 

The functional defining the system energy reduces to the following by substituting (2) and minimizing 
over P: 


I = (h? / wR®) fy (x) + (ec / R) fa (%) +(e? /0°R) fa (x); (3) 


where x =a@R, c =1/n? —- 1/e, and € isthe dielectric constant; the functions f,(x), f3(x), f(x) are cal- 
culated and tabulated in Ref. 4. 

A functional agreeing with (3) was also obtained by Moskalenko® who analyzed the problem of a bipo- 
laron from the point of view of the second-quantization method. Moskalenko confined himself only to the 
tabulation of I(x, R) for certain values of the crystal parameters, which led him to conclude the impos- 
sibility of the existence of bipolarons. A more general analysis will be made below which will lead to 


somewhat different results than in Ref. 5. 
To find the stationary states of the system, such values of R should be found for which the function 
I(R) would have a minimum. The condition 01/8R = 0 leads to the equation 


— (2h? / we?R®) fy (x) — (cfs (x) + 2 ?fs (x) R? = 0. (4) 
whose roots are 
R, = R, = 0; Rg = — (2h? / we?) F(x) /[efa (~) + 2 Fs (XDI. (5) 


As is easy to verify, minimization of I(R) with respect to x yields the sum of the energies of two 
polarons in the R =R,=R, case. This case is trivial. Substituting R3; from (5) into (4), we obtain 


I (x) = — (pete? / 48?) (Fa + fs / nc)? [hh (6) 


Minimizing (6) with respect to x leads to the relation 
(fa + fs /n°c) [2fsfa ze Qfifs/ nec — fab’ ve fein) nel —10) (7) 
from which it is not difficult to determine the value of x which yields the minimum value of I (x): 
nc = u(x); u(x) = — (2fehi — fifs) / (Fah — fifa). (8) 


We tabulated the first part of (8) for various x. We have u(x) <0 for x = 0.75. This result is in 
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u(z) agreement with the conclusion obtained in Refs. 2 and 3 that stationary © 
| states of the system do not exist independently of the crystal param- ° 

eters for R=0 (two electrons in a common polarization potential 
well). The function u(x) is plotted in Fig. 1 for x > 0.75 13 i be.) bs 
Using the crystal parameters « and n’ and Fig. 1, the corresponding | 
value of Xmjn can be found and Imjn can then be determined oe 
(6). 

4 he follows from Fig. 1 that the solution (6) exists only if n2c > 0.88 | 
or 


O20 30. 9 S000 tbe rs <0.12, (9) 


pecsiha and not for arbitrary values of the crystal parameters. The values of 


« and n’ for a large number of crystals are cited in Ref. 6, for ex- 
ample. The inequality (9) is not satisfied for all the crystals cited in Ref. 6. 

As Davydov® and Deigen’ have shown, the methods of polaron theory are applicable to metal-ammonia 
solutions. Consequently, our analysis is valid also in this case. The parameters of metal-ammonia so- | 
lutions (¢ = 22, n? = 1.76) satisfy inequality (9). Figure 2 shows a plot of I(R) for such solutions. As_ 
is seen from the figure, I(R) has a minimum at Rw 4A and 
accordingly at a= 0.42 x 108 cm~!. However, this minimum ap- 


Lev 


“08 

es, pears to be located somewhat higher than the sum of the energies} 
as of the two polarons. According to the variational method, a phys 
a ical meaning should be ascribed to that root of (4) which gives a 


lower value of the functional being investigated. Consequently, tie 
root R=Rs3 must be discarded in this case. 
Let us try to explain for which values of the crystal param- 
25a) eters the bipolaron energy (6) becomes less than the sum of the 
10 0 0 Ww RA energies of the two polarons, i.e., the relation I/ 2Ipol Sales 
FIG. 2 satisfied. 
Using the value of I accordingto (6) and Jpo] from Ref, 1, the 
criterion for the existence of bipolaron states can be represented as. ; 


2.56 (fa + fe/n?c? / fi > 1. (10 }) 


The function on the left side of (10) was tabulated for various values of n* and c¢ and for the appropriat¢t 
x obtained by solving (8). The ratio I/2Jpo] becomes greater than unity for 


n? /e<0.05 (11)) 
and for the appropriate x =1.5—1.6. The maximum value of this ratio for n?/e =0 is 
(Lif 2 Lpol) max 1008. (12 )) 


dence, the transition of polarons into the bipolaron state is energetically feasible for crystals with value 
of the parameters ¢ and n?2 satisfying (11). This must be reflected substantially in the properties of 
such crystals (magnetic properties, formation of color centers, 
effective mass, and current carrier mobility, etc.). 

The approximate wave function of the e~@° kind used above 
simplifies the computations considerably but is not flexible 
enough. Since the energy gain calculated above for the bipolaron | 
is small, the results of the computation made require verification 
~Q00 by using a more flexible approximation function. 

-424) According to Pekar,! the best results are obtained with the 


“006 variational method with one approximation parameter by using a 
~230 ~ function of the form 


1 
0 250 500 RA - b= Aare" (13)! 


which we have indeed used instead of the hydrogen-like functions 


Ley 
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(2a). The functions corresponding to f;(x), f,(x), and f,(x) in (3) cannot be written in explicit form 
in this case because of the great complexity of the resulting integrals. However, use of the Kopineck® re- 
sults permitted these functions to be tabulated and the solution to be found graphically. The error arising 
in such a solution is negligible. The numerical results obtained by using (13) are in complete agreement 
with those cited above [see relations ( 11) and (12)]. 

Evidently, taking the mutual deformation of the polarizing potential wells of the interacting carriers 
into account, as can be done by introducing an additional parameter into the approximating function, can 
only lead to a less stringent condition on the existence of the bipolaron than (11), since such a parameter 
affects the calculated bipolaron energy more than the energy of the individual polaron. 

The computation carried out can be used to estimate the magnitude of the polaron interaction as a 
function of their concentration. As an example, we have obtained a configuration curve for KCl (Fig. 3). 
It is seen from the figure that the polaron interaction is still small at R = 200A (this corresponds to an 
average polaron concentration of the order of 10!* em=3 ); the error in 


(a) | Fier) |F@—J, Kev) a A determining the elise energy in the single ele Det problem is not 
more than 5 percent in such concentrations. This error is 5— 20 per- 
cent for concentrations from 10!® — 10", The error in determining the 

Se See eae ee energy becomes very substantial at concentration n = 10" (Rw 40A 

5°50 | 0.672 0°507 0°547 in Fig. 3) and the polaron interaction must be introduced into the basic 

P:: Shae Hol on Hamiltonian of the multielectron problem. Incidentally, an appropriate 
17.1 | —0.344 0.176 0.176 excess positive charge is needed in the crystal to neutralize the excess 
- sen Soe aaee electrons at such high concentrations and other types of interaction be- 
e° wae be 0.0440 sides the polaron one should be taken into account in the basic Hamil- 


tonian. 

An analysis of an electrically neutral system consisting of a crystal 
with a vacant lattice site and an electron introduced into the crystal is of interest. The Hamiltonian of 
such a system is written as 


A = — (18/2) A-+Vp(r) + Up (rt) —e* Jer. (14) 


The first term here is the electron kinetic energy, the second is the electron interaction with the polarized 
crystal, the third is the polarized crystal energy and the last is the electron interaction with the vacancy. 
Replacing the Schrodinger equation with the Hamiltonian (14) by an equivalent variational principle, we 
arrive at the corresponding functional. Minimization was made with the aid of a hydrogen-like w func- 
tion of the excess electron. Exactly the same as in the case of two excess electrons, considered above, 


we can arrive at a functional that is dependent on x and p: 


F = (e?/ <p) [h°ex?/2 pe*e — P (x)], (15) 


where p is the distance between the center of gravitiy of the polarized potential well of the electron under 
consideration and the “vacancy;” p(x) = 1—e7?%(1+x) + (5ec/16)x. 

Minimization of F with respect to x was carried out for various fixed values of p. The results of 
a computation for a KCl crystal are cited as an example (see table). Values of the system energy are 
given in the second column; the third lists the interaction energy between the polaron and the vacancy, 
equal to F(p) —Jpo}, while the fourth gives the values of the Coulomb energy for comparison. 

As is seen from the table, the interaction energy between the polaron and the vacancy is notably differ- 
ent from the Coulomb energy only for p < 10 A. 
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19.1, Pekar, Uccreqonanua no oxekrponnoi Teopuu Kpuctarxos (Investigations in the Electron Theor 


of Crystals), GITTL, 1951. 
eS ; oe and O. F. Tomasevich, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 1233 (1951). 
3A, S. Davydov, Trudy, Physics Faculty Kiev State University 5, 1952, 
4M. F. Deigen, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 992 (1951). 
5S. A. Moskalenko, Yu. san. Kumunescxoro yu-ta (Sci. Notes, Kishinev Univ.), 17, 103 (1955). 


6N. F. Mott and R. V. Gurney, Electron Processes in Ionic Crystals, Oxford, 1948 (Russ. Transl. ). 


564 V. L. VINETSKII and M. SH. GITERMAN 


™M. F. Deigen, Trudy, Phys. Inst., Acad. Sci. Ukr. S.S.R. 5 (1954). | 
8H, J. Kopineck, Z. Naturforsch. 5a, 420 (1950); 6a, 177 (1951); 7a, 785 (1952). «| 


Translated by M. D. Friedman 
139 


SOV) Bade Be yo LCS Bole VOLUME 6 (33), NUMBER 3 MARCH, 1958) 


DE HAAS—VAN ALPHEN EFFECT IN A VARIABLE MAGNETIC FIELD 


A. M. KOSEVICH | 
Chernovtsy State University 
Submitted to JETP editor March 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 735-745 (September, 1957) 


A theoretical study is made of the characteristic features of the oscillations of the magnetic 
moment of a metallic specimen at low temperatures in a pulsed magnetic field. 


In connection with the use of the pulse method for the study of the De Haas-Van Alphen effect in strong 
magnetic fields,’ it is of interest to clarify the peculiarities of the oscillations of the magnetic moment of 
a metal at low temperatures in a variable magnetic field of a pulsed type. 

In Sec. 1 of the present paper, we give qualitative consideration to this problem, and show that the os- 
cillation properties of the magnetic moment of a metallic specimen in a pulsed field depend essentially on 
the ratio of the characteristic dimension in the problem of the penetration of the variable field into the 
metal to the dimension of the sample itself. In Sec. 2 and 3, formulas are obtained for the oscillating 
part of the magnetic moment for different values of this ratio, and their analysis is given. 


1, OSCILLATIONS OF THE MAGNETIC MOMENT OF A METALLIC 
SAMPLE IN A PULSED FIELD 


(Qualitative Considerations ) 


The oscillations of the magnetic moment of a metal are determined by the quantized motion of the con- 
duction electrons (current carriers ) in the magnetic field; their periods and amplitudes are connected 
with the form of the electron dispersion law near the Fermi surface.? There are usually some groups of 
electrons in the metal with different dispersion laws, and each of these makes its own contribution to the 
oscillations of the magnetic moment. In what follows, we shall consider the contribution to the oscillating 
part of the magnetic moment of only one such group of electrons with the particular dispersion law 
€=e(p) (e€ =energy, p = quasi-momentum of the electron). 

If the homogeneous field H is constant, then the oscillating part of the magnetic moment* of the elec- 
tron gas is given by the following formula:? 


Mosc= Lay (1) cos (FF + en) (1) 


n=1 


V = volume occupied by the electron gas (the volume of the metal); v,(H) = (HH, T) = some 
slowly changing function of H and the temperature T; a = cSm(¢)/el, where Sm (6), = the exe 


*We are considering the component of the magnetic moment in the direction of the magnetic field. 
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tremal area of the surface formed by the intersection of the Fermi surface ¢ (p)=€ with the plane p-H 
= const, and the notation of the constants is standard; Yn = Some “initial” phases of the oscillations, inde- 
_ pendent of H. We recall that Eq. (1) is valid for kT/€ « 1 and H/a « 1; we shall consider these in- 
- equalities to be satisfied. 

We consider that the metallic specimen is placed in a variable homogeneous magnetic field Hy =f (t), 
parallel to its surface, and that f(t) have the form of a pulse (see figure) of duration T [f(t) differs 
_ essentially from zero only in the interval 0 <t < T and hasa single maximum for t=tm; {f(0) > 0]. 
to Inasmuch as the external magnetic field is variable in time, it induces eddy 

currents in the conductor which distort the imposed field in the body of the 
metal; therefore, the magnetic field inside the specimen is not homogeneous 
throughout its thickness. 
Se By virtue of the inhomogeneity of the magnetic field in the metal and the 
large value of the ratio a@/Hy, the oscillations of the magnetic moments of 
neighboring layers of the metal differ significantly in phase; in averaging 
_ them over the thickness, a smoothing out takes place in the oscillations of the total magnetic momentum. 
In this regard, the following are exceptional: (1) the layers of metal adjoining the surface of the sample, 
_ where the averaging takes place only on one side (in the depth of the metal), and (2) the layer of metal 
in which the magnetic field is stationary (i.e., the layer in which 9H/8x = 0, where x is the coordinate 
measured along the normal to the surface, into the depth of the specimen), and there is no shift in the 
_ phase of oscillation. Only these layers of the metal make an appreciable contribution to the oscillating 
_ part of the total magnetic moment of the metal. 

It is easy to estimate the thicknesses of the above-mentioned layers, and to clarify the character of 
the dependence of the corresponding periods of oscillation on the external field. As is seen from (1), the 
oscillations of the magnetic moment are produced by the change in the values of a/H in the argument of 
the cosine, where H = H(x,t) is different in the different layers of the metal. The magnetic field at the 
surface of the metal coincides with the external field Hp; consequently, the period of oscillation of the 
magnetic moment of the given layer with change in the external field is the same as for the constant field.” 
The thickness of this layer Ax is of the order of magnitude of the distance into the body of the metal at 
which the phase shift is equal to the period of oscillation. 


ghee ed ol 
Ox 


ae W|4* = He | ae |e ~ 2 (2) 


oi 
Piven 


It is appropriate to estimate the order of magnitude of 9H/dx by starting out from the form of the 
differential equation which defines the penetration of the magnetic field into the metal. We can consider 
the equation for the magnetic field in a specimen of cylindrical form without restricting the generality 
of the treatment: 


(NOHO JnotH = thon (3) 


oe Ce Oe ~ Gp Or ~ 
Here p = distance from the axis of the cylinder, and q = c*/4myo (pu = magnetic susceptibility, o = spe- 
cific electrical conductivity of the metal). If the pulse duration of the magnetic fieldis T, then the 
problem has as its characteristic dimension the length £~ VqT. 

In the case in which the radius of the cylinder R is much greater than the length £ (R > £), the prob- 
lem reduces to consideration of the penetration of the magnetic field into the semi-infinite metal, and the 
only characteristic lengthis 2, so that 


\OH /Ox| =| OH /00;~H /1. (4) 
It follows from (2) and (4) that for R > 2, the thickness of the surface layer Ax ~ 2(H/a), and its 


volume is AV ~ Gk(H/a), where G is the surface area of the specimen. It is clear that these esti- 


mates hold also for R~ &. 
For the case R <« 2, when it is necessary to take into consideration the presence of two different 


characteristic dimensions (R and £), it is easiest to estimate the value of 9H/dp from Eq. (3): 
|OH /0p| ~ (¢/q)\0H /ot|~ RH /qT ~(R/N)H/L. (5) 


Substituting the estimate (5) in (2), we find that for R «2, the thickness of the surface layer Ax 
~£(2/R)H/a and its volume is AV ~ Ge (2/R)H/a. 
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The thickness of the layer in which the magnetic field is stationary in depth is determined by a rela- 
tion similar to (2), namely, ! 


02H 

A(a)=> Ma ore Ax? ~ 2r. (6). 

The order of magnitude of 9°H/ax? does not depend on the dimensions of the specimen to such a de- | 
gree as the value of 9H/dx, and Eq. (3) always gives the expression for it: | 
|@H /dx2|=|2H /de%|~H/L. (7))| 


a 
Pm 
| Ax =o 


It follows from (6) and (7) that the thickness of the layer with stationary field is Ax ~ 2(H/ ay and | 
consequently it exceeds the thickness of the surface layer (in the case R$ £) by the ratio (a@/H)’/*. | 
It should be observed that in a cylindrical specimen one such layer corresponds to the neighborhood of 

the axis of the cylinder. The volume of this “layer” is AV ~ L2(H/a), where L is the length of the 
cylinder. If £<« R, then the contribution of the region about the axis of the cylinder to the scillating | 
part of the total magnetic moment of the specimen gives the same order of contribution to the oscillations | 
of the total magnetic moment as does the surface layer; however, this part has a different period (corre- | 
sponding to the magnetic field on the axis of the cylinder). 

So far as other layers with magnetic field stationary with respect to depth are concerned, they can 
exist in the metal only beyond the passage of the external field Hy(t) through a maximum, i.e., for t > 
tm- Actually, when H(t) increases, by the law of electromagnetic induction, the rate of increase of the 
magnetic field inside the metal falls off with the depth; therefore, at each particular moment of time, the 
magnetic field decreases with depth: 0H/dx < 0. When H(t) passes through the maximum and begins to 
decrease, then the opposite takes place: the drop of the magnetic field in the body of the metal does not 
take place at the expense of H)(t), and at a certain instant ty the field in the surface layer is compar- 
able with Ho(t). At this moment, (9H/0x),— = 0, and at the surface of the specimen, a layer arises 
with stationary magnetic field. Upon further lag of the drop of the field in the body of the metal behind 
the decrease in Hy(t), the field at the surface of the specimen will increase with depth and therefore, 
for t >to, (9H/8x)x=») > 0. However, at a sufficient depth x, the situation undergoes no change, and, 
as before, 0H/dx < 0. Consequently, at the same depth x, > 0, the derivative 9H/dx passes through 
zero, i.e., there exists a layer with a magnetic field that is stationary with respect to depth. The function 
Xo = X(t) gives the depth of this field at each moment of time t >t) [evidently, xp9(t)) =0]. The per- 
iod of oscillation of the magnetic moment of such a layer is determined by the magnetic field at the depth 
X = Xo(t) and has a complicated dependence on H(t). 

Thus the oscillations of the magnetic moment of a cylindrical specimen in a pulsed field are character- 
ized by the following peculiarities: 

1, Case £<« R. In the time interval 0 < t < ty the oscillations are completely determined by the sur- | 
face layer of the specimen. The amplitude of oscillation is less, in the ratio (2/R)(H)/q), than the am- | 
plitude of oscillation in a constant field, and the period of oscillation with change'of the external magnetic _ 
field A(1/H)) is the same as for a constant field. 

At the time t) the amplitude of oscillation increases by a factor (a/Hy)!/ 2 and the oscillations of 
the magnetic moment begin to be determined by the layer of the metal with stationary field. For t > to, 
the surface layer of the specimen gives an insignificant contribution to the oscillations, and the period of 
the oscillation is determined by the magnetic field at the depth x = xp(t). 

2, Case 23 R. If 1% (R/L)? > Hy/a, then in the time interval 0 <t < ty the oscillating part of the 
magnetic moment consists of two components of the same order of magnitude: the component determined 
by the surface layer of the metal and the component which corresponds to the region around the axis of 
the cylinder. The amplitudes of these components are less by a factor (2/R)( H)/q@) than the amplitudes 
of the oscillations in constant field. The periods of the oscillations of these two components are differ- 
ent, since for £~R, the magnetic field on the axis of the cylinder differs from the imposed field Ho. 

At the time t), as in case 1, the amplitude of the oscillation increases by the factor (R/2£)( a/ Hy)1/ a 
and in what follows (t > to) the oscillations are determined by the layer of metal with stationary field, 
and the period of the oscillations corresponds to the magnetic field in this layer. 

It can be pointed out that at a certain moment of time t, (to < t; < T), the layer with stationary mag- 
netic field, which “splits off” from the surface of the specimen, coincides with the region near the axis of 
the cylinder. Then the amplitude of the oscillation decreases and the oscillation will again be determined 
by the same two components as for t < to. 
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If R~ 2( Hy/ a)i/ 2, then the oscillating part of the magnetic moment of the specimen is determined by 
its thickness, and the period of oscillation corresponds to a certain mean magnetic field over the thick- 
ness of the specimen 

If R « 2(H)/a)!/2, then the magnetic field inside the metal can be considered homogeneous through- 
out the thickness of the specimen and Eq. (1) is valid for oscillations of the magnetic moment. 
| Finally, one should point out the possibility of experimental observation of these oscillations, the am- 

plitude of which is, in the most interesting cases (2 < R), significantly less than the for constant field. 
The fact is that in the use of the pulse method for the investigation of the De Haas—Van Alphen effect, we 
measure dMogc/dH, not Mgsc.! But, as is evident from (1), the following relation holds: 


dMps-/dH aa («/H) Mise, 


| therefore, the small factor H)/a which appears in the amplitude of the oscillation can be compensated. 
Taking into consideration the qualitative difference of the effect in for different ratios of 2/R, we pro- 
| ceed to the detailed quantitative analysis of the cases enumerated above. 


2. CASE £« R. THE OSCILLATING PART OF THE MAGNETIC MOMENT 
OF A FLAT METALLIC SPECIMEN 


Let us consider first the character of the inhomogeneity of the magnetic field inside the specimen. For 
'&£<R, the surface of the metal can be considered flat and therefore the magnetic field inside the sample, 
_ H(x, t), is a function of t and the cartesian coordinate x, whose axis is perpendicular to the surface of 
| the metal. The problem of the distortion of the given variable magnetic field Hy) = f(t) inside a plane, 

_ half-bounded metal reduces to the solution of a one-dimensional thermal conductivity equation with corre- 
sponding boundary conditions: 

, 2 
H (x, i= \ f(t— alee a. (8) 
x|2V at 


In this case, naturally, it is assumed that q in Eq. (8) does not depend on the magnetic field. 

. If T is not very small (so that 2 is significantly larger than the mean radius of the electron orbit in 

_ the magnetic field), then the magnetic field in the metal changes so smoothly with increase in x that for 

' the determination of the oscillating part of the magnetic moment in the variable field we can use the for- 
mula 


a 


Most) =G > \ Y, [H (x, t)] cos Ge fe ,) ax; (9) 
n=16 


1 


G is the surface area of the metal and H(x, t) is determined from (8). 

Making use of the fact that a/Hy > 1, and that Y,(H) is a smooth function of H, we easily obtain 
the asymptotic expansion of (9) in powers of H/a. A similar expression for the asymptotic estimates, 
which is computed by the method of “critical points,”4 is different for the interval 0 < t < ty [when there 
is no point of stationary phase of the oscillating factor in Eq. (9)] and the interval t >t) [when there is 
a point of stationary phase at the depth x =x9(t)]. The instant of time ty at which 9H/dx= 0 fora x 
=+0 can be estimated by noting that it is determined from the condition 


Cc 


(F'[to(4 —se)] Se =O. (10) 


For the estimate it suffices to approximate the function f(t) by means of two quadratic parabolas 
which have a common apex coinciding with fmax and which pass through zero at the points t = 0 and 
t=T. Then f(t) is represented in the form 


Deiat (ia 1) Oat ot), 


f (t) =< of m 


(ints etait )at <0 OT, (11) 


max 


and for ty we get [from (10)] a third-degree algebraic equation. The analysis of this equation shows 
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that the quantity ty) depends on the ratio of the time t,, in which the external field increases in the | 
pulse, to the total duration of the pulse T, and increases almost linearly with T:* 


ty = 8/otm=F/4T for T = 2tm, (12) 
£06 ASE OAT tor eels ee 


Inasmuch as the magnetic field in real pulses does not disappear for t >,T, but only falls off to zero. 
asymptotically (as is shown in the drawing above), then the real value of l£(t) | (for tx T) is less than 
assumed in (11); therefore, Eqs. (12) can give a somewhat smaller value of ty. 

As an example of a magnetic field of the pulse type Hy = f(t), we consider the pulse | 


f(t) = Ae—®#sinhB.t, By > By > 0. (13) 


Such a field arises in a solenoid upon passage through it of the discharge current of a condenser. 
If we assume that B, > B, then ty ~ 1/6,, and ty s 2.7 ty. So far as the duration of the pulse (13) _ 
is concerned, it appears natural to determine it in the following way. At the point of inflection of the curve} 
f=f(t) (for the case t =2tm), we draw a tangent to it, and continue the tangent to its intersection with 
the abscissa. The intercept gives the duration of the pulse T. It is seen that T ws 4tm, and the value of | 
the function f(t) at this point is f(T) » 0.2fmax. For comparison with (12), we note that ty) » 0.68T. 
Although there is some arbitrariness in the determination of the length of the actual pulse, we can still 
assume that the estimate (11) is in excellent agreement with the value of ty) for the pulse of form (13). 
For t > ty, as was noted above, the interval of integration in (9) contains a point of stationary phase 
of the oscillating factor, the position of which changes with time. The dependence x) = x9(t) is com- 
pletely determined by the form of the function f(t), and is found from the equation 


Wes m lp el GY \e=0. (14) 


To solve the transcendental equation (14) in the general case is not possible; however, we can estab- 
lish the dependence of x») = x9(t) for small t —ty and x. This dependence is linear: 


i= ei | (i to), G(R 08 Ch) en 


Taking into account the different character of the inhomogeneity H(x,t) in the time intervals 0 <t 
< to and t >to, we can easily obtain the principal term in the asymptotic expansion of Mogc(t) in in- 
creasing power of H/a: 


fr Or<att<ct, 
a Vir 1 ( a) an a2 (0) 
Te tama peri Ne) So : V 2.) |eo Sears 7 5) + %) 
4 0 an) : a 2 (0) 
—[2-SEPV calls" Gaga at Be + lh (15) 
Yaa WE > to 
qd (t — ty) V anb (xo) a 
Mosel!) = OS the ol A (os {Lz + 6 (SE ee) los (ee 5 + %) 


— [5+ 9( gee) singin + sit 


The following notation is introduced and emplyed in Eqs. (15) and (16): C(z) and S(z) are the 
Fresnel cosine and sine integrals, respectively; 


a(x)=a(x, t) = 2 Create b(x) =b(x, ) = 4 Coa 5): 


*For the pulses usually obtained in experiment, T = 2ty; therefore in what follows we shall be inter- 
ested only in this case. 
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For all time intervals which do not include the small region in the neighborhood of t), Eqs. (15) and 
(16) are considerably simplified: 


1. £50, Ho tp —t SHG (t.) VO, hy) /dVa Mg(t)=G> One. (H,) cos (F Bae 3 
n=1 


2. t= to > |dHo/dto|/qdVob(0, f) Mosel) = GY) FEE — Va [H (xo, 1)] 008 (A + on + ae 
ESI 7 


=, Vanb (x0) 


These formulas confirm the fact that: (1) In the interval of time 0 <t < to, not including the small 
interval about ty, the period of the oscillation of the magnetic moment with change in the external mag- 
netic field A(1/H)) is the same as for constant field, For t > to, the period of the oscillation is deter- 
'mined by the value of the magnetic field intensity at the depth x = X9(t), and consequently depends in a 
/ complicated fashion on Hy; (2) The dependence of the amplitude of the oscillation on Hy) is different 
than in (1); the value of the amplitude of the oscillation is considerably smaller than in a constant field, 
| since it is proportional not to the volume of the entire metal, but to the volume of that layer which gives 

the fundamental contribution to the oscillation of the magnetic moment. For t < to, this layer is the sur- 
| face layer, whose thickness ~ 1/aa(0) ~ &( H)/a@), while for t > ty, the layer is found at the depth 
X = X(t) and has the thickness 


~ (ab (Xo) ~ 1(H (x0) /a)*. 


3. CASE £3 R. CYLINDRICAL SPECIMEN IN A PULSED FIELD 


For the case of definite dimensions of the metal, we consider a specimen in the form of a circular cyl- 
'inder of radius R, whose axis is parallel to the applied field. The variable magnetic field in such a 
specimen, H(p,t), is a function of the distance p from the axis of the cylinder, and the solution of the 
differential equation (3) with boundary conditions H(R, t) =f(t) leads to the following expression:* 


tT 


H(o.at (0-2 3 exo{— (4) 4} | aero (on a) (17) 


where Jn(z) is the Bessel function of order n, and y, is the k-th root of the equation Jo(z) = 0. 


The oscillating part of the magnetic moment of a cylindrical specimen is determined by a formula sim- 
ilar to (9), namely, 


Mosc(t) = 2eL 


R 
\ Ya lH (p, £)) cos (enn + 0) odo; ri 


iMs 


1 


L is the length of the cylinder and H(p, t) was defined in (17). 
| As we saw in Sec. 2, the result of integration in (18) depends on the position of the instant t =t) on 


the time axis; therefore, we shall first find (or estimate) tp. 
The instant ty) is most simply determined in the case £ > R, with the analysis of which we begin. 
We turn our attention to the fact that the right hand side of (17) contains (under the summation sign) in- 


tegrals of the type 


z 
[=  (t) e?* dr, 


which depend on the large parameter w = (y2/R)? >> 1, We can easily convince ourselves that the asymp- 
totic value of I for w > 1 has the form: 


pate {u(z)— Sy (2) +-.-}, oI. (19) 


*Here and in what follows, we shall consider that Q=vVaqT. 
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If we make use of the asymptotic value of (19), we then obtain the expansion of H(p,t) in increasing | 
powers of (R/0)? from (17): 


SIRE gle of — 4p2R? + 3R4 | 
Host) =fO+4 Tf ae eg OF a arene (20) 


In order to put the expression for H(p,t) in the form (20), we have introduced an obvious expansion of 
the functions z?P in Fourier-Bessel series. a 
From (20) there follows the expansion of the derivative 


OF TAF) + ETH) Se}. 


The instant of time ty) is determined by the condition (90H/0p) p=R = 9 from which it follows that 
f (to) = "a (R/L)? TT (to); (21) 
IF (to) XT | F (to) | ~ fmax/T. (22) — 


The inequality (22) shows that the absolute value of the derivative f (to) is very small, while the lat- | 
ter signifies that t) is close to the point of the maximum of the external magnetic field tm. 
In this connection we can set 


f (to) = (to—tm) f (tm), F (to) =F (tm), 
and we then obtain the value of ty) from (21): 
to =tm + /e(R/L)?T. (23) 


For t >to, the range of integration in (18) contains some value p = py, which corresponds to the sta- 
tionary phase of the cosine. The position of the point p =py(t) is determined by the formula 


po = RV 1 —8 (L/ R)* (t — by). 


which comes from the condition O9H/8p = 0. 

But, inasmuch as in the given case, #@ > R’, then Po(t) falls off very quickly with increase in t — ty,, 
and after a short interval of time At, the point of stationary phase “falls back” on the axis of the cylinder: 
This time interval is given by 


AG =) (RY DPT (24) 


We note that we can make use of Eqs. (23) and (24) over a rather wide range of values of £/R. Actu- 
ally, both of these are derived under the assumption w > 1, but inasmuch as y, x 2.4, yo ~ 5.5, etc.; 
then, even for £=2R the parameter w > 1, and Eqs. (23), (24) remain in force. This allows us to 
think that Eqs. (23) and (24) can give the correct estimate of the order of magnitude of tp and At for 
alee aR. 

We now proceed to calculate Mogc (t). 

(a) Pulses of long duration: £¥ R( a/H)'/2, 

The magnetic field inside the specimen for £ >> R_ changes little with depth, and if we leave only the 
first components in (20), we have the expression 


H (p, t) =f (t)—*/4(R/L)? TH (t) 1 —(p/R)2). (259) 


It is evident from (25) that the total change of the magnetic field throughout the depth of the specimen 
is equal to 


H(R, t)—H (0, t) = "4 (R/LPTF (t) ~ (R/D? A. (26) — 


On the other hand, the change in the magnetic field AH which corresponds to the period of oscillation 
Mosc is determined by the relation 


AH = 25 (H/a) H. (27) 


Comparing (26) and (27), we can conclude that two different cases are possible: 
1) (R/2)? « H/a « 1. In this case, the magnetic field changes so slightly with change of p from R 
to 0 that the phase of the oscillating factor in the integrand of (18) remains practically unchanged. Con- 


— 
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sequently, in the calculation of the oscillating part of the magnetic moment of the specimen, we can make 
use of Eq. (1), assuming H = Hy(t) = f(t). ) 

2) R~2(H/a)'/?, In this case the change in phase of the cosine in (18) over the interval of integra- 
tion (0 < p < R) is of the same order of magnitude as its period. It therefore follows that in the interval 
it is not possible to neglect the dependence of the magnetic field on p, but asymptotic expansion of the in- 
tegral is also not possible. We can make use only of the theorem of the mean: 


fos) R fos] 
an 
Mosc(t) = 2nL 3 cos (aeay t 90) \¥, LH (0, t)] ede = VS Wa [Ho (£)] cos (qty + e,), (28) 


: 5 Aza 


where H* = H(p", t) is the magnetic field at some internal point of the specimen 0 < p*(t) <ahte 

: Inasmuch as the point of stationary phase of the cosine in (18) exists for a very short time At = 

/3 (R/£)? T, during which the magnetic field changes by the order of magnitude of a single period of oscil- 
lation, then consideration of the point of stationary phase does not change the equations (28) to any appre- 
ciable extent. 

It follows from (28) that the oscillations of the magnetic moment in this case differ from the oscilla- 
tions for a constant field only by some increased, complicated dependence of the argument of the oscillat- 
ing factor on the applied field. As is evident from (25), the complication reduces to a shift in phase of 
the oscillation by an amount ~ (R/0)?(a@/Ho) ~ 1, and to a small difference of the period from that in the 
constant field. If we denote the period of the oscillation of the magnetic moment with change in the exter- 


‘nal field by A(1/H)), then it is determined by the expression: 


ACH) = Flt (F)rOlt- (ey) = Fant: (29) 
Qn/a — A (1/H) ~ (R/D)? 2n/a ~ (Ho/x) 2x /a. (30) 


The relations (30) indicate that the difference of A(1/H)) from the period of oscillation in a constant 
field is very small. 

(b) Short pulses: £3 R > 0(H/a)'/?, 

For 2£~R, a change in the magnetic field over the thickness of the specimen is of the order of the 
magnetic field itself; therefore, Eq. (17) is not simplified, and calculations [even with a concrete form 
of the the function f(t)] are more difficult. Significant simplification takes place only for 2 > R? > 
£ (H/a), when we can make use of the expansion (20). However, if we make asymptotic estimates of the 
integrals in (18) by the method of “critical points,” it is not difficult to obtain general relations of types 
(15) and (16) for Mogec(t). 

To simplify the description, we represent the oscillating part of the magnetic moment in the form of 
asum 


Mose(t) = Mésc(t) oe Mosc(t), (31) 


where the first term is the contribution to the oscillations of the magnetic moment of the surface layer of 
the specimen and the layer with a magnetic field that is stationary in depth, and the second is the contri- 


_ bution of the “core” of the specimen, i.e., the vicinity of the axis of the cylinder. 


The component Mbsc (t) is determined from (15) and (16), in which we replace x by x=R-pf, 
and in which the area of the surface corresponding to the layer is defined by 


1) O<t<bh, G=IRLR, 2) t>> ty, G = QLp,(t) = WL [R— xy (C)]. 


The principal part of the expansion of the second component in increasing powers of H/a is equal to 


fe 9) ni re 
Magc(t) = 2nL x Tangy ¥ 2 LH (é)) cos Te + n+ $) (32) 


where 


H(t) =H(0, tle» 8 =F (Se Woce = OR Y- 


e=0 
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In the case R? « L, we can set 
A (t)= H(t) —(R/)2 7), gQ=— 1 (4) / PH (4)- (33) 


For time intervals not including the small region about the time t), the equations stemming from 
(31) become simplified: 


4 


1) £>0, Ho tp — tS Hi (t.) VO(O, b/d V« ies 
SI 1 R T 4 an y wT 
Moec(t) = 2nL > sa at Y,, (Hp) cos Cao oa 3) + soap Pal (t)] cos (<5 el a} (34) 
n=1 
xb t y EM 2 XG) cos (gr +e +5) 35 
2) t—ty S|dHy/dt|/qd Vab(0, t) Moseclt) = 2=Lpo (2) WV ianbe n LH (Xo)] iGo): te die ee (35))| 


It can be shown that the time interval (0, T) contains the moment t;, in which the point with station- 
ary phases of the oscillating factor “falls back” on the axis: Po(t,) = 0. Then in a small region about t, 
[where Eq. (35) is comparable in value with (32) and thereafter completely disappears ] and for t > t,, 
Mosc(t) is again determined by the expression (34). 

In the case £~ R, the oscillations of the magnetic moment are connected in very complicated fashion 
with the direction of the applied magnetic field. As is evident from (34), Mose consists of two terms 
of the same order of magnitude in the time ragnes 0 <t < ty and t >t,. These terms have different 
periods, with different dependences on the external field. Over a sufficiently long time interval At = t, 
—ty~ T, the dependence of Mogce(t) on the external magnetic field becomes even more complicated. 

Some singular characteristics of the oscillations appear in the case 1 > (R/2)? > H/a, which prob- 
ably corresponds to experimental conditions.! Since for R? « £2, we can limit ourselves in the calcula-_ 
tions to the approximate formulas (33); then in the duration of the total pulse, after elimination of the 
short time interval At = 44( R/0)?T in the vicinity of the maximum point of the external field, Mosc (t) 
is determined by the expression: 


Mose(t) = 2n0L HOS) Lv, tHo(t)) sin[ $5-(4 7] sing [1 + = (R/D? 10] + en + Sh (36) 


The oscillations of the magnetic moment in (36) have the characteristic binary form. The period of 
the fundamental vibration is determined by a formula of the type (29): 


4 
A (1/Ho) = (2n/#)|1— + (RL)? + (0)], 
while the “binary period” has the following order of magnitude: 
Ng (1/Ho) ~ (2z/a) (IR)? > In/a. 


In the experiments of Shoenberg,! the oscillating binary form was actually observed. 

Finally, it should be emphasized that in the analysis of experiments according to the measurement of 
the oscillating part of the magnetic moment of the metal, it is necessary, generally speaking, to take into 
account the presence of certain groups of electrons which create well known additional difficulties in the 
interpretation of experimental results. 

In conclusion, we take this opportunity to express our gratitude to Prof. I. M. Lifshitz for his valuable 
advice, discussions, and interest in the work. 
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We investigate the bound states of a neutron in a potential whose parameters are obtained 
from the optical model of the nucleus, plus a spin-orbit interaction. Agreement with experi- 
mental data is obtained for the ordering of single particle levels for nuclei consisting of a 
closed shell plus one nucleon. 


Ir is known that the shell model is successful only for nuclei consisting of a closed shell or of a closed 
| shell plus one particle. For nuclei which have one particle outside of a closed shell, the excited states 
can be divided into two groups. Among the levels belonging to the first group are those which have a high 
probability of excitation in (n, y), (p, vy), (d, p), and (d,n) reactions. Such levels are usually called 
single particle levels, since it is assumed that they occur when the odd nucleon occupies a level in the 
field of the core. Other levels are excited weakly in the reactions cited; this may be regarded as a con- 
sequence of a change of state of the core in the formation of such levels. This notion is confirmed in var- 
ious cases by the values of the spin and parity of the levels (for example, for o!"), The latest experi- 
ments of Groshev and co-workers! on (n, y) reactions and the experiments of several authors on (d, p) 
reactions have shown that in many other odd nuclei one group of levels is excited very strongly compared 
| to the other levels. The data on (d, p) reactions, which refer to states with arbitrary angular momentum, 
are especially instructive. These experiments show that single particle levels occur quite commonly, i.e., 
the model using an average core field has a wide range of validity. One may raise the question whether 
the scheme of single-particle levels could be obtained from a potential well model. In doing this it would 
be desirable for the parameters of the potential well to be determined from other experiments. 

There is a direct connection between the problem of single particle levels and that of the broad neutron 
- resonances which have been explained on the basis of the optical model. The first model of Weisskopf, 
- Feshbach, and Porter,” which used a square well, was crude and did not explain the large value of the re- 
- action cross section at low energies. Later, the present author’ improved this model by considering a nu- 
cleus with a diffuse edge. The model enables one to explain the fundamental regularities in neutron cross 
sections, angular distributions and polarizations for scattering by medium and heavy nuclei (excluding the 
case of highly deformed nuclei). 

Computations of cross sections done on the “Strela” computer enabled us to obtain the most reasonable 
set of parameters for describing the nuclear potential. 


1, CHOICE OF POTENTIAL 


The potential is complex. The assumption was made that a potential with the same parameters, but 
omitting the imaginary part (so that there are no incoming waves ), should describe the stationary single 
particle levels. The parameters of this potential turned out to be quite close to those used in the calcu- 
lations of Ross et al.,4 although they differed from their values in various respects. The real part of the 
optical potential consists of two terms: 

1) the average potential, which is the same for all 2 and j, and is equal to 


niars |e Eh 


2) the spin-orbit interaction, which is chosen in the form 


av 
ye=t Bao. 


The constant in the spin-orbit interaction was taken from the experiments of Levintov,® whom the au- 
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thor wishes to thank. This value, kK = 3.3 X 10-2" cm? is somewhat lower than that of Ross et al. A cal- 
culation of the polarization of 400 kev neutrons shows that this value of x is in agreement with the ex- 

periments of Adair. The quantity a which characterizes the diffuseness of the boundary was taken equal 
to 1/ky, where | 


ky = V 2mV,/h 


This value of a gives reasonable values for the neutron strength function. The values of kp and Ro 
were selected by comparing calculated and experimental curves of total cross sections and angular dis- 
tributions. The final parameter values chosen were: Vo = 50 Mev, Ro = 1.23 x 105° 22/7" com 

With this potential, we calculated the dependence of level positions on Ro. 


‘4 
1 


_— 


2. CALCULATION OF BOUND STATES 


The calculation of bound states was done by hand computation. The solution of the Schrodinger equa- 
tion was represented in the form 


= x—"2K 143, (x) 02 (x), 


where x=kr and k =V—2mE/h, and E is the level energy. At infinity, vg(x) — 1. We tried to find 

a value of Ry for which vg(x), for a preassigned value of E, goes to zero at x= 0. Then the function 

W(x) satisfies the correct boundary conditions at x =0 and x=, and the corresponding value of E 
is the level energy for given Ro, &, 

i and j. Level positions were calcu- 
Pra NZ td "ye \\GPsn 7 lated for energies from zero up to 8 
—9 Mev. There is no sense in com- 
puting lower levels since they are al- 
ready filled and cannot appear as one- 
particle levels. Ross et al. computed 
40 precisely those levels whose binding 
energy is greater than or equal to the 
binding energy of the first occupied 
level. Thus our work fills the gap be- 
tween the continuous spectrum and the 
first capture level. At present, the 
calculations have been done for 1s, 


a 20 50 40 50 60 A 


TPy2 Wye My 
E (Mev) 29 an tran ay Thy, "Pr 1p3/2> IPy/2, 28, 1d5/2, 1dg/2, 1fy/2, 
2P3/2, 2P4/g, and lf; /,, i.e., for nu- 
Dependence of Nuclear Energy Levels on Atomic Weight clei with A < 50. For heavier nuclei 


the level positions are of less inter- 
est. The calculation is interesting once more only in the region of lead, for which we plan to do it later. 
The dependence of level energy on nuclear radius is shown in the figure. 

The most important feature shown in the figure is the change in the order of levels with changing nu- 
clear radius, i.e., the crossing of terms. When the nuclear radius is small or, what amounts to the same 
thing, when the term has a high excitation, the ordering is essentially different from the ordering of the 
ground states. Thus at high excitations the 2s level has lower energy than the 1d, /2» While the 1fs /, 
lies above the 2p; /2, 2p3/2 levels. As we shift to the ground states, the 1d, /2 drops below the 2s level, 
while the 1f;/, goes below the 2p;/, level and, for large A, below the 2p, /2 \evel. This crossing of 
terms is caused by the centrifugal potential which, in nuclei of small radius, causes an appreciable in- 
crease in the energy of levels with large 2, and pushes them into the continuous spectrum. 

With increasing radius, the influence of the centrifugal potential diminishes, and levels with large 2 
drop more rapidly than those with small 2. 


3. COMPARISON WITH EXPERIMENTAL DATA 


We should like first to compare the level scheme we have obtained with the experimental data for nu- 
clei consisting of a closed shell plus one particle. These are the nuclei O!” and Call, and also those nu- 
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clei which correspond to a closed subshell plus one particle: C3, Si2, $i3! | and S*°, For the value of Ro 
_which we have used, the O'* nucleus has a radius of 3.11 x 10743, With this Ro, the order of the levels is 
the following: 1s, 1p3/,, 1p, /2 1d5/2, 28, 1d3/,. The 1s, 1p3/2, and 1p, /2 are filled, and the ninth neu- 
tron, in agreement with experiment, is in the 1d; /2 state, whose energy, according to the theoretical 
curve, is 4.1 Mev in good agreement with experiment. The first excited state is 2s. The experimental 
value of the excitation energy is 0.5 Mev less than calculated, but better quantitative agreement should 
not be expected. The 1d, /2 State lies at about 1 Mev up in the continuous spectrum, in complete agree- 
ment with experiment. Other low-lying states must be assumed to be empty. 

Now we consider C'8, For this nucleus, the binding energy of the 1p, /2 ground state is in poor agree- 
| ment with experiment (the computed value is 8 Mev). Such a deviation may be related to the inexact na- 
| ture of the j-j approximation. If the coupling of orbital moment and spin is intermediate, then C2 does 
not represent a closed shell and the 1p, 2 level is not a rigorous single-particle level for C'?, On the 
| other hand, the excited states have the opposite parity, and for them the field of the C!? nucleus may be 
_ considered to be some average field. It is therefore not surprising that better agreement with the theory 
is obtained for the excited 2s and 1d5/, states. The energy of the excited state is about 1 Mev higher 
than the experimental value, but the order of the levels is the same as in experiment, and the splitting is 
/ ~ 0.5 Mev instead of the experimental value of 0.7 Mev. 

For nuclei with A > 17 the binding energy of the 1d; /, state should not be compared with the theory, 

| Since there are now many particles in the 1d; /, state, and their interaction with the last odd particle can- 

| not be described by means of a self-consistent field. The single-particle 2s and 1d, /2 States must be 

assigned in each particular case. This can be done, for example, from the probability of excitation in 

deuteron stripping. If we assume that the ground state of Si” is a single-particle 2s state, then the com- 

puted binding energy is 9.3 Mev, while experiment gives 8.5 Mev, so that the agreement is satisfactory. 

For S** the ground state is 1d3/2, and the binding energy is also in satisfactory agreement with experi- 

| ment. For nuclei with N < 20, the 1fy/2, 2p3/,, and 2p;/_ states should be excited. Since the parity of 

_ these states is opposite to that of the partially filled shells (1d, /2 2s, l1dg /2)s the single-particle model 
can here give a satisfactory description even for incomplete shells, i.e., for any odd nucleus. Actually, 

_ the situation is made essentially more complicated by the large deformations of the nuclei in the region 

20 < A < 30. Experiments on the (n, y) reaction indicate the presence of a bound 2p3/, level for Mg” 

_ (with a binding energy of 4 Mev). However, according to the calculation, for Mg” the If /2, and 2p3 /2 

_ states should still lie in the continuous spectrum. These states begin to be bound only at Si”, Also the 

excitation energy of the I state increases as we go to Si”, which is in qualitative disagreement with the 

theory for spherical nuclei. For Si” the If, /2 and 2p3/, states have E < 0, but the excitation energies 

of these states are considerably higher than the experimental values. On the other hand, AE = E (fy/2) 

_—E(p3/2) is close to the experimental value. The agreement with experiment improves for S°3, although 

the excitation is again too high. 

The level scheme for Ca*! is most interesting. It has been pointed out that for this nucleus, excited 
single-particle 2p3/2, and 2p,/, states are observed, while the 1f;/, state is not. According to the com- 
putation, the binding energy of the 1f, /2 State is close to zero, and one is unable to observe this state by, 
for example, deuteron stripping. The order of the other states and their energy differences are given 
more or less satisfactorily, but all the states have binding energies somewhat lower than the experimental 
values. 

On the whole we may say that the optical model gives the correct order of excited single-particle 
states of light nuclei, but cannot give the position of individual levels with sufficient accuracy. This may 
be partially due to the fact that the A'/3 Jaw is not exact. A deviation of 1% from this law would be suf- 
ficient to shift alevelby 0.5 Mev. In addition, the shape of the potential near the nuclear boundary is ap- 
proximate. However, in some cases one may hope to go a little farther and calculate the probability of 
radiative transitions, starting from the singe-particle model. 
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Combination scattering by plasma density oscillations may occur when electromagnetic waves 
are propagated in a plasma. The intensity of combination scattering of electromagnetic waves 
in a plasma is determined in the absence and inthe presence of a constant uniform magnetic 
field. 


I. It is well known that there can exist in a plasma weakly damped electromagnetic oscillations which 
are associated with oscillations of plasma density whose frequency (without taking dispersion into ac- 
count) is given by! Q = 4mmye*/m. The existence of these oscillations leads to a periodic variation of 
the dielectric constant in the plasma. Because of this, combination scattering of electromagnetic waves 
propagated in the plasma becomes possible, i.e., if a wave of frequency wy) > is propagated in the 
plasma then at the same time waves with frequencies w =w) +n, where n is an integer, will also be 
propagated. The object of this paper is to determine the intensity of these waves. 

Let us first determine the dielectric constant of the plasma. We start with the equation 


1 0D 1 dE Wie & 
OU sar gar yale di + ~ Iiree? (1) 


where jfree is the current density associated with the motion of the plasma electrons and is equal to 
jfree =env, n is the electron density, v is the electron velocity which is related to the electric field 
by the equation v =eE/m. From these equations it follows that 


t 
ver, N= SL EG, ear, 
t 


j e2 
inee(t, t) =—n(r, i)\ E(r, t’)dt’. 


Substituting this expression for jfree into Eq. (1), we find 


t 
OD OE , 4re2 
AE cael. EF) \ E(r, f) dt” 


We now introduce the dielectric constant operator by D = €E. Then 


t i 


3(r, t)E(r, t) = E(r, ‘y+ = ( dt'n(r, t’) \ dt’E (r, t”). (2) 
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: Let the electric field vary with time in accordance with the harmonic law E (r, t) =E ( r)e it, The re- 
| sult of applying the dielectric constant operator to E (r,t) reduces in this case to multiplication by 


t 
4rc? 


en(r, t) = 1 — meee Giateat yen ok, (3) 


We now note that the plasma electron density n(r, t) contains the constant term ny plus a small ad- 
ditional term 6n(r, t) = 6n(r)cosQt, 6n « ny. Therefore 


| co(r, 1) =2(0) +40 (r, 4), (4) 
| where 
| é obs yaaa 2 ade 2ne?Sn (r) eiat eT iat 

e(a)=1—F, tea (r, )=— —™ (—- = 


If we introduce the operator for the fluctuation in the dielectric constant 


Re 5 p 8n(r, ay Xe 
Re = (6 — 1)* 2D (g_ yy'e (5) 


No 


where € is the operator for the dielectric constant of a plasma of density ng which is determined by 


} means of the formula 


e—iat =e (w) etal 
then 
See—iot — bs, (r, t) eit, 


2. Let the plane monochromatic wave Eg (r, t) = e9E,)exp (ikg-r — iwpt) be propagated in the plasma. 
Then the electric and magnetic fields of the scattered wave may be determined by means of Maxwell’s 
equations in which the current and charge densities have in the first approximation the form 


we Oe Ly ee Ee 
j= Gor (cE): P= =i (6eE,). (6) 


Since 6¢ has atime dependence of the form eti®t the current j will excite a wave of frequency 
wy + Q. In the second approximation we would obtain the current 


where E is the electric field of the scattered wave. This current obviously excites a wave of frequency 
Wy + 2Q, etc. Thus in a plasma when an electromagnetic wave of frequency ™) is being propagated com- 
bination frequencies wy +nQ arise where n is an integer. In future we shall restrict ourselves to an 
investigation only of the combination frequencies w+ %. 

Introducing instead of the field instensities E and H of the scattered wave the vector and the scalar 
potentials A and gy and assuming that divA =0 we shall start with the following basic equations: 


¢@A ¢ @ dn. 
éAo = — 4zp. (8) 


The increase per unit time in the energy of the electromagnetic field is given by the expression 


a def fe29' + nM] aon ne iio + bere 


where D is the electric displacement vector. Here the first term determines the increase in the energy 
of the transverse oscillations of the electromagnetic field, i.e., the intensity of scattering of electromag- 


netic waves 
4 Bane 
I= 3g Re\ JA dv, (9) 


while the second term determines the increase in the energy of the longitudinal oscillations of the plasma 


578 AKHIEZER, PROKHODA, and SITENKO 


noe: . | 
I = +Re\p9 dv. (10) ; 


3. We seek a solution of Eq. (7) of the form 


A(r, t)= Dyqn(t) Ar (1), (11) 

A 
where 3° 
AA, + RA, =0, Ay (r) = e* (4c? / € (a) "2" (12) 


, - F 2 
e* is the polarization unit vector (e *k, =0); ky and w) are related by the dispersion relation w 


= k5 c?/ € ( WwW) while the constant has been chosen so that the following normalization condition is sat- 
isfied 


\ A,Aj.du = (Amc? /¢ (co,)) ay 


(the index } determines both k and the polarization). 
Using (7) and noting that 


\ ¢ grad @A,do = (0. 


we obtain the following equation for the determination of q): 


o. Gi a. * 
i. tein = hd) f() =~) jade. (13) 
This equation has the form of the equation for the forced vibrations of an oscillator acted on by the force 
Eee), 
Setting 


f,(t) = MN oRe-iet, 


we shall write the solution of (13) in the form?»? 


n= = > ie = ats ixd (a, — w) pee aen, an 


@ 


We substitute the expansion (11) into (9). Making use of (14) we obtain the following formula for the 
intensity of scattering: 


- dk 
I=7> »y [102 73 (0) >, (15) 
® A=1,2 


where the summation is taken over the two polarization directions of the scattered wave. 
Making use of the relation between the fluctuation in the dielectric constant and the deviation of the 
electron density from its equilibrium value we shall obtain the current that appears in (7) 


j=— = »S [1 — ¢(w)]"2[1 —¢ (e,)]'2 ani @E pe peiker ict (16 ) 
QO=0, OQ 
Substituting this expression into (13) we obtain 
By iE,w ¢ : va A 3 ; 
j= — IVa VaGT [l—e ()] k[l—e (a )] l2 (e9e) ONk —k,» Onk—kK, = [an (r) ei (kK—ky) rdf, 


From this, in accordance with (15), we obtain the following expression for the intensity of scattering of 
electromagnetic waves: 


I= dy Jl, 9)do, (17) 


© =@) + Q 
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1. (8, ¢) = EVO eee 
o (3, 9) = “enme © [1 — ¢ (w)] [1 — ¢ (@p)]] Oe, |? {cos? 9 +- sin? 9 cos? 3}, (18) 


3 is the angle between the propagation vector of the scattered wave k and the wave vector of the inci- 
dent wave ky, while g is the angle between the direction of polarization of the incident wave ey and the 
normal to the plane (kj, k). The average value of the square of the absolute value of the Fourier com- 
ponent of the fluctuation in the electron density which appears in (18) may be expressed in terms of the 
Fourier component of the correlation function 


Die =a yd) yee \» (r) e~ikedy, 
(The correlation function is defined, as is well known, by means of the relation 


Noy (fg — 1) = 6 (Ty) On (2) — 198 (rz — 1)).) 
Thus 


22 Ve (jut 
(87)8ngc3 


Ty (8, 9) = [1 —¢(e)] [1 —¢ (@ )] (1 + ve-n,) (Cos? © + sin? o cos? 9). (18’) 


On expanding 6n(r,t) into plane waves 


on (r, t) => y Oflk (t) eikr 
k 


one may obtain the total energy of the plasma in the form 


nom(Sv)2 ms2 .. SE)? a D 2 
( {omttort 4 mt aan 4 PE dy = yo, {| Bing? + of [Or 
k 


where 
wh = 02 + k?s?, s? = (Op /Op)r 


(p is the pressure, p is the density). 
If one assumes that the equipartition law holds, then 


(m/ 2nok?) {| Ort ce op | 6x 7} ==; 


2 


T is the plasma temperature in ergs. Assuming that s“=T/m we obtain 


| Oy |? = Nok? / (4xnge? /T + k?). 


For the sake of definiteness we shall henceforth use this formula for the average value of the square of 
the absolute value of the Fourier component of the density fluctuations. 

The quantity I,)(%,~) represents the intensity of radiation of the combination frequency w = w+ 
per unit solid angle. In the case of an unpolarized incident wave, averaging I, {3, g) over the angle 
gives 

2 5 No (k2 + ki — 2kko cos 9) 


E5 f 9 (rie, 
oS (Bayinea ee. Teepe ko — 2kko cos 9 


(1 + cos? 9), (19) 


Ep = & (Wp), =e (0), hp = woe /C?, #2 = wre / C2. 


We note that if $=7/2 then the scattered radiation will be polarized in the plane (kp, k) irrespec- 


tively of the character of polarization of the incident wave. 
We consider two limiting cases: (k — Ko e <«K Annye?/T and (k — ky)” > 4nnge?/T. In the first case 
the collective oscillations of the plasma play an essential role, and the total intensity of radiation of fre- 


quency w is equal to 
ad ord a 


ne 24a wo 


Velore + of), o= a) £9. (20) 
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On dividing the total intensity of scattering I =Iy 49 + lw —a by the energy flux density of the incident | 
wave we obtain the scattering coefficient 


eT wo? = 5) 2 
= 3mect > oe V & (co"e + @p20)- (21) 


O=@9 1 Q 


In the second limiting case the average quadratic fluctuation in the electron density is equal to ng and 
the intensity of scattering is determined by Rayleigh’s formula 


fgets Et eee (22) 


—~ 3-46n2 “~° ge 


In this case the scattering coefficient is | 
E = (Sn /3) (e2/ mec*)2no. | 


4. Let us now investigate the scattering of electromagnetic waves in a plasma in the presence of an 
external magnetic field Hy. In this case the plasma is an optically active anisotropic medium whose 
properties may be described by the dielectric constant tensor? 


¢1 -— IS 0) 
esd i ib 
0) © Sa, 


e, = 1 — 02 / (wo? — wy), 22 = Op? /(w? — FH), &3 = 1—Q2/e®, oy = eH / me. 


where 


The electric and the magnetic fields of the scattered wave should be determined from the following ex- 
pressions for the current density and the charge density: 
| 


é 41) a i @) Res 
A Me 2 (O2in kh), P= — de Ox, (3e;nER), (23) 
where 6€ik is the operator for the fluctuation in the dielectric constant of the plasma in the presence of 


a magnetic field. Repeating the calculations which led to formula (5) one may show that this operator has 
the following form:* 


Aa 


a” A 11,8 5 t x A oh, 
een) ae (Geena ee ane (24) 
Instead of equations (7) and (8) we must now use 


0A, &., 07A >» O 
Bias: a eee ie £;,0°9 | Ox;OX, = — 4np, (25) 


aaa CR OL We Fy 


and the condition® 
O (einApn) / Ox; = 0. 
Choosing for the normal mode waves 
A* (r) = (4nc? / e;xe2eh") Pere! ha? (26) 
normalized in accordance with the condition 


r* 
\ Ais, AS dv — Arc*8,y/, 


where e* is the complex polarization vector 


2 . 
Mee} ep nm, sin 9 cos 3 


ese 


hey eb ae) 


?. 


n} sin? $—e, 


*In deriving this formula it should be kept in mind that the equation of motion has the form ¥ =eE /m 
+ (e/mc)[v X Hp]. 
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and n) is the index of refraction 


ok (c? — 2) sin? 9 +eye5 (4 + cos? 9) + Ve — €} — e¢5)? sint 9 + 4e2e? cos? 9 
a3 2 (€; sin? S + eg cos? 9) : 


we obtain in this case the following expression for the driving force: 


GY SP Ea ay —~ (e;,¢) en) "Ey (Gtx, —x, / to) {81 — Sin (Oo)} Cue? Wo, 
@=0r+2 4Vx ATK 


where Ky and eH are the propagation vector and the polarization vector of the incident wave. 


It can be shown that the intensity of scattering at the combination frequency w is given by the follow- 
ing general formula: 


22 ae . 
Tio) _ _ Ego y | eet — €,, («,) eed ? ® (a) 2ng (k, — k,,)? (27) 
pone: (8r)8np0* “7 9 en (@) e} ep Sa aa) ee Kom 


If the incident wave is travelling along the magnetic field then the intensity is given by the following ex- 
pression 


Ejage 2n, (k, — k,,)? 
rt — v2 —s S 2 3 0 \*A p 
(9) = Sr (1 — 81 (0) +2 (00)} yal Si, YK) Garr pie sea (28) 
ee n sin? 9 cos? 9 2¢2 
SC ey ics er tee TS Pee eas 
a( ) ( ney he emer * (n2 sin? 9 — e)? oe 


where the signs + and — refer respectively to right and left polarization of the incident wave. 
If (ky — ky y« 4mmye?/T then the scattering is due mainly to the collective oscillations of plasma 
density and the angular distribution of the scattering is given by the following expression 


2EPT O04 


oe tenian sor Gp, 


| 5 ©) €1 (>) + €2 (0) @y Ve (09) £22 (@o) 29 
Ro (@, 9) 23 (@, 9) {1 ches 72 (alld) 2 (GRD) cos Atl 20)) 


The presence of the magnetic field leads to a considerable change in the angular distribution of the scat- 
tering of electromagnetic waves. 
In the limiting case of a weak magnetic field (€, = €3, €, « 1) expression (24) becomes simplified 


2 
D) E?To* we E10 


© Fey (2) — 1 Eee (00) {a ( 14 


( 87)3 nomQ?c> 


i y= a 


we, 


— 2 = 
4 —{® (0) € 9 
= 2 %7/ eos) (1 + cos? $) + e99V 84 i aa a “cos $) (1 + cos* 9) 

— <, 5 5 o. G10 __ 9 ®o ome 9. 305 E10 2944 2s V “cost 9) 
=F A) ees can lores mee Mice merc sirsecosl ecard A rea 


Go) 1 ey 


ns, = 8, £,/COSD}, £19 = #1 (@), S29 = Se (p). (30) 


In the case of a strong magnetic field (€, = 0, €, # €3) we have 


ZEST otoy © e a y % ny on £10 Wo / 0 2 } 
12(%) = 0 0 (S19 eel (1+ 0 £10 y - 29 cos 9 ) 4 2 (1+ 7) 72 2, i n cos #) cos oF, 


Sc 
(87)3 nomQ2c5 we] 


2 


ne = s1, Ne = 483 / (2, Sin? > -F €, cos? 9). (31) 


1l> 


If (ky — ky > Ammye?/T the plasma oscillations may be neglected. In this case the scattering of the 
electromagnetic wave is determined by the random thermal motion of the individual electrons of the 
plasma. The angular distribution of the scattering is given by the following formula 
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I* (9) = ( : fal {1 (@) — 148, (6) }?e5 >; S,(@, 9) Nx (@o, 9%): (32) 


81r)3 nyc 
No A=1,2 


This expression is evidently a generalization of Rayleigh’s formula for the intensity of scattering to the 
case of an optically active anisotropic medium. 

5. Let us also determine the absorption of electromagnetic waves due to the excitation of plasma os=- 
cillations in which the energy of the incident electromagnetic wave is converted into the energy of longi- 


tudinal plasma oscillations. ee 
The longitudinal field of the oscillations is characterized by the scalar potential y satisfying the equa- 
tion (8). We seek the solution of this equation in the form 


g(t, t) = Diqo(t) Ps (r), Do (r) = V 4ncteh . (33) 


The charge density p may be written, making use of (6), in the form 


4 Q2E oer 
Pome Oe meee ora a 
©=6ot+Q 


Substitution of (33) and (34) into equation (8) leads to the following expression for qg: 


pie mes ee 5 
40 Wr, p COeMNgk? (oko) Mak =a) ° ie (35) 


= M+ 


For €(w) we shall take the following expression for the dielectric constant of the plasma: 
e(w) = 1— 0? /w(@ + iy), 


where y is the collision frequency of electrons in the plasma. (It is necessary to take collisions into ac- 
count for otherwise at w» = 2 the absorption coefficient becomes infinite.) 

The amount of energy absorbed per unit time per unit volume is given by formula (10) which gives 
after taking into account (33), (34), and (35) 


itp rae ee EQ" ¢ (cok)? ary aaa 36 
= ZReD\G\ ido =e, D rie J at ep pret | Mal? Ge Coal 
o Q=Oo+ 

Assuming that (k — ky)? « 4mne?/T and carrying out in (36) integration over the angles and over 
xk =|k —k)| from 0 to km =1/a, where a = VT/4mnye" is the Debye radius, we obtain the following ex- 
pression for the absorption coefficient: 


ta 
D ~ Wack WOH pat? O= tO. (37) 
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PROPAGATION OF SOUND ACROSS A BOUNDARY BETWEEN TWO SUPERFLUID PHASES 


R. G. ARKHIPOV and I. M. KHALATNIKOV 
Institute for Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor March 20, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 758-764 (September, 1957) 


The transmission of first and second sound across a boundary between two superfluid liquids 
is considered. The phenomenon of conversion of sound waves of one type into the other is re- 
vealed. Formulas are given for the energy fluxes in the reflected, refracted and converted 
waves. Separate consideration is given to the case in which one of the two liquids is not a 
superfluid. 


Tue hydrodynamics of concentrated solutions of He® in Het were developed in Ref. 1. In the system of 
equations derived there, it was assumed that all the He® takes part only in normal motion. This latter cir- 
cumstance was proved rigorously only for the case of low concentration, and for all concentrations at ab- 
solute zero. Recently, it has been possible to carry out experiments with concentrated solutions of He? in 
He’, which permit us to verify the validity of the hydrodynamical equations obtained in Ref. 1 by studying 
| the propagation of sound vibrations in solutions. 

4 As is well known, in the propagation of first sound in pure He’, the pressure and density oscillations 
_ take place at constant entropy and temperature, while in the propagation of second sound, the temperature 
| and entropy oscillations take place at constant pressure and density. In solutions, this is no longer the 
case. Propagation of first sound in solutions is accompanied by oscillations not only of pressure and den- 
sity, but also of temperature and concentration. A similar picture is observed also in the propagation of 
second sound. The connection of the amplitudes of the vibrations of the various thermodynamical quanti- 
ties can be found in the usual way” from the equations of hydrodynamics, taking into account the expres- 
sions for the velocities of first and second sounds in solutions ( we denote by a prime the variable parts 
of quantities; the indices I and II refer to first and second sound, respectively: 


p =prt+ pp): 


cn Gap oge oA Jp ut Pur 
do\ AT c’ Lag, al <2 Ly Pn p Oc\ , 
Joc pe ay tng ag C= lp [— ) 
T m4 rd eet a (: ~¢) ° gsc dc Pinte Ps € Oe Pp (1) 
Me: | Ps c de + (14+2 $) py, i— pe BS Cry 008 oe ago 
Dn ett pe bk OR) Phe ap Nb cp)? ov gta es pe ccoa Oc leon ceeOriaatty 


Here p is the density of the mixture, c the weight concentration of He*®, yp - 


FIG. 1. Phase dia- Zc/p = 4 the chemical potential of He per gram, o@ the entropy (per gram) of 
gram and curve of the the mixture, p the pressure, T the temperature, s_ the velocity of first 
A-transitions (dotted sound, u the velocity of second sound, pg, Py the superfluid and normal den- 
line) of the mixture of sities, Vg, Vp the superfluid and normal (particle) velocities, and j =pgVg + 
He® in He*. The hypo- PnV, the current density. The oscillations of the vector quantities v, and 
thetical region of two j — pVn are directed along the wave vector k. The latter two equations repre- 
superfluid liquids is sent the amplitude of these vibrations. 
shaded. It is evident from the formulas that the “intermeshing” of the temperature 


and pressure comes about through the derivative ap/8c (and not through the 
very small quantity 9p/8T, as in pure He’). 

New experimental possibilities for the study of sound propagation were opened up BOC by Walters 
and Fairbank® with the discovery of the phenomenon of the separation of a solution of He’ in He” into two 
phases of different concentration. The authors carried out their measurements by the method of mngenetd 
resonance. Their results were confirmed by direct optical observations by Zinov’ ev and Peshkov.” It 


‘ 
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was shown that the critical point of the phase diagram lies at a temperature of about 0.85°K and a He® 
concentration of about 60% (Fig. 1). The concentration dependence of the temperature of the A-transition . 
is known with a very small degree of accuracy. If this curve (see Ref. 5) intersects the phase diagram to | 
the right of the critical point, then there ought to exist two superfluid phases, which are in equilibrium | 
with one another. Investigation of sound propagation across a boundary separating two phases should give | 
additional information on the hydrodynamics of liquid helium. | 
Let us formulate the boundary conditions of the problem of the propagation of sound across a boundary | 
separating two superfluid phases (the case of the boundary of a superfluid phase with a nonsuperfluid is 
obtained from the corresponding equations as the limit of p, — 0). We note that here, in addition to re- — 
fracted and reflected waves in both phases, there arise waves which correspond to the conversion of first | 
sound into second, and vice versa. Obviously, the excited sound will have the same values w, ky, k, as §| 
the incident. The case of practical interest is that in which only first or only second sound is incident on | 
the boundary; there are then incident, reflected, refracted, and two converted waves. Because of the lin- 
earity of the problem, the general case is obtained as a superposition. As usual, we can consider that the 
plane of incidence of the wave is x, y; then k, =0 and the directions of the incident, reflected and the 
two converted waves lie in a single plane (Fig. 2). We shall consider all quantities proportional to 
exp { i(k,x + kyy — wt)}. The condition curl vg = 0 on the boundary gives Vsy1i = Vsy2 (we shall omit 
the arabic numerals for the different phases). From the equation 


ov 


sy o(»— 4 
ot mm y, m 


9 


c)=0 


we obtain 
Usy = (Ry/@) (%" —Zc/p)’. 


Consequently, the quantity 4 — Zc/p must be continuous. (Here and below, we shall denote the vari- 
able part of quantities by means of a prime.) It is also evident that the pressure should be continuous at 
the boundary: p, = Pp». 

For the derivation of two more (vector) conditions, we write down the condition of continuity of energy 
flow: 


ni(p— Se) hem(E+-£7) 


across the boundary (qx; = x2) and consider that, because of the equations 


CG) : G) - 
or (es) + div (po vn) = 0, oe + div (pcvn) = 0 


the quantity o/c remains constant. Separating in each of the cofactors the part that is linear in the os- 
cillations, we easily obtain 


q = (j — pvn) (»— c) + Vnp’; (2) 


from which we can conclude that jy — pvnx and vpx are also continuous; the latter is of course obvious 
on other grounds, since the gas excitation must be at rest relative to the boundary, while the continuity of 
Jx — PYnx = — Ps (Ynx — Vgx) signifies that the superfluid part passes freely through | 
the boundary. 

First we shall write down the set of boundary conditions for normal incidence 
of the sound wave, which we shall consider to be a superposition of waves of first 
and second sound of the same frequency 


Ape Nel, , i (ky x—oot , i (Ry; x—wt 
p= Pi + Pp p= ae: “* oi pi, = be ee 


We can easily obtain a set of equations for the reflected (a;,b,) and refracted 

(a2, by) waves from the set of boundary conditions: 

inner mnaiel SON we EE eS on ee 
FIG. 2. The incident ray of second sound forms an angle gp with the normal. 

The reflected ray of second sound makes an angle gy; = yp with the normal. More-: 

over, the refracted ray of second sound and the converted ray of first sound in the 

two media make the respective angles @, 64, 62 with the normal. 
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A +a,+ b+ 6, =a, + by, — (@) + a) + =" (by + by) = == a, +=" &, 
2 


8, —1 si a,—1 Bo — 4 ipa“ 4 4 
$1181 (40 2) as Uj01A1 (0 a ox) € P2S2Be a2 + Ty be, 5181 (2 “ oy ae Uy, (bo va bx) = 


eel 
= —— a, + — by. 
SoBe ae Ushe 2 


For brevity, we introduce the notation 


(6) 1 On 


; p=— 


(ola (e) 05% a 


a = pC 


The general solution of the system (3) can be obtained by making use of the smallness of the velocity of 
second sound in comparison with the velocity of first sound. 

We shall first assume that ay=1, by =0 (only first sound is incident). As will be evident from what 
follows, in this case, ag +a, ~ a, ~b; ~ b, ~ u/s, i.e., in particular, we can consider a; *-—1 (the 
first sound is totally reflected from the superfluid liquid); in the last two equations of (3) we can neglect 
the term with a, on the right hand side, and also set ay — a; © 2. Solving the resultant system, we find 
for b, and by: 


eT uj, a, 18; re 1 — de 4{—a wergs UxAe Bi— ay 1—a 
Pi $181 ( PL 2 yal ig ) bees : S232 1 [4 ( eC ) (4) 
where the symbol AA denotes the difference A, — A. 


To find a2, we eliminate ag+ a, from the first pair of equations of (3) and substitute the above values 
of by, and be: 


bac By — ay Uy, Qy 4— 8B, 1— de Ughe 1— By 1— a 1—a bre 
d= 2 1 lank PL phieic: tence 2 + 01 ILA ( e )I : (4a) 
Now let us consider the case in which a pure second sound (a)= 0, by=1) is incident. Here it is 
seen that by — b; ~ by ~ u/s, i.e., the second sound is reflected almost totally. In this case we find from 
the first pair of equations in (3): 


Bact {/1—8 eS (Le epee gi =o 7 5 
oo 1 Be Jat e ) ve 1 /A( e ): ( ) 
Eliminating by — b; from the second pair of equations in (3), we find bz»: 
es By — ay ff Usd 4—8, 1t—ay’ Ute (1 — Bs 4 — ay 1—a\)? 5 
be te 1 [ S181 ( 01 2 ie: S282 ( P2 Be, 1 )I [A ( Ga } ; ( 2) 


The resultant formulas lose their applicability whenever the concentrations (and consequently the thermo- 
dynamic functions found in the equilibrium of phases) are close to one another. By virtue of the small 
difference between the properties of the phases, sound is almost completely transferred from the first 
phase to the second (a, ~ a; by ~ bo). To find the amplitudes of the reflected and converted waves, we 
must expand (3) in powers of Ac. As a result of the calculation, we obtain for the case of incidence of 
first sound (a;,=1, by =0): 


4 ° Dieta Pes reg ee Oe Bra a 
| eae tuk aN aa\ie warren 1. o2 yin (pea) on Om 
1 1—B 1—a ud 1—8 (6) 
= e Bre eee eee OE Ree, ee ee A 
n= Tera rik E sp oer | bs psa 14 ° sB ° } 
and for the case of incidence of second sound (a = 0; bo = 1): 
4 e ea ee Pet ee ee A Ae Oe 
by = 5 Aut — oa ay ° leas 2 (68 — a) cua” 
4 1—6 @ 
° sB 1—a lS 2 SOU See ey A ee ou 
vas wear ° aS ° | a= se ay [ae ° ° | 


There still remains the case in which one of the liquids is not a superfluid. The corresponding system of 
equations can be obtained from (3) by passage to the limit for pg— 0, ie., B—-~. Then the second 
equation of (3) yields b= 0, while in the remaining equations, we can set b=0, B=. 
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Thus, if the sound is propagated from the first, superfluid medium into the nonsuperfluid (fB, =), | 
we then get the set of equations ‘ 


A= Ph (gay) + LH (6) — 8) = — —— te, (ap 0s) be +o — WO) 


01Uy ay P2S_ 7 


Ay + A, + by + Oy = Ag, 

For incidence of pure first sound (a)=1, bo=0), we easily get, assuming that u<s, | 

a 0151 a 1 Si \, wh eae Re 0151 \, — 9 MM P15 are Oy ei (3 | 

Pu (! 3, P2 Se V0 Bi aA 2 = ) oa 2 Bi aaa By G2 52 J” ui ; S181 P22 ae Bx Fs ae ( ) 
If only second sound is incident (a) = 0, bp = 1) 


a, =—2/(14 2 Bae); = 2/ (14 sc Am gos b= 1-28 (14 Be Bee), (9) 


0151 Bi P2S2 1 — O11 0151 


If the nonsuperfluid is the first phase (8,;=«) and the sound is propagated from it, then we get a sim~- 
ilar set of equations: 


| 


| 
P28 252 ig i — 2 0252 Bo 2S2 Bo hae Wea | 
i era (i= ce = — aa ae ) )/ (1+ 3S2 ar cD) a ae 9181 B2— ae ( (1 ap 9181 Bez — ae ) A SoBe * U9) 


With the help of Eqs. (4) —(10) and the formulas for the energy flow (2) [which it is expedient to trans- 
form in the following fashion 


: pO ; 
q=(j—90,) (»— Se) +0,p' = 4 a i= %q +4), 


we can without difficulty calculate the reflection coefficients Ry = lal , Ry = |b,|? of the first and sec-_ 
ond sound, and also the ratio of the transmitted and converted energy fluxes to the incident. The results 
of the calculation are given in the Appendix. 

These formulas can easily be generalized to the case of the incidence of the sound at some arbitrary 
angle by making the substitution s — s/cos 6; u-- u/cos g and adding to the conditions for the determi- 
nation of 64, 02, 4, 2 those following from ky = const: 

sin _ sin: __ sins _ sing» _ sing: _ singe 
Sy Sy So uy uy ue 
Since u < s always, then for incidence of the first sound at an angle 6) ~ 1, the generated ray of sec- 
ond sound will make an angle g ~ u/s « 1 with the normal, i.e., it will go essentially along the normal 
to the surface. For incidence of second sound on the boundary of separation, its conversion into first 
sound will take place only if go < sin-!(u/s); in the opposite case, satisfaction of the equality sin @/s = 
sin y/u will not be possible. 

The values of p(c) and the velocities of first (s) and second (u) sound determined by experiment 
enter easily into these formulas. The investigation of the passage of sound across the boundary between 
phases permits us to resolve the problem of the validity of the equations of hydrodynamics for concen- 
trated solutions. 

I express my gratitude to Academician L. D. Landau for discussion of the work. 
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APPENDIX 


Relation of the reflected, refracted and converted energy fluxes to the incident. 
[ Notation: (1-—a)/p = A, (1—8)/p = B] 


1. Both liquids superfluid, the values of the concentrations not too close to one another [ (Ac)*sB/pa 
SS uk 


(a) Incidence of first sound: 


far __ 4 Ua, Yaw 
ee = = aap | (Bs — Aa)? SE + (Bi — Aa) (Ba — Aa) SH] , 


5181 
"Sag nes 4 51By oe ed 


ya wae 
Jao —«- SaBe (A; — A2)4 As) s 3, (Bei — A,)= 2° ae 


Gon = uja, (By}— Ae)? Foo = 4 Yate Usa (A= 8) ae) 


Gao Sid (A= ws)? 4 Jao “S81 (Ay — Az)? 
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(b) Incidence of second sound: 


Ip} AS Bont 4 a 2. — is Uj, 
ea a eg eB) 
Io2. ae Uj), (A; — By) (Az — Be) a mer a Ug%, |? 
Tp aie UA (A; — A2)* a A 2) Br ue (Bs ae: eal 
doin 4 Ud, (By— As)? Yaa 4 UjAy pe nares 
Ibo  sibr (AY Aa)” Gio S282 (Ai — Ao)? 


2. Both liquids superfluid, values of concentration close together [(Ac)*sB/ua « 
(a) Incidence of first sound: 


Gai 4 1 om Jag WS. 

qe = [ap 88 + ray (4 + 8D] oo = 1+ 0[(Ac)?], 
Yn _ sB_(AAP_, _AA-AB 
Gan 8% 4(A—By * 2(A—B/}’ 
4m _ 38 (AA? AA-AB 


ay ua 4(A—BP 2(A—B)?* 
(b) Incidence of second sound: 


Inn =| 4 


Wy a 
fn = [5 Aue — Tap SA +B]; “2. = 1+ Ol(Ac}, 
dar _ sB (AAP 2 AA-AB 
In ua 4(A—B) * 2(A—Bp’ 
Jaz _ sB (AA)? AA-AA 


In ua 4(A—B)? 2(A—B)* 


3. Second liquid nonsuperfluid 


(a) Incidence of first sound (21 = (— eee 0151 ya 


Jar _ (1— he ov A, 
Jao Bi 252 


aOR sy 0351 (1— Va 
Jao 252 Ba s 


Jou IAA (2a 
Ga6 4B P2S2 
A e282 By — a \"2, 
(b) Incidence of second sound 2, = (1 oh oes 1 | : 
9n1 4 Uj %1 2a 
Joo 18 
Jat pee Ape 22, 
Ino SiBi 2 


=i 
Ias, =4ot (1 ve 0151 By ) Dy 
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It is shown that under some very general assumptions, scattering of electrons by protons is 
determined by two real functions a(q’) and b(q’) of the invariant q? = (p; — p.)? (p, and 
Pp, are the four-momenta of the electron before and after the collision). Experiments with 
polarized electrons and protons are considered which permit one in principle to determine 
the particular form of the functions a(q*) and b(q?). 


I. In the region of not too high energies, where the proton recoil may be neglected, the scattering of elec-| 
trons by protons is considered as the scattering of a Dirac particle in an external field. At high energies 
both particles are relativistic, which leads to a formula of the Mgller type for the scattering cross section 
Here, we must take account of the anomalous magnetic moment of the proton, which may be done by intro-- 
ducing a suitable term into the Hamiltonian of the interaction of nucleons with the electromagnetic field. | 
But if the nucleon recoil momentum q 2c, where yp is the mass of the m-meson, then the nucleon may | 
not be considered to be a point, and a more detailed analysis is necessary, taking account of the interac- | 
tion of the nucleon with the meson vacuum. It is clear, from semi-intuitive considerations, that this leads: 
to the appearance of two form factors characterizing: 


A the distributions of charge and anomalous magnetic 
‘ / moment of the nucleon. However, a more rigorous | 
\ { investigation of this question is appropriate, partic- | 
a _ ularly in connection with the interpretation Hofstadt— 


er’s! experimental results. 
{ 2. The simplest Feynman diagram corresponding: 

FIG. 1 FIG. 2 to e—p scattering is shown in Fig. 1 (the heavy line: 
corresponds to the nucleon). The corresponding ele- 
ment of the S-matrix is * 


Sif = — i (2r)8e?M;. 53(p, + Py — p, — Py (1). 


* We use the system of units in which h =c=1 and a = e*/4q = 1/187. 


| r(P) 


_ to a first approximation, of nucleons with the electromagnetic field. 


SCATTERING OF ELECTRONS BY PROTONS 589 


/ where 


Mis p= GQ? (U (Po) wl (P2)) (U(pa)ie U (1); (2) 
the capital letters denote quantities referring to the nucleon, the small letters to the electron, and q = Py 
=D) — Py 2 ie 

Limiting ourselves to the first nonvanishing approximation in e, and wishing to take account of all mes- 
onic radiative corrections, we must, along with the diagram of Fig. 1, take into account all diagrams of the 
types shown in Fig. 2 (the dotted lines refer to t-mesons). Clearly, the totality of all such diagrams to- 
gether with the diagram of Fig. 1 leads to a matrix element differing from Eq. (2) by the replacement of 


: y[?) by r(p) (Pp, Py), 


Mi. =F? (aT (Po, Px) Us) (Uy Wen). (3) 


(P,, P,) is the vertex operator taking account exactly of the interaction of nucleons with mesons, and 


We will attempt to establish the most general form of the matrix element (U,r{P) (P,, Py) U;). The 


_ operator I), is a vector, and must therefore be a sum of expressions containing the vectors Pi» Poy 
| (or, which is the same qy = Po, —Py,) and Yy as factors, since there are no other vectors. In addition 


to the vector factor, each such expression, generally speaking, contains a function of the invariants P?, 
Pp? and P; ° Py as a factor, and also the factors P;, P, (or q), arranged in a different order. But for real 
states of the nucleon, P? = P3 =— M’, and P, - P, = g?2/ os CA ee the above-mentioned functions depend 


- only on the invariant q’. Taking the identity Pie 1/2 ( Pi vy + Yy,P4) and a similar identity for Py, into 


account we may limit ourselves to the consideration of only those terms in the expression for Vy which 
contain the vector factor Y- These terms may still contain some number of factors P, and P, in various 
orders. 

Using the commutation relations, and also the fact that the operator P, in the extreme left position, and 
Ps at the extreme right are equivalent to numerical factors iM, we conclude that effectively [in Eq. (3)] 
Ty reduces to the sum of four terms, each of which is a product of functions of q? and one of the follow- 
ing operators Pity YpPa: PivyPe and y,. But 

Pre = — Gin + Poy, > (—G +iM) yp. 

In the very same way we obtain 


tuPeta(GtiM), — PrtpP2= tn — 29.9 — FP + Pod + PotePr > (— M+ 4?) 12 — IM (Qe — 1D), 
since in view of the equation of continuity 
(U29.gU3) = qn (U2qU;1) = 0. 
Consequently, the operator Uy in Eq. (3) may be represented in the following form: 
Du (Pas Ps) = (92) tu + (1/4) [01 (47) 19 — 52 (77) Qe) - (4) 
From the invariance of the theory with respect to charge conjugation, we have? 
Ty (Pe, Ps) = — CVn (— Pi, — Pe) Ct. 


Hence, it is not difficult to find that b (a) =, (q’). Taking into account further that a7 y Sane + 2au 
and that terms containing the factor q,, do not contribute to the matrix element (3) [since in view of the 


equation of continuity for the electron flux dy (Uyy,{ ©)uy) = (U,qu;) =0], we finally obtain* for Ty, 


Ty (Po, Ps) = 2 (9°) te + (16 (9°)/2M) Yo: (5) 
The quantities a(q’) and b( q’) may be considered as the form factors of the electric charge and the 
anomalous magnetic moment of the proton. For q «<p the quantity a (q?) is practically equal to unity, 


* After completing the present work, we learned that Salzman? arrived at the same result using the 
gauge invariance of the theory. The authors thank Dr. G. Salzman for sending them a prepublication copy 
of his work, “Nucleon Structure in Statistical Theory, ” which contains a refrerence to the above mentioned 


article. 
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and b(q’) to the anomalous magnetic moment of the proton, expressed in nuclear magnetons. Eq. ( P) | 
refers as well to the neutron (of course, with other functions a(q’) and b( q’): for the neutron, as.q° > 0, « 
a(q’) approaches zero, and b(q”) approaches the anomalous magnetic moment of the neutron). . | 

3. We will prove that the quantities a( q*) and b(q2) are real. For this purpose, we will consider the _ 


scattering of a proton in an external, infinitely weak electromagnetic field 6A ps In this case, the S-matrix; 
may be written in the form 
S m3 So — S), (6) 

Ape Ae é | 

where Sy is the scattering matrix in the absence of an external field, and S,; is linear in 6Ay. From the | 
unitarity of S) and S;, we have | 
SUES sce 0) | 
For the matrix element between states in which there is only one proton with momentum P, or Py, respec 
tively we obtain from, 


(1P,|S,|4P:) = — >) (4P2| So |m) (mm| S¥ |1n) (n| So|4P,), (3) 


m,n 


where m and n are sets occupation numbers, characterizing the specified states. Clearly, the element ~ 
(n|S)|1P,) differs from zero only if the state n is a state with only one proton* with momentum P, 
(IP, | So| 1P,) = 1. (9) 
Therefore, 
(1Pgl'S;7 dP) SPAS? Pp Pz) SPH, (10) — 


On the other hand, the same matrix element may be calculated directly. To the first approximation in 
e, and without taking account of mesonic-radiative corrections, we have 


(1P2[Si|1P,) =—e(UateUi) Ang), 8Ay (q) = § 9A, (x) e-erde. (11) 
aay account of all mesonic-radiative corrections reduces to the replacement of Yu by My (Po, Py), Us 
by zi/2U, and U, by Zi/?U, in Eq. (11). Equation (10) now gives 

Ty] 2 Tp) S 2 
(UT, (Pz, P1) Uy) 8Ay (P2 — Py) = — {(UiPy, (Pi, Po) U2) 86Ay(Pi—Po)}*. ae 

Taking into account the relations 
BA, (9) = BAx(—4)}* for w= 1,2,3, BAy(q) = — (2A, (—q)}* (3) 


and the transversality of 6Ay 
qu ®Ay (9) = 9, (14) 


we obtain for the transverse part of Ty, (Pe, Py), which is the only significant part, 


(Ta (Ps, Py)Uy) = — (OT, (Pi, PyUp” tore w—1,2,38° (a1, (Ps, Py) Us) = Ue (Py, P,) U,)*. (15) 


*Eq. (9) is valid if mass renormalization is performed. 


+ We do not make the transition from 6A m (q) to 5AL, (q) since we are considering the electromagnetic 
interaction only to the first approximation, and the interaction of the electromagnetic field with m-mesons 
does not contribute to bAy, (q) because of the even charge parity of n°. If neutral mesons, interacting 
strongly with nucleons and decaying into an odd number of photons, existed, then instead of Ty, (Pe, Py) in 
Eq. (3), we would have the operator V,, (Py, Py) which differs from I’, by a contribution from graphs of 
the type shown in Fig. 3 (page 591; the double dotted line refers to a meson of odd charge parity). In this 


connection, Eq. (5) would hold for the operator Vu» and all the equations obtained below would remain 
unchanged. 
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| Now substituting Eq. (5) for Ty, .we finally obtain 


a°(q?) = a(q?), 6°(q?) = 6 (q’). (16) 
That the functions a(q’) and b(q?) are real may also be proved without introducing an external field, by 
I consideraing directly the scattering of electrons by protons to the first novanishing approximation in e. 
| For this purpose, we must expand the S-matrix in a series of powers of e, and limiting ourselves to 
three terms of the series, S = Sy +S, +S, (So, S; and S, are the terms of zero, 
first and second order in e, respectively), we must use the unitarity of S and Sp 
on the one hand, and Eq. (3) on the other. 

4. In the present state of theory, the form factors a( q’) and b( a?) cannot be 
calculated. Their determination from experiments on the scattering of electrons 
by protons could yield important information about the structure of the nucleon. 

In principle, knowing the elastic scattering cross section doy as a function of the 
scattering angle 3 and the electron energy €,, each of the form factors a and b 
FIG, 3. may be found separately, since one and the same value of q’ is obtained for var- 
ious 3 and ¢€,, and in the expression for do, the varaibles $ and e€, enter not 
only in the combination in which they are contained in [see Eq. (28)]. But the unique determination of 
the quantities a and b is made difficult by the unavoidable errors in the experimental values of dap. 

The problem would be simplified considerably, given an additional relation between a and b, which 
could possibly be obtained from experiments with polarized particles. However, as will be shown below, 
the simplest experiments of this kind (for example, investigations of the azimuthal asymmetry arising in 
the scattering of a polarized beam on an unpolarized target, or the polarization of particles obtained by the 
scattering of an unpolarized beam on an unpolarized target) cannot accomplish our purpose, since the 
corresponding polarization effects are proportional to the quantity Im(ab*), which vanishes in view of 
conditions (16). 

Before going on to the consideration of more complicated polarization experiments, we will introduce 
some equations, with the aid of which the state of polarization of a beam of relativistic particles with 
spin 1/2 may be described.’ The corresponding density matrix for particles with mass m and momentum 
p is 

p= Yo(1 + is6) u (p), (17) 


where n(+) (p) = (1/2e) (m — ip) v4 is a projection operator onto states of positive energy € = + vm? + p*. 
The four-vector € = (€, €4) describes the polarization of the beam. In a coordinate system in which 
p = 0, the fourth component of the vector € vanishes: € = ce 0); in an arbitrary coordinate system, 


C=C +— 0, G= a pl. (18) 
4 
Ct and 4} are the transverse and longitudinal components of the vector €) (we note that ¢-p = i z ; te Pu 


= 0). The three-vector’ € is determined through the known density matrix p by the relation € = (€/m) Sp 
(iy y475P). In the future, we will denote the polarization vector of electrons by €, and of protons by Z. 
Information about the quantities a and b may be obtained from the following polarization experiments. 
(a) Scattering of polarized electrons on a polarized proton target. It will be shown below that the cor- 
responding cross section is 


ds = do, (We MEiZ), pa 


where doy is the scattering cross section in the absence of polarization, and the coefficients Mj, contain 


the ratio b/a in a known form. We note that terms of the type Ki; and Ly Zk are absent from (19), 
i.e., as already noted, polarization of the target alone, or of the incident beam alone, has no effect on the 


scattering. 
(b) The resulting polarization Z, of the recoil protons during the scattering of a polarized beam of 


electrons (€,) on an unpolarized target (Z; = 0). In this case, 
Zoi = Hin can. (20) 
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Similarly, the components of the polarization vector of the scattered electrons € will be 
Cor = Bin Syn. 

The coefficients aj, and Bj, also contain the ratio b/a. 


(c) Similar effects arise in an unpolarized beam of electrons is scattered on a polarized proton target _ 
(now the vectors Z, and €, will be linear vector-functions of the vector Zy). 

(d) Still more complicated experiments associated with the measurement of the polarization of the ~ 
scattered electrons or the recoil protons, arising when a polarized beam falls on a polarized target. 

We shall consider only the simplest cases (a) and (b), prove relations (19) and (20), and calculate the 
quantities Mj, and aj,. 

In the case of the scattering of a polarized beam of electrons on a polarized proton target, the scat- 
tering cross section is 


(21) _ 


4 dQ / 
do = = x ; BW ]degy OP (Mer Mn (os) nbf (Ps)]. (22) 


M is the transition matrix element, p; is the density matrix of the initial state and is the direct product 
of the corresponding electron and proton matrices, 


eae dees a) a) (pi) X YeC1 + iysZ1) ast (Pr), a 


and nt) and 7 (+) are projection operators for the electron and the proton. 
Performing Me calculations in the laboratory system of coordinates (P, = 0), we have 


do = (5) Safa WPoy + Rav Ga) (Quy + Suv (Za) Cs 


where 


1 A .* 4 ib ree .* 
Puy = Py = ~Z-SP [tp (™ — ips) ty (tm — ipe))], Quy = SP he (a+ oh q)(1 + 7a) (a + 3 9) »(M — iP), (25) 


1 ss es LA A 4 ip a\.. & A Sere a 
Ruy = — hy = = SP [ypdsS1 (™ — ipy) Yv (m — ips)], Suv = = SP be (a ate Shi 9) i124 (1 =F iia) (a Bi Sai a) {0 (Mi iP,)| : 


Q py and S ,,, may be represented in the form of a sum of symmetric and antisymmetric parts with re- 
spect to the indices py and v, But we may convince ourselves by direct calculations that the antisymmetric | 
part of Quv and the symmetric part of Suv are proportional to ab* —a*b, i.e., are equal to zero in| 
view of the reality of a and b. Consequently, 


Quy = Qi ee = Sone 
and (24) takes the form 
ds == doy {1 + Ris (S) py (Z;) / Pn Ovals dsy — (e? fi 4x)? (e5dQ / 2{Mq*) PasQust: (26) 


After some tedious calculations in which we everywhere neglect the mass of the electron m compared 
with M and ¢«, and assume that 3 >m/e,, we obtain* 


d ds | 
0 = (an) HGR) (Zh Mak-+ Mul), (27) 


BY : SS 
es f es a? cos? 5 [1 + nu® +2 (44 u)? tar? >| 
0 


dQ = 4 M2e2 (1 +2 sin? +) sin! ee oo) 
* 7 et : 4 
Mus = tn -5-[ 4 (1—-» +=-)—3], Mis =e1(4-—#), (29) 
om 2 (1 + u) tan( / 2) 
"4 gy + 2 (4+ ew) tan2(O/ 2) ’ (30) 


Joie ae was obtained by Rosenbluth®, who attempted to find an explicit form of the form factors 
a(q°) and b(q"), considering several of the simplest Feynman diagrams of the type shown in Fig. 2. 
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mere % is the scattering angle of the electron in the laboratory system, = €,/M is the electron energy 
|| in the same system, expressed in units of M, 


1 = ie =P sine / (1 + 2tsin? >), (31) 
» (4) = (4?) /a (4), (32) 


| k = p,/ Ip, | is a unit vector in the direction of the incident beam of electrons f= [k xn], andn =[p 

xX py]/| [Py X P.]| is a unit vector normal to the plane of scattering. We used (18) in the derivation of 

| (27), Terms containing e Q, ey n and Zz n were of the order m/M, and were neglected. 

Taking the axes 1, 2, 3 along the vectors k, n, 2 we see that (27) reduces to (19), and (29) gives 
those coefficients M;, which differ significantly from zero. To give some idea of the orders of magnitude 
which may be expected, the coefficients M,, and M3 are shown in Fig. 4 as a function of energy é at 

| 3 = 1/2 for a point proton (u = 1.79). 


| es us now consider case (b). The polarization of recoil protons, resulting from the scattering of a 
polarized beam of electrons on an unpolarized target is 


2, = (Ea/M)Spliyyersn'y (Ps) Dt /o(4 + evs nS (pr) /onGp (Pa) Mtg (po)n (Ps) 
Sp [M 4. (1 + iyst)n? (P1) 4/2 Hof? (Prt (Pe) ny (P2)] ; ee) 


ee, Letting 


x 


4 ; of 
B= — By, =. 9p [étsr (M — iP,) 


i ib Es 
x iw (a+ 579) (1 + Ya) 


| (34) 
bo” vA 

| x a+ sar 4) (M — iP,) | 

we obtain 

Z,= BuvRyv (C1) i MP 2Q:a 5 ey) 


: where P,,, Q,, and R,, are determined by 
f FIG. 4 FIG. 5 (25). We note that the antisymmetry of 

B,,, results from the reality of a and b. 
Afer some tedious calculations, we find to within quantities of the order m/M, m/e, 


t S 2 2 e 2 
23 = (2k) (Hak + ail), a = MEE — fa (84-4) + 14+ -]t eet +e +1— = ot? 31, 


or = Pe {— af e (14+—)+_]+e+2+4} ey 
_ [compare with Eq. (20)]. The coefficients a,, and a3, are shown in Fig. 5 as functions of & at $ = 1/2 
for a point proton. 

We note in conclusion that since the quantities a and b depend on q?, an unlimited number of in- 
dependent experiments exist, through which the two quantities a and b may be determined for a definite 
value of q’. Even if we limit ourselves to electrons of definite energy ¢,, the number of independent ex- 
periments involving polarization is greater than two. Therefore, it is possible to compare the results 
obtained for the quantities a and b from various experiments. If such a comparison leads to contradic- 
tions at high electron energies, it will be a significant indication of the inapplicability of the existing 
theory at sufficiently great electron energies, or, which is the same thing, at sufficiently small distances. 

The authors thank Prof. I. Ia. Pomeranchuk for his interest in the work, and for helpful discussions. 
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A theory is developed for the hyperfine interaction of a localized electron with nuclear mag- 
netic moments, displaced by a certain distance from the center of symmetry of the electron 
wave function. The hyperfine structure of the electron energy levels has been derived. The 
calculation is performed with the aid of “smoothed” and detailed F-center wave functions. 
The result enables one to develop a theory of paramagnetic absorption of radio-frequency 
waves by F-centers. As examples, the shape and width of the absorption lines in KC1 and 
NaC1 crystals has been obtained. 


1, INTRODUCTION 


Tue application of the methods of radio-spectroscopy fo the investigation of localized electronic centers 
in dielectrics and semiconductors has led to a series of important new results.!~> In particular, it must 
be pointed out, that these experiments made it possible for the first time to learn something quantitative 
about the distribution of the electronic y-function in a crystal;* to observe the very small effect of the 
g-shift! (spin-electron resonance); to determine the effective mass tensor® (cyclotron resonance), etc. 

The spin-resonance absorption of radio-frequency waves by F-centers in alkali halide crystals has 
been subjected to a particularly thorough experimental investigation. It was shown that the half-width of 
the absorption line in these crystals was several tens of oersteds. The intensity curves have a nearly 
gaussian shape. Attempts to explain such a large half-width of the absorption line by means of the inter- 
action of the magnetic moments of the electrons in the various F-centers were not successful, since, for 
the F-center concentrations attained in the experiments (10!7 — 108 cm’), this interaction leads to a 
narrow absorption line, whose half-width is of the order of a few hundredths of an oersted. Kip, Kittel, 
Levy, and Portis‘ proposed that the reason for the widening of the absorption line was the interaction of 
the electron in the F-center with the magnetic moments of the nuclei of the metal ions which surround the 
missing halogen ion. 

As is well known, two models are currently accepted in the theory of F-centers, i.e., the “continuum 
model” and the “molecular orbital.”"* Application of the orbital model, according to which the wave 
function of the electron has the form of a linear combination of the wave functions of the atoms surround- 
ing the vacancy, led to the correct order of magnitude for the half-width of the absorption line. In con- 
trast to this, estimates of the half-width based on the continuum model resulted in a disagreement between 
theory and experiment of from three to four orders of magnitude (in Ref. 4, the disagreement was some- 
what less because the authors of that work used the somewhat incorrect model of Simpson, instead of the 
results of Refs. 6 and 7). Hence, it was concluded that the continuum model was not valid. As we shall 
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| show, this conclusion is unfounded, because two essential points have been missed in Ref. 4, as follows: 


1. In the calculations, the results of Fermi?® for the hyperfine interaction in the s-state of hydrogen 
| were used. The coupling constant in this case is given by the equation: 


Av = (162/31) pp’? (0). (A) 


| Here p and y’ are the magnetic moments of the electron and nucleus respectively; I is the nuclear 

| spin; y(0) is the value of the electron’s wave function at the point where the proton is situated. Using 

this expression, Kip et al. substituted for w (0) the value of the wave function at the point where the 

| nearest metal ion is found. 

However, the Fermi formula is valid only when the center of symmetry of the wave function coincides 
with the location of the nucleus. In the case of F-centers, the nuclei of the ions are displaced with re- 

spect to the center of symmetry of the wave function by the lattice constant. Thus, the wave function does 

| not have spherical symmetry with respect to the ions, and Fermi’s formula should not be applied. There- 

| fore, to calculate the spin-resonance broadening correctly, one must construct a theory for the hyperfine 

interaction between the electron and the magnetic moments of the nuclei displaced by a certain distance 

| from the center of symmetry of the F-center’s wave function. 

| 2. The potential for the spin-nuclear interaction is not smooth. Therefore, the calculation of physical 

| effects from such a potential requires that one use detailed functions’ rather than the “smoothed” func- 

tions used in Ref. 4. This point is indicated in Ref. 11, without, however, any special grounds. 

In what follows, we shall develop a theory for the spin-resonance broadening of the electromagnetic 

/ emission from F-centers with the help of the observations described above. The continuum model of F- 

' centers and the effective mass method of Pekar’ are used. 

In Sec. 2, the hyperfine interaction between a localized electron in an applied static magnetic field, and 

the magnetic moments of several nuclei, displaced with respect to the center of symmetry of the electron’s 

' wave function, is considered. For this analysis, “smoothed” electron functions are used. In Sec. 3,a 

similar calculation is performed for detailed wave functions, which permits one to construct a theory for 

the shape of the paramagnetic resonance absorption line associated with the absorption of radio-frequen- 

| cy waves by F-centers. 


2. HYPERFINE INTERACTION OF THE S-ELECTRON WITH THE MAGNETIC MOMENTS OF 
DISPLACED NUCLEI (“SMOOTHED” F-CENTER FUNCTIONS) 


We shall limit ourselves to the Pauli approximation to describe the behavior of the electron, as well 
as that of the nucleus. In Ref. 14, it is shown that a very general calculation, in which Darwin’s relativ- 
istic approximation is used to describe the behavior of electrons, leads to the same results. 

The energy operator for the interaction between a localized electron and the magnetic moment of the 
ionic nuclei can be written in the form: 


A S 
ON Sarco >» Hj, (1) 
J 
Here Hj is the contribution to the magnetic field from the nucleus of the j-th ion 


A; = (p;/7;) curl curl (1; / 9;), (2) 


where p; and I; are the magnetic moment and the spin of the j-th ion; pj is the distance between the 
j-th nucleus and the electron. Expanding 1/p; into a Fourier series 


Lebael Tepe : (3) 
Eee pes meme iy aed 
ej an Je ki 
and using (1) and (2), we find 
A U 4 ie ik,e, OK; 
UO =4ne D 8() 7 — ae ‘ > 7 { (lik; (Ski) 7 re (4) 
J 


The wave function of the system, ¥, depends on the rectilinear coordinate, r, of the electron, and 
on the spin coordinates of the electron, s, and of the nucleus; Sj In the zero order approximation, when 
the hyperfine interaction is ignored, ” can be written in the form of a product: 
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¥ (r,s, 5) = ¥(r)x(s) Ix’ G)- (5) 


Forming the matrix of the operator of Eq. (4) with the rectilinear part of the wave function (5), we ob- | 


tain the operator for the hyperfine interaction, W, depending only on the spins of the electron and of the 
nuclei 


j esl Bj 1 eS ia C i: ‘ aik yp, thy ik jr yo ig f 
Wa 4n-£8 D1 (R)— arg 4 r ((1ik) (Skj) ew z [eMi"ye(r) ds, 6) 


Here R; is the distance from the center of symmetry of the wave function to the j-th nucleus. 
The second term in (6) can be put in the form 


Le SS 0? 
BESTT, ayn aR a F (RD 


The indices m and n signify the components x, y and z. Using as the form of the F-center wave func 


tion the expression 


we obtain 


F(R) =e [1— et (1+ ae aR) +R} + 7-@RF J]. (8) 


In crystals in which the radius of the F-center wave function is not much greater than the lattice con- 
stant, one can sum over j in (6) by limiting oneself to the first coordination sphere. In a lattice like 
NaCl this means summation over six metallic ions, which are closest to the vacancy, all located at the 
same distance R from the center of the vacancy. In this case W simplifies to 


6 6 
W = AS D\1; + BS >} Ry ()R)), (9). 
if}=i ifs! 
pe a We 3 5 4 
A=sige[—lter(ltat+S+ et aee+t oH): (10) 
2 su’ ue q? g qt qg 
BR = sn; |1—e (lt+gt+F+$+Ht+h) ’ 


q= 2aR. 


If the z axis coincides with the direction of an applied static magnetic field, W can be transformed 
into the form 


6 
W = S3 > INO COS &; a 10 cos B; + 1 j200S Yj), 
J=0 


(11) 
BR,, R, BR, R, A-+ DR? 
Soa =, jz {x Zz z 
Aj; =V A?+B(2A + BR*)R?,, cosa; = re , cos fea COS = aes J (12) 
or 
6 
W=S, 2 Aj ling (13) 
=1 


where nj are orthogonalized direction cosines defined by (12). 


If we form the matrix of the operator W with the spin part of the same function (5), we determine the 
terms of the hyperfine structure 


6 
W=S, DAL, 


j=l 


(14) 


where Sz has the same meaning as the spin operator of the electron and Ij is equivalent to I... As 
seen from (14) and (15), the energy of the hyperfine interaction depends on the orientation of the acne 
field with respect to the crystal axes. To estimate the maximum width of the spin resonance broadening 
we apply a magnetic field along one of the crystallographic axes of the crystal and 


w=s,|A Dis + (A + BR) D1; | (15) 
yea j=1 


g(r) =a (1 + ar)e—*" /V 7a, (7) | 
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The effective magnetic field, corresponding to the maximum value of Wy» is found to be equal to 
i Wal ee | (16) 


Numerical calculations show that for alkali-halide crystals the maximum width 6 = 2h is equal to 1— 2 
Oersted. 

Thus, it has already been shown that taking into account the first of the conditions enumerated in Part 1 
leads to an increase by a factor from 10 to 20 of the line width as compared to the estimates made in Ref. 
4. This increase in width is not, however, sufficient to bring the theory into agreement with the experiments. 


3. PARAMAGNETIC RESONANCE OF F-CENTERS (DETAILED FUNCTIONS) 


Equation (6) for the operator of the hyperfine interaction also permits one to proceed with a calculation 
using detailed wave functions. The latter are written in the following way: 


Diy eOrten, (17) 


where g is the smoothed F-center wave function [Eq. (7)], is the normalized Bloch wave function of the 
electron at the bottom of the conduction band and © is the volume of the fundamental cell of the crystal. 

In crystals, in which gy? (r) decreases comparatively rapidly as the distance from the vacancy increases 
(alkali halides have this property), after substituting (17) into (6), the summation over j is sufficiently 
accurate if it is limited to the ions in the first coordination sphere (the metal ions). No essential difficulty 
is introduced if one does the calculation while taking into account the ions in subsequent coordination 
spheres, 

Using the tight binding approximation, the Bloch function u can be written as a linear combination of 
atomic wave functions. For crystals of the type KCl, these will be, obviously, the atomic functions of 
potassium (Wg) and of the chlorine ion (wW q) 


u=C/Do,4+ 6, Do]. (18) 


Here C is a normalization constant. The constant C3, from the evaluation conducted in Ref. (4), is less 
than unity (in KCl it is approximately 1/6). Summation over s and q is extended over all positive and 
negative lattice points, respectively. 
Substitution of (18) and (17) into (6) and neglecting small triple overlap integrals leads to the follow- 
ing result: 
HOC LS YF trie (RY (DBR) +4 DH Rd] 
s q 


j 
nee \ (Ijk;) (Sk;) ei as \ el @(r) [> o+ Ci Divi] ax} (19) 
i s q 


In Eq. (19), in view of the rapid attenuation of gy? (xr) the second and fourth terms are considerably smaller 
than the first and third. This is true also for the case of a central halogen ion, q=0, (anion, in an un- 
colored crystal, replaces the vacancy). In fact, one should substitute the value of the wave function at the 
point r = R; into the second term (where R; is the point at which the metal ion is located). Nevertheless, 
in view of the rapid attenuation of atomic functions (e.g., the ion C1~ ~) this term, as has been shown by 
calculation, at a distance equal to the lattice constant, is considerably less than the terms of the first sum. 
Numerical calculations show, that even in the integral the main contribution is made by the terms which 
depend on the wave functions of the metal atoms, and the terms containing V4 can be neglected. 

Taking all this into account, and also normalizing (18), W can be rewritten as follows: 


6 6 6 
» : 6: 1 py’ dk; « —i (k;R; ik; ; _ 0 
W = Fy 4nQqe? (R) 9° (R) puberty Qo DONG ikneseare es \e iP @%(r) 02 (r) dc. (20) 
Here Q) is the volume of the elementary cell of the crystal. 

To perform approximate numerical calculations, one replaces gy? (r) in Eq. (20), by the functions of 
Eq. (7), and yp (r) is replaced by the Hartree free-atom wave functions for potassium in KCl and sodium 


in NaCl. 
Performing the integration in Eq. (20) is especially convenient, if gy? and yw? are approximated by sums 
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of gaussion exponentials: 


‘4 


2 3 =O. 72 
wobec t= eae (21) 
Pp 


(p =r — R). The error associated with the approximation in the integration interval does not exceed 7%, | 
if the summation in the first sum is restricted to ten terms for KCl and seven terms for NaCl and to three 


terms for both crystals in the second summation. i 


Cumbersome, but in principle not difficult calculations, lead to the following expression for W: 


6 6 6 4 
A A Sy A a “| A 
W =(a+ Ay + Ar + As) D'S: fie + (Bo + Bi + Ba) d Se Rie (UiRi) +7 Be Dy SN S2Rie(HjRs). (22) 
j=1 en jis 


Here 
a= dn Oy (R) (R) (23) 
A= nik Dy agbs exp \- ar | oa et ae | : (24) | 
i=0, 1, 2; n»=n, =1; ny =4 and @(t) are Kramp’s functions 
pene ey aerial ees [tat ip +O) 
Va, + be Va, +b eee pcre, 


; ap cR? | (0° (ly) 30'(t) 3 UL) 
BoR? = K D\apb.exp{ a+ all = 0 P 0 + val 
py 


nae =k Zonon{ 22882 —s003(t-+ a 


ae (tz) 8@/ (ts), 3 a) K = ee! Qo? 


BaR? = 4K D) ap + fh) Rapbaexp {— a, FBS 8 is Bod \ oy SE Baas 


px 
In Eqs. (24) and (25) Ap and Bo are the contribution of terms corresponding to j=s; A, and B, are 
the contributions from the nucleus opposite the j-th ion and finally, A, and B, are the contributions of 
nuclei located in a plane perpendicular to R;. 

The operator (22) resembles the operator (9) and its eigenvalues can be determined, in the same way 
as in Sec. 2 (the last term in (22) does not complicate the calculation). 

As has been shown by numerical calculation, the terms A; and B;R? are smaller than a in alkali 
halide crystals. Furthermore, A; and A,, By and By, are considerably smaller than Ap and By re- 
spectively. Therefore for these crystals Eq. (22) simplifies as follows 


6 6 
W = (a+ Ao) DSc he + Bo Dd) Se Rie (i)R)). (26) 
i= ja 
In complete analogy with Eqs. (11) and (14), the eigenvalues of Eq. (26) can be written in the form 


W =S, >) Ajl;, (27) 


f=1 


Aj = {(a+ Ao)? + BoRjz (2 (a+ Ao) + BoR?]}", (28) 


Sz and Ij have the same meaning as in Eq. (14). Hence, it follows, that the hyperfine interaction energy, 
and therefore, the half-width of the spin-resonance absorption band, must depend on the magnitude of the 
angle between an externally applied static magnetic field and the crystallographic axis. The shape of the 
line, according to Eq. (27), differs slightly from a gaussian, since I; contains coefficients which are 
functions of the size of the nucleus. Calculations show that this effect is not large in crystals of high 
symmetry (lattices like NaCl), but they can be, generally speaking, significant in crystals with other 
symmetries. 

From the above it follows that, in alkali halide crystals, the shape of the paramagnetic absorption line, 
in agreement with experiment, is nearly gaussian. For these crystals 
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6 


W Sila + Ay) Sy, | (29) 


j= 


Using Eq. (29) it is readily shown that the effective magnetic field, hp, corresponding to the half width of 
the absorption line turns out to be equal to 


hy & 3.37 (a+ A,)/p. (30) 


Equation (30) leads to the following values: hg (KCl) = 8 Oersted; hg (NaCl) = 13 Oersted. These values 
are still several times smaller than the corresponding experimental ones. This difference is explained 
not so much by failure to include additional coordination spheres, as by failure to satisfy the criteria of 
the macroscopic approximation in KC1 and other alkali halide crystals. Because of this, the value of the 
wave function y (r) turns out to be decreased at the point r = R. 

If for purposes of evaluation, one proceeds as in Ref. 4 to make use of the value of yr at zero, which 
value is carried over from radio-frequency spectroscopic data (following this procedure, however, as is 
well known, causes the value of Ww (0) to be underestimated with respect to its Hartree value), hy turns 
out to be 15 Oersted. The experimental value of hy is 52 Oersted. Similar results are also obtained for 
NaCl. 

Thus, the continuum model of the F-center leads to theoretically values of the half-width of the ab- 
sorption line which coincide with corresponding experimental values within an order of magnitude. 

I wish to express my gratitude to Prof. S. I. Pekar for his interest in this work. 

Note added in proof (August 26, 1957). In a recently published paper, Feher discovered experimentally 
a dependence of the frequency of nuclear-spin transitions of the ions, surrounding an F-center, which has 
been saturated by the absorption of radio-frequency waves, on the orientation of the crystal in an external 
magnetic field. 

All the qualitative and quantitative properties of the phenomenon are described by the Hamiltonian of 
Eq. (22). In particular, it is readily shown, that the spin Hamiltonian can be written in the form 


6 6 
ve AX (Sj) = BE(SRj) (I1jRi), 
j= 


i= 


where the second anisotropic term indeed leads to the reported angular dependence. 
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The quantum states are considered for a system consisting of a crystal with two opposite 
charge vacancies spaced a distance of half a lattice period from each other and of an electron 
which interacts with the optical vibrations of the crystal localized near this pair of vacancies 
(crystal with F~ center). The problem is solved in the macroscopic approximation. The 
parameters of the self-consistent ground state of the system are calculated. The frequencies 
and absorption coefficients of light are calculated in the Franck—Condon approximation for 
photo-transitions to the lowest excited states. The azimuthal dependence of the degree of 
polarization of luminescence due to irradiation with polarized light in the F~ absorption bands 
is also computed; this dependence may be used to identify the F~ centers. The results are 
carried to numerical values for the KCl crystal. 


In the present work it is shown that in the macroscopic approximation a system comprising a crystal 
plus a pair of opposite charge vacancies plus an electron (a crystal with an F~ center) is energetically 
more favorable than a system comprising a crystal plus an F~ center (Sec. 1). Although the gain is not 
large — on the order of hundredths of an electron volt — the result obtained furnishes the basis for as- 
suming that under favorable conditions a sufficiently large concentration of F~ color centers can exist in 
a crystal. A temperature sufficiently low so that the mobility of the vacancies is small and the F~ centers 
are not decomposed by thermal fluctuations must be considered as a necessary condition for the presence 
of stable F~ centers. The formation of F~ centers can occur, for example, directly on coloration of a 
crystal when electrons are located at vacancy pairs, the concentration of which in a crystal can be com- 
parable to the concentration of discrete vacancies and even significantly exceed the latter (if the crystal 
is maintained for a sufficient time, for example, at room temperature).! Another possibility of obtaining 
F” centers can be connected with the decomposition of more complex color centers (for example M 
centers). 

An examination of the properties, particularly the optical properties of a crystal containing F~ color 
centers thus appears desirable. 


1, THE GROUND STATE OF A CRYSTAL WITH AN F” CENTER 


In the macroscopic approximation using methods developed by Pekar,” the energy of the system crys- 
tal + F~ center can be written in the form 


A h2 r,—r)P(r e (4 1 ir 2 

Here the first term represents the kinetic energy of the electron, the second — the energy of interaction 
of the electron with the polarized surroundings, the third — the energy of electrostatic interactions of the 
electron with the positive (a) and negative (c) vacancies and the vacancies with one another; the fourth — 
the energy of normal lattice vibrations; p is the effective mass of the electron: P(r) is the inertial part 
of the specific polarization of the crystal brought about by the field of the electron; € is the dielectric 
constant of the crystal; r, and reg are the distances from the electron to the vanancies a and c, R is 
the distance between the vanancies, w, and q, are the frequencies and normal coordinates of the polariza- 
tion oscillations of the crystal. 

Instead of solving the Schrédinger equation with the Hamiltonian (1) it is more convenient to find the 
minimum of the corresponding functional. If, as in Refs. 3—5, one disregards the dependence of R on 
q, and selects an approximating function to the system in the multiplicative form 


Y= b(r) O(...9n-..), (2) 
600 
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then as a result of minimizing over ®(... Q, -..) the energy of the system can be written down in the fol- 
lowing manner: | 


Hes Iie) D) pong 2 1/;)) (3) 
k 


where n, are quantum numbers of the oscillators which describe the vibrations of the lattice and J is a 
functional which depends only on the electronic part of the wave function of the system 
eee 5 et Ve e?c 2 (1) p2 (2) e2 ( 2 oP 
JO = a, \voy ae — SB ae —F [EOP ae, + \pa—s- (4) 
Here c is the well-known parameter of polaron theory.” The first three terms in Eq. (4) represent the 
corresponding functional of the F center formed at the vanancy a. 
Further, the variation of J [yw] with respect to y(r) must be carried out. 


The mean value of the intensity of the electric field set up by a vacancy c in the region where the 
electron of an F center a is localized is equal to 


a ‘ e2 

E= Vin (nas 
which in real crystals, as calculation shows, is some 10 —20 times smaller than the mean value of the in- 
tensity of the electric field produced by the vacancy a. One can assume, therefore, that the effect of the 
electric field of the vacancy c leads to a small change of the wave function of the ground state of the F 
center which has, according to Ref. 2, the following form 


Uo (r) = (Tn) Pa? (1 + arg) en %2, (5) 


Two different approximations of the electronic part of the wave function of the ground state of the sys- 
tem which take into account such a change have been tested: 

(a) W (r) is approximated by a wave function of the form Eq. (5) whose maximum is located at some 
point b which, generally speaking, does not coincide with point a: 


Yo (r) = (Tx)" a? (4 aL &fp) Cae A (6) 


From symmetry considerations it follows that the point b must lie on the axis ac. The distance between 
the vacancy a and the point b (denoted by p) and the reciprocal radius of the state of the electron a 
are the parameters of the approximation. It is more convenient to use the quantities t =p/R andx=aR 
as the independent parameters. Substituting Eq. (6) in Eq. (4) assuming t « 1 and confining ourselves 
to terms of second order of smallness we arrive at a functional which depends on t and x: 


F(t, x) = ghee Sat — pig t (9 — PE) + gee (0 (0) + tor () + Pee (0) — at Vale (7) 
where 
@o (x) = 14 — e-2* (14 + 19x + 10x? + 2x°), 9, (x) = — 14 + e-** (14 + 28x 4 28x? + 16x? + 4x4), 
oy (x) = 14 — e-®* (14 + 28x + 28x? 4+ 20x8 + 12x4 + 4x5). (7a) 


Minimizing Eq. (7) over t permits, as a result of simple transformations, writing the functional in the 


form 
39? (x) 


2 4 re 
J {x] = eA 1+ ag [garg 38* — 3 (6 + 3) ¥ + 90”) — TRG) ET }- 


Minimizing J[x] over x permits calculation of the parameters of the self-consistent ground state of the 

system. Calculations carried out for a series of alkali-halide crystals showthat J (xin) is approximately 

0.01 — 0.02 ev lower than the corresponding values obtained for the F center. In particular, for the KCl 

crystal (€ = 4.78, c = 0.25, R = 3.14 A) the values J = —2.19 ev, t = 0.043, and x = 4.73 are obtained. 
(b) As the approximating function we use the function proposed by Perlin® 


 (r) = (1 — 4/222) Yo (r) + 42 (7), (8) 
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where A «< 1; Wo(r) is determined by Eq. (5), and 
o(r) = wh ye" 7 cos 6. (9) 
Substitution of Eqs. (8) and (9) in Eq. (4) leads to a functional which depends on d, x and w=y/a: 


J [A, x, @] = (€?/ 2) (Qo + Aaa + ae +.--), ey 


4 [ 3h? ex? " 
Q = | wane Go(x)— 3ecx | ) 


—_— 


: es be é —Xx @ 
ce aE aa en, — {8(6 + @) —e* 4+) [x4 (1 +o) 


+ x8 (1 + w)8(7 + 0) + 4x7 (1 + @)? + 8x(1 + @) (6 + @) + 8(6 + @)]}, 


pe ar ne x2 (Too — 3) + Go (x) — ez [wx — 2a2x? —6 + e206 + 12ax + 140%x? + llotx? + 6otxt + 208s] 


8 5 
ecx| fe oS (66 + 840 + 400% + 7a?) — 5 Gap (297 + 126 + 140? |}. 
Gy (x) = 9x — 14 + e-2* (14 + 19x + 10x? 4 2x8). (11) 


Disregarding terms of order a> and higher, we determine 2 from the condition 8J/8A = 0; substi- 
tuting the value of obtained in this way in Eq. (10) we obtain 


J [x, @] = (e3 /¢) (ay — a? / 4a,). (12) 


Setting x =x)+¢ where x)= R, (Q@ is the reciprocal radius of the state of the electron of the F 
center) assuming € « 1 and varying J over €, it is possible to obtain a functional which depends only 
on w. In view of its unwieldiness, the analytical expression for J[w] is not quoted. Minimizing J over 
w can be carried out graphically. As a result we obtain the values of Jy and of the parameters of the 
approximation w, €, and A. For the KCl crystal the calculation leads to the following values of the pa- 
rameters of the self-consistent ground state of the system: Jp = —2.2l ev, 7X =—0.13, €=-—0.13, and 
w=0.70. The value of J) for the F center in KCl, according to Ref. 2, amounts to —2.17 ev. 

The calculations carried out above show that the deformation of the wave function of the ground state 
of an F center which occurs under the influence of the electric field of a nearest neighbor vacancy is 
actually small and leads to a lowering of the energy of the system by 1 — 2% (hundredths of an ev). 


2. EXCITED STATES OF THE F' CENTER 


The excited states of the F™ center will be examined below in the Franck-Condon approximation. The 
results of the preceding section permit the choice of the wave function of the F center Eq. (5) for the 


wave function of the ground state of the system. In this case the Schrédinger equation can be written in 
the form 


rea [ Bo f4 2 2 [ioe (14 Bact tenston)}e, 09 
This equation has been solved by means of perturbation theory. The term W = e?/e Ye was taken as a 
perturbation, whereby the Hamiltonian of the system in the zeroth approximation coincides with the Ham- 
iltonian of the F center. The energy terms of the F™ center in the first approximation of perturbation 
Hoss are determined from the secular equation, taking into account four levels of the F center ES: ES 
E$ and E$, which correspond to the states 2po, 2S, 2p, and 2p_;. We present below the values of the 
energies and the wave functions of the lowest excited states of the F~ center in first order perturbation 
theory: 


Fy = Y(t Ee Wa h We) = V E  e 
y= A (ep, + C125); 
Eo= Ys (Ex + Ent Wise Waal 2), (ee ee 
de == 155 (Pep, aia Coos), 
Es == Es bs = Yep.) E, as aye Og = Yop_1> 


(14) 
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where 
Oop, = Tk Bile e-B 7 cos 0, as = [385 / x(a? + 82 — ap (1 ra 248) ew, 
15 
Ogp, =a NEE sin Osine, dep, = a2 Mhe— rsin Ocosg. Ca 
The values E? = E$=E? were determined by Pekar;” it is convenient to display them in the form 
E® — FY = E9 = — (pet / Qh2e) 1/4 [1 + ecf (v) 2, f (v) = 1 —1/, (660% + 8402 + 400 + 7) /(1 + 0)’, (16) 
v=a/fB =a/)d is determined from the equation 
v = (3+ ec)/(1 + ecf (v)). (17) 
The values of ES and 6 were specially calculated: 
3 e(t.- 2__ 25 4+. 3) — ec (s)]? 
Ba ap ESTE O (8) = (F854 + 16458 + 1935-4 10354 21/1445), 8) 
s=a/6 is determined from the equation: 
s = (3 + ec) (s?— s + 7) /6 [1/,(s? — 2s + 3) (1 + ec) — ecM(s)]. 
The frequency of the corresponding photo-transition is determined by the formula 
2Q; =| Ey — E; |, (19) 
where Ep is the Schrodinger term of the ground state of the F~ center 
es e2 ec i (4) v (2) 
Eo = Jo + Se — Gp \ ey. (20) 
The absorption coefficients are proportional to the squares of the moduli of the matrix elements 
z= \ bo (r) r-cos yb; (r) de, (21) 


y is the angle between the electric field intensity vector E and the radius vector of the electron r. 
Choosing for convenience the axis ac along the z axis, using the well-known relation 


cos y = cos § cos 9 + sin 8 sind cos (DM — 9), 


where @ and ® are the spherical coordinates of the vector E and # and g of the vector r, and sub- 
stituting Eqs. (5) and (14) in Eq. (21), it is possible to compute the values of the absorption coefficient of 
light for photo-transitions to the states Eq. (14). It is convenient to use the ratios of the absorption coeffi- 
cients for the corresponding F~ and F absorption bands which can be written in the form 


Eat [oF = 2A%c0s26(QF /Q*) Np-/ Nr, 
B= th /<F = 2B% cos? 0(O3 / QF) Nr-/ Nr, (22) 
E, = hy /tF = Qin? 6 (Of, /Q7) Nr / Nr, 


if the irradiation is performed with polarized light; for natural light it is necessary to average over 6. 
In the expressions Eqs. (22), 9; and of denote the absorption frequencies of F~™ and F centers re- 
spectively, Np- and Ny are the concentrations of F” and F centers. 

For the KCl crystal the calculations yield: 


AQ, =2.2 ev, c,= 0.55, & =0.85N-/ Nr. 
AQ, = 2.0 ev, Co= 1.82, & = 0.20 Nr-/Nr, 
AQ, a hQ, = 1.9 eV, €3,4 = 0.95Nr- / Nr. 


(23) 


An estimate indicates that the total error of the calculation brought in through the use of an inexact wave 
function for the ground state of the F~ center Eq. (5) and by the neglect of a second approximation in 
perturbation theory is of the order of hundredths of an electron volt. 

Thus, two absorption bands of rather large intensity correspond to the F~ bands, situated in the imme- 
diate vicinity of the F band. It should be pointed out that the frequency of light absorbed by F centers 
in KCl, calculated in the Franck-Condon approximation with the use of the functions Eqs. (5) and (15) 
turns out equal to 2.0 ev while the experimental value is 2.2 eV. 
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It is interesting to note that the lowest of the excited levels of the F™ center turns out to be a 2pr 
level and not a 2po, as for example in the case of the H} ion or of the Fj color center. 


3. POLARIZED LUMINESCENCE OF F CENTERS 


From the results of Sec. 2 it follows that the puree and consequently also the forceaea is of light by | 
each individual F~ center is proportional to sin? 9 for the long wavelength and cos? 9 for the short 
wave F7 band. Ina crystal, several possible orientations of F™ centers exist, for example, six ina 
crystal of the KCl type according to the number of nearest different charge neighbors of eachion. The | 
calculation shows that this circumstance leads to a depencence of the degree of polarization of the emis- 
sion brought about by polarized light on the direction of the electric field in- 
tensity vector E, and in some cases to a dependence of the total intensity of 
the emission on the polarization of the excited emission and to “spontaneous” | 
polarization of emission. These dependences can be studied by means of the | 
experiment performed by Feofilov’ in the investigation of F, centers. 

By way of example we consider one of the possible cases. From a crystal | 
containing F~ centers let a platelet be cut having its face coincident with a 
110 plane of the crystal. We shall excite F™ centers by light polarized in 
this plane; by rotating the crystal, one can vary the angle @ between the 
vector E and the fiducial axis of the crystal (see figure). Further, the in- 
tensity of the emission in a direction perpendicular to the face of the crystal‘is measured as a function of 
the angle a and the degree of polarization of the emission is calculated. 

Let us suppose for definiteness, that the excitation occurs in the long wave F™ band. Computation of 
the angle @ for each group of similarly orientated F~ centers permits the determination of the probabil-: 
ity of absorption of light by each group of F” proportional to sin? 9: 


W, = 6~ sin? a: W, — W, = W, — W; ~ e(l ae cos? a). (24) | 


Thus the number of F™ centers of each group excited by polarized light depends on a. 


N,=N,=nsin®a, N,= Ny = Ny = N5=(n/2)(1 + cosa), n = const. (25) 
The probability of emission in a given direction for the i-th group of oscillators I is determined by 
means of integration of the functions Eqs. (24) over all possible directions of polarization of the emitted 
light; the total intensity of emission in a given direction is 


J= SNe =’ (2x sin? a + 3x(1 + cos? «)] = c(5 + cos? «) (26) 


and is in the given case a function of a. 
The polarization of the emission is calculated according to the usual formula p = Dpjlj/Z1j, where 
Ij is the intensity of light sent out in the direction of observation Be each group of F” centers and pj 
are the partial polarizations determined according to p; = (Jj Paci) /(3j i + Jig )- 
Below are presented the results of calculations for several cases; a crystal with the KCl type lattice 
is considered. 
1. The face of the cut out platelet coincides with a 110 plane of the crystal. 
(a) Excitation occurs in the long wave F™ absorption band. The emission occurs from this same ex- 
cited level 
J=c(5+ cos’«), p= SS cos2«. (27) 
It is easy to convince oneself of the existence of polarization of luminescence also for excitation with nat- 
ural light (“spontaneous” polarization); calculation leads to the value 
\ 


Psp= Cos(2a)/11. (28) 


(b) Excitation occurs in the short wave F™ absorption band; radiation proceeds from the same excited 
level 


I= 6 (1 2c0s 70); p= sree cos 20s pee oI ‘ (29) 
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(c) The excitation occurs in the short wave F™ absorption band; the emission proceeds from the low- 
est excited level (assuming that a non-radiative transition has taken place to the lowest excited level) 


a 1— 3 cos? o 
J c(2-1 Sin’); p= ean 2%, Psp=— ee , (30) 


2. The face of the cut out platelet coincides with a 100 crystal plane. 


29 
a) J=6c, p= — a Psp= 0, b) ie 26, = COS? ax, Psp= 9, 


31 
c) dt==.26, pp = —=.c0s" 2a. Psp= 0. ey 


For F, and se centers according to references 5 and 7, cases (a) and (c) are realized. 
The results Eqs. (27 — 31), generally speaking, differ from Feofilov’s results’ obtained with the hypoth- 
esis of absorption and emission of light by classical oscillators, the axes of which coincide with the axes 


of the F™ centers. Such a discrepancy is brought about by the unusual spacing of the excited levels of 
the F” center as noted above. 


4, COMPARISON OF THEORY WITH EXPERIMENT 


The experimental investigations show that in the immediate neighborhood of the F absorption band 
under certain conditions additional bands arise situated on both the long and short wave sides of the F 
band. In particular, in Refs. 8 and 9 additional absorption bands were observed with a lower intensity F 
band. These former are masked upon increased intensity of absorption of light in the F band and appar- 
ently on this account they were not noticed by previous investigators. The frequencies of the absorption 
maxima of light in KCl for several of these bands are 1.76, 1.84, 1.94 and 2.03 ev, i.e., in rather good 
agreement with the results obtained during examination of the absorption of light by F~™ centers. On the 
other hand, the absorption frequencies calculated in reference 5 for light in the F bands (1.91 and 2.22 
ev for the intense FT band in KCl) are also very close to the experimental results of Yagi.® 

One should note that the criterion of the macroscopic approximation used in the present work and in 
Refs. 3 — 5 in the alkali halide crystals for which the experimental data necessary for a comparison with 
theory is available, is not sufficiently well fulfilled for color centers.? Taking also into account the fact 
that in the range of frequencies in which the theory predicts the presence of the Ee and F” bands (1.8 
— 2.3 ev in KCl) there is a whole series of very closely spaced bands, one must admit that a detailed 
comparison of experimental and theoretical results for the absorption frequency of light by the considered 
color centers is not possible in the given case. 

The method considered in Sec. 3 of polarized luminescence of color centers, proposed by Feofilov’ can 
be used for the precise identification of F™ centers. 

I consider it my pleasant duty to express my appreciation to M. F. Deigen for valuable consultation. 
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ON THE NUCLEAR REACTION Li®(n, t) He* i 


T. I. KOPALEISHVILI 
Tbilisi State University 
Submitted to JETP editor April 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 788-790 (September, 1957) 


Tue reaction Li®(n, t)He* Was investigated in Ref. 1 in the 1-14 Mev energy region on the basis of the 
two-particle model of the Li® nucleus, proposed in Ref. 2. This model assumes that the Li® nucleus can 
be considered as a system composed of a deuteron and an a-particle, the relative motion of which can be 
described by s-waves. It was assumed that the reaction Li®(n, t)He* is the result of the direct interac- 
tion of the incident neutron with the deuteron of the Li® nucleus. In the matrix element the energy of the 
n-d interaction is replaced by the interaction energy of the deuteron with the a-particle. This interac- 
tion determines in addition the binding of the ground state of the nucleus Li® = ~ +d, it being taken in the 
form of a potential well. On the basis of these assumptions an angular distribution was obtained in the 
Born approximation for the process, providing an explanation for the experimental fact that the cross sec- 
tion has a forward maximum. $4 

In this work the question of the energy dependence of the total cross section of the process is investi- 
gated. 

Taking into account the fact that on the basis of the assumptions in Ref. 1, the assumed analytic ex- 
pression for the differential and total cross sections could not be obtained, we have changed some of the 
assumptions to obtain it. 

First we take the interaction of the deuteron with the a-particle in the Li® nucleus to be not in the 
form of a potential well, but in the form of a potential oscillator with cut-off at a finite distance.’ For the 
radial wave function corresponding to this potential, one can take to a satisfactory approximation, as has 
been shown in Ref. 3, the expression corresponding to a potential oscillator which extends to infinity. 

For an s-state this has the form 


= V2 (22) "(1)" exp {— Ya (r/r’)%}, 


where ry is the quantity connected with the nuclear radius and is introduced in the theory as a param- 
ete. 

Secondly, in the matrix element the interaction energy of the neutron with the deuteron is not replaced 
by the interaction energy between the deuteron and the a-particle; it is taken instead in an explicit way. 
Formally speaking, this interaction must consist of the two interactions between the incident neutron and 
each of the two nucleons that enter in the composition of the deuteron. However, instead of these two 
parts we take some average interaction, appearing as a function of the distance between the incident neu- 
tron and the center of the Gomer an: and we assume that it has the form of a potential well of width 3 x 
10-*3 cm and of depth 7.81 Mev.? 

For the wave function of the ground state of the deuteron we take the usual expression and for the tri- 
ton the expression used in the work of Refs. 1 and 3. On the basis of these assumptions in the Born ap- 


proximation we obtain as a result of the derivation the following expression for the total cross section of 
the process: 


© (En) = 2=-58.3 (#74) 11 (En, 0)e-*-9 SE VT FQ] EG, a= (hare) +f (kare), 6 = 4 (bar) (Rar) /3 


K 0)” 0 
(En, 9) = {exp[— e om 0.388 “Fe — 0.051 exp [Ao |[2cos 2KSp ~ 0.734 exp [Se] 


se Nes 1.06) cos 3KS,)]}”, (1) 
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where 


Uy (x, y) + iv, (x, y) = e-* \ edt. 2=x iy, 
0 


is a tabulated function;* q =k, — 2k,/3 and K =k,/3 — kp, where kt and ky are the wave vectors of 
the corresponding particle in the center of mass system; Q = 4.56 Mev. 

The energy dependence of the total cross section for E = 1 Mev, obtained from formula (1), is plot- 
ted in the figure for the parameter rg = 1.5 x 107%8 
cm. The experimental results of Ref. 5 are indi- 
cated by the segments. 

We see that in the energy region Ey, = 1— 14 Mev, 
the agreement of the theory with the experiment is 
satisfactory. Better results cannot be expected be- 
cause of the very approximate character of the cal- 
culation. In the region of small energies the exper- 
imental cross section has a sharp maximum for 
En = 0.25 Mev, which is not shown on the figure and 
which our calculation does not give. This should 
have been expected, considering that an energy Ey 
= 0.25 Mev of the incident neutron corresponds to 

Pa, METALS G2 UPSET IQEL I? P22 ih the formation of the Li’ nucleus in one of its excited 
E,,, Mey states (7.46 Mev), and consequently the process ex- 
hibits in this energy region a resonance which is not 
taken into account by us. The disagreement of the theory with the experiment in the region of small en- 
ergies can also be ascribed to the fact that the use of the Born approximation is not permissible here. 
In conclusion I thank Prof. V. I. Mamasakhlisov for his interest in this work and for many comments. 
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3T_ I. Kopaleishvili, Trudy, Tbilisi State University 62, 83 (1957). 


4K. A, Karpov, Ta6nuup1 dbyuxuuu VW (z) = en™ fer dt B KoMnuJeKcHOu o6macTu (Tables of the Functions 
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Z 


W(z)= eZ \ et? dt in the Complex Plane), Academy of Sciences Press (1954). 
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5F_L. Ribe, Phys. Rev. 103, 741 (1956). 
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CONCERNING SUPERPOSITIONS WITH RESPECT TO THE INTERNAL PROPERTIES OF 
ELEMENTARY PARTICLES 


M. I. PODGORETSKII 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 12, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 790-791 (September, 1957) 
UITE recently facts have been found that indicate the presence of an internal structure of elementary 


particles. One can try making the hypothesis that this internal structure and the internal motions asso- 
ciated with it determine the properties of elementary particles, in analogy with the situation that exists 
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for atoms and nuclei, If also one assumes that the most general features of quantum mechanics are re- 
tained, one can expect the occurrence of superpositions with respect to the various internal properties of 
the elementary particles, i.e., the occurrence of states in which an elementary particle is not character- 
ized by a definite value of one or another internal parameter. 

A widely discussed example of superposition is that associated with the charge (or combined ) parity 
and “strangeness” of K°-mesons.! A second example relates to the spatial parity of “strange” parti- 
cles.2* It is interesting to note that particles not having definite parity could in principle have a large © 
electric dipole moment, of the order of 107 em 1/2 em?/? Ns 


4 


sec 
Nor can we exclude the possibility of the existence of particles not having a definite value of the spin. 
In applications to the “strange” particles such an assumption would essentially change the interpretation 
of many statements relating to this subject. Wide possibilities would be opened up in the discussion of 
various sorts of angular correlations, etc. As a consequence susceptible of direct experimental test, we 
suggest a change of the ratio of the numbers of long-lived and short-lived 6°-mesons (cf. for example, Ref. 1). 
If a conservation law holds for some internal property 2 (either absolutely or for strong interactions 
only), then in collisions of ordinary particles the particles described by superpositions with respect to 
Q can be produced only in pairs or larger numbers. Similarly, if before a reaction there is one such 
particle, then also after the reaction there must remain at least one. For the “strange” particles we 
thus get conclusions that are usually connected with a law of conservation of “strangeness.” This ques- 
tion is considered from a somewhat different point of view in Ref. 5, where the property is that of spa- 
tial parity. But in general the property © can be of a different nature. Nor is it excluded that similar 
considerations can be applied not only in connection with the law of conservation of “strangeness” but 
also with other conservation laws. 
The writer is grateful to A. Z. Dolginov, L. G. Zastavenko, L. I. Lapidus, A. L. Liubimov, V. I. Ogie- 
vetskii, and D. S. Chernavskii for participation in discussions. 


*The parity nonconservation so far observed in B-decays?4 may have no bearing on the decays of hy- 
perons and K-mesons into nucleon and 7-mesons. 


‘Ta. B. Zel’dovich, Usp. Fiz. Nauk 59, 377 (1956). 

23. Schwinger, Phys. Rev. 104, 1164 (1956). 

3wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 1413 (1957). 

4Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957). 

*I. M. Gel’fand and M. L. Tsetlin, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1107 (1956); Soviet Phys. 
JETP 4, 947 (1957). 
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ON THE PRINCIPLE OF LARMOR INVARIANCE 


A. A. BORGARDT 
Dnepropetrovsk State University 
Submitted to JETP editor April 27, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 791-792 (September, 1957) 


In present day field theory relativistic invariance of the basic equations, which includes invariance 
under four-dimensional displacements, rotations, and reflections, is considered sufficient. The remain- 
ing transformations of the conformal group are added if the rest mass of the particle vanishes. We note 
that electrodynamics includes also the so-called Larmor transformation, which is not contained in the 
conformal group transformations and which amounts to a simultaneous change of the parities of the field 
quantities. Huygens’ principle cannot be correctly formulated in Maxwell’s electrodynamics, which, al- 


DEMERS, .£.0 ‘THE’ EDITOR 609 


though relativistically invariant, is not Larmor invariant. Such a formulation is possible only in the 
framework of a Larmor invariant theory which includes magnetic charges (Kottler’s formulas ).! 


Recently Ohmura? has shown that magnetic charges must be considered to achieve stability for the 
classical electron. 


The wave equations for a boson field, invariant under the Larmor transformation, can be written as 


follows?*4 


Op / OX + Rod =G, —Ovb*y,/ Ox, + kob* = q'*, (1) 
H etiulod = Onl <= 0, vt = ~°R,, (2) 
(in the general case Wt =—-iy*Rn, where Ry =n)R), ni =T). 
In this theory Larmor conjugation is accomplished by means of the matrix Vs = Rsy5: 
We et ei togay UE 8 yan, 1g! gis. (3) 


Equations (1) are Larmor invariant because [y5 Yp)=9 and ‘Ys = 1. This is not the case in Kem- 
mer’s theory where the kinematic matrices are the By —the “halves” of the Yu! 


Bu = Vo (Tp + Yn): [Bp =e le: (4) 
Invariance of the (1) — (2) system under the transformatian (3) leads to the interesting fact, pointed 


out in Ref. 4, that the wave equations can be deduced from two different Larmor invariant Lagrangians, 
a scalar L anda pseudoscalar L, 


L=})/, (p Rsv Fr b” R59), c= "he (or ys ae b* 750) (9 =v—q). (5) 


In actuality one apparently has to form a linear combination of the two and choose the action in the 
form 


S= Ya) (OR 1) d+ YR £10) 9) (42). (6) 


The invariance under transformation (3) is connected with the intrinsically five-dimensional character 
of our space (Yp and ys form a five dimensional representation of the Dirac algebra). Therefore it is 
logically unavoidable to require that both classical and quantum field theory be Larmor invariant. 

The extension of these conclusions to the theory of spinor fields does not present any difficulties and 
requires merely a slight development of existing methods similar, for example, to those employed in 
Ref. 5. 


1B. Backer and E. Copson, The Mathematical Theory of Huygens’ Principle, Oxford, 1939. 
27. Ohmura, Progr. Theor. Phys. 16, 684, 684 (1956). 


3a. A. Borgardt, Dokl. Akad. Nauk SSSR 78, 1113 (1951). 
44. A. Borgardt, J. Exptl. Theoret. Phys. (U.S.S.R.) 24, 284 (1953). 
5 Umezawa, Kamefuchi, and Tanaka, Progr. Theor. Phys. 12, 383 (1954). 
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THEORY OF ELECTRON PARAMAGNETIC RESONANCE IN SUPERCONDUCTORS 


M. Ia. AZBEL’ and I. M. LIFSHITZ 
Physico-Technical Institute, Academy of Sciences, Ukrainian S2Sekt. 
Submitted to JETP editor April 27, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 792-794 (September, 1957) 
Eectron spin paramagnetic resonance has recently been observed in various metals.! The theory of 


the resonance has also been published.?»3 The theory indicates that diffusion of conduction electrons into 
the depth of the metal plays an important part in the effect. The diffusion causes the attenuation of elec- 
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| 


tromagnetic fields in the metal to be much less at resonance than it is away from resonance. Thin films | 
are thus selectively transparent. } 

The question arises, whether paramagnetic resonance and selective transparency are possible in su- 
perconductors. Since the superconducting electrons do not diffuse, one must presumably consider only 
the normal electrons. Then the difference in behavior of a metal in the superconducting state will arise 
only from the fact that the constant magnetic field is attenuated with depth (H = Hye -2/ 50). The electrons 
are consequently polarized by the constant field only for a time (69/v) ~ 107!3 sec (v is the electron vé- | 
locity ), much shorter than one period of the high-frequency field. Paramagnetic resonance in bulk super- — 
conductors thus appears to be impossible. To observe resonance in a superconductor, we must make the §i 
thickness d smaller than 6). An experimental observation of paramagnetic resonance ina bulk super- 
conductor would imply that the resonance is produced by the superconducting electrons. 

To determine the attenuation of the high-frequency and constant fields with depth, we solve Eq. (12a) 
of Ref. 3. An elementary examination of the terms in Eq. (12a) shows that Eq. (15) of Ref. 3 always | 
holds for the normal electrons. We suppose that the constant field Hye~% 50 is not too strong, so that | 
even at the surface the Larmor frequency 9) = (2uH)/h) is small compared with the collision frequency 

| 
| 


(1/ty)) of the electrons; this condition is always fulfilled in practice. Then taking the constant field along 
the x-axis, we obtain as in Ref. 3 


. zt 
4 ¢ ; Ow ) w : 
=z \ ® sin 6 a6; v cos 6 i Bi z= = + Re(@Q) ); 


0 


M = — iyweit, M,=y(B.—w,); = 


veos 0S +2 + i(o— Qe-*%)w= = + 0B, w(0; v2) =0; (0; 2) =0 (v2>0); (1) 
0 


M=M,+iMy; 1/t3=1/to+1/%p- 


Here M is the electron spin magnetization, Tgp is the relaxation time for an electron spin to be flipped - 
in a collision, v is the electron velocity, and w the applied frequency. We find then an equation for w, 


or C ‘o ee = iw 
w(2) =| Kee) 2 + offs (w) de, K (2; 0) = a5) Ge exp(— ESE (= + iw ) 4 ets — emu}. (2) 
0 1 0 


But w6)/v « 1 for w « 10! sec!, Therefore 


Kz») ~K (j2—) = a 


UV 


Tr exP{— Gel (+ io) uf. (3) 


0 


“2c 9g 
|= 


From Eq. (2) and (3) it appears that in superconductors with w6)/v « 1 there is never any paramag- 
netic resonance from the normal electrons. But even in superconductors, the spin diffusion of the normal 
electrons gives rise to a small deeply penetrating term in the expressions for both high-frequency and 
constant fields. 


Using the methods which we have explained elsewhere,*4 we find for the constant field the expression 
c2| Z| ou el sp 22 eff 


2 
lineal gee ee: 
2mU } CD TS lee Vi- oT sp 


H (2) = He A-Any ( 


» Aly Sapeo VY tole oO 


Here we assume wt) «< 1, ty K Tgp. Z is the surface impedance of the metal,® and Hine is the strength 
of the incident component of the high-frequency magnetic field. Thus when z > 6) the magnetic field in 
a superconductor is attenuated much more slowly than the usual London theory predicts. 


1Griswold, Kip, and Kittel, Phys. Rev. 88, 951 (1952); G. Feher and A. F. Kip, Phys. Rev. 95, 1343 
(1954); 98, 337 (1955). 


?F. J. Dyson, Phys. Rev. 98, 349 (1955). 


3 Azbel’, Gerasimenko, and Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1212 (1957), Soviet Phys. 
JETP 5, 986 (1957). 
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a la. Azbel’, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1259 (1957), Soviet Phys. JETP 5, 1027 (1957). 
A. A. Abrikosov, Dokl. Akad. Nauk SSSR, 86, 43 (1952). 


Translated by F. J. Dyson 
150 


ON THE THEORY OF THE NEUTRINO WITH ORIENTED SPIN 


A. A. SOKOLOV 
Moscow State University 
Submitted to JETP editor June 5, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 794-796 (September, 1957) 


Ler and Yang! have advanced the hypothesis of the nonconservation of parity under spatial inversion in 
the weak interactions. Developing this idea, Lee and Yang,” Salam,’ and Landau’ have suggested that this 
violation of the parity rule can in particular cases be related to special properties of the neutrino, by re- 
quiring that it satisfy an equation with the two-rowed Pauli matrices. According to this theory the spin of 
the neutrino is always parallel to the direction of its momentum, and the spin of the antineutrino is always 
antiparallel to its momentum. As has been shown by Landau and by Lee and Yang, this theory is invariant 
with respect to combined inversion. Combined inversion means interchange of particle and antiparticle 
with simultaneous spatial inversion. 

We wish to show that the new theory of the neutrino can be obtained from the Dirac theory, if in the lat- 
ter one carries out an explicit resolution of the functions in terms of spin states.® Then it is not neces- 
sary to separate the interaction energy into a sum of main quantities and their pseudo-values (for ex- 
ample, scalar plus pseudoscalar ). 

The Dirac equation for a free particle has the form 


(B= mge(™) = e(e'p)("), (1) 


12,4 4,2 


where E and p are the operators for energy and momentum, respectively, and o is the two-rowed 
Pauli matrices. Since the mass of the neutrino is zero (mp = 0), we get a linear relation between the 


functions, 

oy tbs 

Wied s (2) 
where ¢€ =+1. 


We can choose four values for e: (a) «€ =1 (states with E > 0 and E < 0 describe the neutrino), 
(b) ¢=—1 (states with E > 0 and E <0 describe the antineutrino), (c) « =E/|E| (states with E > 0 
correspond to neutrinos and states with E < 0 to antineutrinos), and (d) « = —E/ |E| (states with E > 0 
correspond to antineutrinos, and those with E < 0 to neutrinos). 

We consider first of all the case ¢« =E/|E |, in which the neutrino is a particle with positive energy 
and the antineutrino is a hole in the background of negative levels. Equation (1) takes the form 


(E — o(<’p)) pes ze (3) 
V2.4 
The solution of Eq. (1) is of the form (see Ref. 5) 
) 
COS om fs 
( Vis eyipss > tbs | eikt (C (k) e—iekt + Ct (— k) etch], (4) 
po.4 Kk V2 \ sin a el? 
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where E = chk is the energy of the particle and p =hk is its momentum. 
We get the following expressions for the total energy E, the total momentum G, and the total spin 
component S in the direction of motion: 


B= dax( ivi en () + tebe ()) |= sere we wm —2—wer(—w), 
- k 
G = D)hk [C* (k) C(k) + (—k) C#(— WK), S= ICT (k)C (k) + C(—k) CF (— by]. (5) 
k k 


If the neutrino amplitudes obey the Fermi type of commutation relations, then we have 
C*(k) C (k) = N (k), C(k) Ct (k) = 1 — W (k). (6) 


It follows from Eq. (5) that neutrinos N and antineutrinos N have positive energies, and that the spin 
of the neutrino is parallel to its momentum, that of the antineutrino antiparallel to its momentum. 

In this theory we have only two states (and not four as in the theory of the electron), since the neutrino | 
has no charge. Therefore states with different charges but having the same value for the spin component | 
are not distinguishable. 

The trace with neutrino wave functions can be calculated easily from the formula for electron wave 
functions with fixed spin. This formula can be written in the form:> 


b/*p'bb*Bb' = 1 Sp|e’(4 + exe's’ £ Ope e)(1 + s‘ok’/k’)B(1 + pes + 25 it.) (1 4-sok/h)], (7) 


where b and b’ are the spin amplitudes of the functions and 8 and fg’ are Dirac matrices. 

If one of the particles is a neutrino, the corresponding mass must be set equal to zero (ky = 0, K =k) 
and s=1. Then the states with e€ =1 correspond to neutrinos and those with « =—1 to antineutrinos. 

From Eq. (7) it can be seen that in another variant of the theory we can put for neutrinos ¢« =1, s =1, 
and for antineutrinos «€ =1, s =-—1. Therefore we can use for their description the Majorana equation 
with real wave functions. If we substitute into the interaction energy not the general solution for Weutrino 
(as was done by Majorana himself) but the solution separated according to the spin states, then with this 
procedure double B-decay (i.e., emission from a nucleus of two electrons without neutrinos ) will be for- 
bidden, unlike the situation in the old variant of the Majorana theory. 


'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

at 7D. Lee and ©, N: Yang, Phys. Rev. 105, 1671 (1957). 

SAG Salam, Nuovo cimento 5, 299 (1957). 

41. D. Landau, Nuclear Physics 3, 127 (1957); J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 405, 407 (1957), 
Soviet Phys. JETP 6, 336, 337 (1958). 

°D. D. Ivanenko and A. A. Sokolov, Phys. Z. der Sowjetunion 11, 590 (1937). A. A. Sokolov, J. of Phys. 
(U.S.S.R.) 9, 363 (1945). A. A. Sokolov and A. Mukhtarov, Vestnik, Moscow State Univ. 8, 63 (1948). A. 
A. Sokolov and D. D. Ivanenko, Ksanrosaa reopua uoaa (Quantum Theory of Fields ), Moscow-Leningrad, 
1952, pp. 110-113. A. A. Sokolov and B. K. Kerimov, Nuovo cimento 5, 921 (1957). 
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LAGRANGIAN FOR THE INTERACTION OF K-MESONS AND HYPERONS 


V.G. SOLOV EV 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 8, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 796-797 (September, 1957) 


caine preceding note,! the hypothesis about the conservation of only the combination of parities IC in 
all interactions was introduced, and it was shown that in certain cases conservation of IC leads to con- 
servation of spatial parity I and invariance with respect to the operation of charge conjugation C, and 
in other cases, I is not conserved. In the present note the consequences following from the hypothesis 
of conservation of only the combination of parities in all interactions are considered, with application to 
the interaction of K-mesons and hyperons. 

2. To explain the experimental data, Schwinger? proposed the existence of a strong K-az interaction. 
He succeeded in constructing the Lagrangian of that interaction, considering that the K-mesons do not 
have a definite parity. The hypothesis about the conservation of only the combination of parities makes it 
possible to write the Lagrangian of a strong K-m interaction in the following form: 


Lin = ifn {K*KyP — KK,®’}, (1) 


where K, Ko, and @ are the operators of the K and m-meson fields, respectively. This Lagrangian is 
not invariant with respect to rotations in isotropic spin space. Thus, the local Lagrangian of a direct 
K-z interaction, invariant with respect to the operation IC, cannot be written in an isotopic-invariant 
form. We note that a non-local interaction Lagrangian (for example, the Lagrangian where positive and 
negative frequency parts of the wave functions are separated) can be written in a charge-invariant form. 

3. Salam‘ found a Lagrangian for strong interaction of nucleons and hyperons with K- and m-mesons, 
invariant with respect to the operations I, C, T. We construct an addition L’ to this Lagrangian, in- 
variant relative to the operation IC, but in which I and C are not separately conserved. Keeping, in 
the main, the notation of Ref. 3, and assuming the K-meson to be scalar, we obtain Lin the following 
form 


L’ = ig, (Vpo,D —onp,@*) + ig, (ADL. — O*O*A) + (g5/ 21) Sp (82%) SO" DY + ig, (2 B9O* — 27D) 
+ igs (N (its) AG — A6* (iq5) N) + igs (N (ys) 7 2° — 6°B* (is) 7) 
+ 87 (E (és) P0°A + AO (is) PE) Bs (B (75) Pe D8" + Ge'D" a? (75) B). (2) 
If the K-meson has a negative internal parity (pseudoscalar ), then in the terms Be, Se, ep and Ses the 
matrix iy; should be replaced by 1. 

From Eq. (2) it can be seen that the renormalized interactions in which I and C are not separately 
conserved, can be written in charge-invariant form, if they contain only vertices in which the fermion 
changes only one of its basic characteristics — mass, charge, or strangeness. This relates to the inter- 
actions of K-mesons with baryons and m-mesons with A- and =-hyperons. Those terms in the interac- 
tion Lagrangian in which the initial and final fermions differ only by momentum cannot be described in an 
isotopic-invariant form. This relates to the interaction of nucleons and cascade hyperons with m-mesons. 

We note that interactions invariant with respect to IC conserve the z-component of isotopic spin Jz 
and the relation connecting Jz, the number of nucleons n and the strangeness s with the electrical 
charge, i.e., Q/e =Jz + (n+s)/2. 

4, The hypothesis of conservation of only the combination of parities leads, firstly, to a simple expla- 
nation of K-meson decays into both two and three mesons, introducing neither a particle with non-defi- 
nite parity” nor a parity doublet? and, secondly, to the possibility of building a direct K-m interaction. 
However, a new difficulty arises: it is impossible to describe all renormalized and local interaction 
Lagrangians invariant with respect to IC ina charge-invariant form. 


iv. G. Solv’ev, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 537 (1957), Soviet Phys. JETP 6, 419 (1958). 
23. Schwinger, Phys. Rev. 104, 1164 (1956) . 
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37. D. Lee and C. N. Yang, Phys. Rev. 102, 290; 104, 822 (1956). 
4. Salam, Nuclear Phys. 2, 173 (1956). 
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INTERACTION OF FERMIONS AND THE Ky3-DECAY 


S. G. MATINIAN 
Institute of Physics, Academy of Sciences, Georgian S.S.R. 
Submitted to JETP editor June 8, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 797-799 (September, 1957) 


Tue weak interaction of four fermions plays, apparently, an important role in the decays of K-mesons 
into leptons (Ky2, Ky3, Ke3). An important problem is the clarification of the variants of this inter ae 
tion in Ke3- and Ky3-decays. With this in mind, the energy spectrum of the electrons and y-mesons 
and the angular correlation between the t-meson and electron (uw-meson )* were studied. 

In the usual investigation of the energy spectrum of u-mesons! ? (electrons) it is necessary, as a re- 
sult of lack of information about strong interactions, to make definite assumptions about the dependence 
of these interactions on the particle momenta (it is easy to see‘ that in this problem there is only one in- 
dependent momentum, for example, p,). However, Okun” proposed to study the spectrum of electrons 
from Ke3-decay, fixing the energy of the t-mesons. In this investigation definite conclusions can be 
drawn about the presence of this or that variant and about the conservation of parity with respect to re- 
flection in time in the Ke3-decay process, independently of knowledge of strong interactions. 

In this note we consider the analogous case of Ky3-decay. Although here, as compared to Ke3, the 
analysis is made more difficult because it is impossible to neglect the mass of the y-meson, some con- 
clusions can be drawn all the same. This is of some interest also in connection with the long-standing 
question as to whether the y-meson and electron are interchangeable in weak interactions of four fer- 
mions. 

According to Pais and Treiman! the matrix element of Ky3-decay of a K-meson at rest has, in the 
general case, the following form (without introduction of derivative lepton functions ): 


m™e\y ih de Se stlad oe 
R=|(i,— ay GE) B+ Patch +e BatarPe| AMER). (1) 


Here fg y,7 and gy are dimensionless scalar functions of the t-meson energy, expressing the contri- 
butions of strong interactions in intermediate states (at the present time they are unknown); M is the 
mass of the K-meson, P, = VEZ - m2; fh =c =1 everywhere. 

Calculation of the probability of emission of a y-meson with energy E,, and a m-meson of energy Ey 
gives 


(M — E,)8 2 
w (Ex, 2) = “sraagfe— | feel I+ ed + ify PG? —U —ey") + |f, P(1— GE) tea Ge +21 —9) 


+ (123) (1 2)%] + 4Re (fF) ny (1 — 2) + 2m (f6f#) (1— 5*) ee + (1 — 9) (1 — 2) 


(2) 
+ 2Im (Fit), (1 _ 216 + x? — e)p ¢=PHM—E); = 25 ei (Ma Ee) 


0 
i Ge 2 
od tee ay wo =e ch eh to = | (M— En); 0 <2) to <2. 


Following Okun’, we consider the spectrum of y-mesons for a fixed energy of the m-meson. Then we 
will have 
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(2) = Ds + Dy (x? — (1 —«)?) + Dy [2 (e? + 2 (1 = e)) + (1 — 22) (1—8)2] + Dsypty (1 —e) 
+ Dsr [p2 + (1 — &2) (1’— )] + Dyrpy (1 + 2 — 8), (3) 
where the coefficients @ do not depend on Ey; the first three are positive. With conservation of tem- 
poral (combined) parity we have Oo7T = by7 = 0. In this case it is possible, in general, to have inter- 
ference between S- and V-variants (@g and Soy). In contradistinction to the Ke3 case, it is impos- 
sible here to say that the presence of symmetry relative to the point « = 1 means that the interfering 
terms are zero (in the T-variant we have the term with 1 - ¢). 
Integrating over ¢, which can be done without any assumptions about strong interactions, does not give 
anything so clear as in the Ke3 case, and we will not give the result here. 
We note that, as in the Ke3 case, the Ky3 Spectrum of 7-mesons can, in principle, give information 
for determining the form of the functions 6. 


I should like to use this opportunity to express my gratitude to L. B. Okun’ for sending the manuscript 
of his work before publication. 


'S. Furuichi et al., Progr. Theoret. Phys. 16, 64 (1956); 17, 89 (1957). 

“S- G. Matinian, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 529 (1956), Soviet Phys. JETP 4, 434 (1957). 

i G. Matinian, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 929 (1957), Soviet Phys. JETP 5, 757 (1957). 
A. Pais and S. B. Treiman, Phys. Rev. 105, 1616 (1957). 


>L, B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) (in press), Soviet Phys. JETP (in press). 
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MEASUREMENTS OF MOLECULAR ATTRACTION BETWEEN DISSIMILAR SOLIDS 


I. I. ABRIKOSOVA 
Institute of Physical Chemistry, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 13, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 799-801 (September, 1957) 


Tue present report is a continuation of the article! in which the basic theory of this problem was given, 
the method of measurement was described in detail, and the results of measurement of molecular attrac- 
tion between fused quartz plates and lenses was given. 

We chose fused quartz as basic material for preparation of specimens in the first experiments for the 
following reasons: its transparency allows the use of the most accurate optical method for determining 
the size of the gap between the surfaces; its surfaces can easily be given a high polish; and, lastly, quartz 


logF surfaces are not damaged by the various cleaning methods. All the above qualities 
(dynes) : of quartz surfaces make it possible to obtain and measure small gaps between the 

ZON\ \ surfaces. 
9 \ The smallness of the forces of attraction between macroscopic objects makes it 
o Y\ 7 desirable to choose materials which, other things being equal, are characterized by 
o ay large interaction forces. According to the theory of E. M. Lifshitz”? the magnitude 
46; “*\ of the interaction force depends only on the electrostatic value of the dielectric con- 
an \\ stant ¢) for sufficiently large distances between the bodies. The energy of attrac- 
Y \\ tion U, per cm’, of two parallel plates may be written in the form 
u \\ ic 7 fey—1)) 
4 \\ U=— Fs K =F am(eat) 9 0) (1) 
TTA U4 16 16 log H (py) 


(H is the magnitude of the gap between the surfaces, fi is Planck’s constant, c is 
FIG, 1 the velocity of light, and y(¢)) is a function tabulated in Ref. 2). For the majority 
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of solid dielectrics the values of ¢€) fall in a narrow range. From among the dielectrics with a large 
value of ¢ 9 we found tallium halogens most convenient for our measurements. 
A series of measurements was carried out on the interaction between a plate and a lens made of a 
mixed T1Br and TII crystal (42.5 and 57.5% respectively). In Fig. 1 we 
10° U(erg/em") have plotted on a log-log scale the dependence of the force of attraction 
' F onthe separation H for these samples, using a lens with a radius of 


Sot g ; 

12.5 cm. In Fig. 2, where we give the dependence of the specific energy 
“4 i U onthe separation H, the points and crosses refer to experiments 
oe with a lens of radius R=12.5 cm and R=5.2 cm 


\ 
40 1 log F (dynes) respectively. The dashed lines in Figs. 1 and 2 are 
13 5 the corresponding curves obtained from formulae 
of Lifshitz in the limit of large separations. The 


mixed tallium halogen crystal a static dielectric 
constant ¢«) ~ 50 and curve II corresponds to € =n 
w 6 (n is the index of refraction in the optical re- 


2 


a more accurate approximation (see Refs. 1 and 
3). The molecular attraction of these samples is 
approximately five times that of quartz. 

The large forces of interaction and the simplicity 
FIG, 2 FIG, 3 of calculation make metals an interesting object for 


= Af 
G Gt G2 WW G4 G5 Q6 47 Q6 49 H(p) 26 10 (2 14 16 18 Olog H(p) 


theoretical curve I corresponds to assuming for the | 


gion). Here, as for quartz, the curve II is probably — 


study; however, we must necessarily use a substan- _ 


tially more complicated method for measuring the gap. We had measured the gap H from the diameters 
of the Newton’s rings seen through the upper of the studied objects. The case of a metal-transparent di- 
electric pair is simpler, from the point of view of procedure, since the optical method for measuring the 
gap can be retained. In contrast to the case of two dielectrics, it is necessary inthe calculation of the 
gap H between the quartz and metal surfaces (from the diameters of 

10°U (erg/ cm?) Newton’s rings ) to take into account the phase shift on the reflection 
from the metal. In the corresponding experiments we have used a 
quartz-glass lens and a quartz plate coated with chromium by evapo- 
rating in vacuum. The choice of chromium was dictated by its com- 
paratively small coefficient of reflection of light. This makes pos- 
sible the observation of sufficiently contrasty interference rings in 
the gap between the metal and quartz surfaces. Figs. 3 and 4 give 
graphically the measurements for chromium. 

According to the Lifshitz theory, the estimated interaction force f 
between a metal and a dielectric at sufficiently large separations is 


Cis Bn en Or ee eae ie ies 9 
O Qf 02 03 04 O5 06 Q7 OF 09 10 UH (yp) H* 20 e+ 1 2 0)» (2) 
FIG, 4 where gj (€o) is the function tabulated in Ref. 3 and the remaining 


symbols are the same as in Eq. (1). Considering, as in the past, 
the transparency of quartz for wavelengths of the order of H, we 
have used for our calculations, the results of which are shown dashed in Figs. 3 and 4, the values eg 
which also equal the squre of the index of refraction in the optical region. In the present case the meas- 
ured attraction is approximately four times the interaction of quartz surfaces. 
We find the agreement between experiment and theory fully satisfactory, considering the inaccuracy of 
the theoretical estimates and the experimental errors. 


It is interesting to note that in the experiments of Prosser and Kitchener? precisely the same results 
were obtained using a method different from ours. 


SB Vy Deriagin and I, I. Abrikosova, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 993 (1956 ), 31, 3 (1956 ); 
Soviet Phys. JETP 3, 819 (1957), 4, 2 (1957). 


7E. M. Lifshitz, Dokl. Akad. Nauk SSSR 97, 643 (1954); 100, 879 (1955). 
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A. P. Prosser and J. A. Kitchener, Nature 178, 1339 (1956 ). 
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DISPERSION RELATIONS FOR S AND P WAVES FOR MESON PHOTOPRODUCTION IN 
FIRST ORDER OF 1/m 


L. D. SOLOV’EV 
Moscow State University 
Submitted to JETP editor June 14, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 801-803 (September, 1957) 


Tue matrix element of the R-matrix for the transition corresponding to the photoproduction of a meson 
on a nucleon can be written in the form! 


4 
cts ; 
Ce) RID ages 8 (r+ 9—p—k) D ConA + eA 4 Flee) AP) ny (1) 

i=1 


Here k, q, p, and p, are the momenta of the photon, meson, and nucleon in the initial and final state 
respectively; nj are the spin operators which in the center of mass system have the form (e—polari- 
zation vector of the photon ) 


= i (e); Mp = kg (oq) (o[kxe])s ys = 1k 1G? (sk) (qe); Me = iq” (64) (Ge) 


and AM = AM (W, x), where W is the total energy of the system, x =cos6 (@—scattering angle). 


The quantities AQ) as functions of W obey the dispersion relations! 
See 4 
Re AM (W, x)= AP (W, x) +P | dW” SAPO, WY aim AP (Wx), (2) 


m+ v—1 


where AQ) and £™) are known functions, and x’, the cosine of the primed angle, is connected with x, 


W, and W’ by the relation 
Rk (® — qx) =k’ (w’ — q’x’). 


It follows from this expression that in the c.m.s., i.e., where p +p, =0, the unobservable energy range 
corresponds to the unobservable range of the primed angles, i.e., the range where ~~ < x < —1. One 
therefore has to know the analytical properties of AQ) as a function of x. 

By means of a phase-shift analysis one can obtain expressions for the Aj in terms of Legendre poly- 
nomials; for example 


Ay = >) UMig + Eq P),, 0) +1 + 1) Mi + Er-1P)_,(0)} ete. 
1=0 

(£— angular momentum of the meson; the subscript + refers to the total angular momentum f+ fp re- 
spectively; My, corresponds to magnetic and Ey, to electric multipoles). Let us BSS EUNC that these 
infinite series can be terminated [for this to be true the integrals in (2) have to be sufficiently strongly 
convergent ]. Then the AQ) will be analytic functions of x. Further one can in (2) eliminate the angles 
and write down dispersion relations for MM, EM), We shall give these limiting ourselves to S and P 
waves and including recoil corrections up to the order 1/m. Introducing new variables ¢€ = W —m; 


, , 
€ =W —m we have 


618 LETTERS: TO* CHEE Or 


2 (Be? + 2g?) 4 


Re E® (¢) = MB + =p a(t tt mee —| a +(e! e+e | 
rs 


ct 0) (ety — MO (ery + 3 [el + 2e +(e’ — 22) — ge [ee F242 +9") 
— ep) Aim ey) — meet 3 [¢ [: 
(et 2e (e* + 4°) 2¢'q? (A) es 
aie (e"(e! == 8) — a T Se pe alley gag SLES Ng ey 
M, € r 223 og Dette 1 ES) 
Re [M2 (2) — M&} ()] — MO + LPI ae’ [> ESS Im EN *') 
p 


+ [+ F455 (1- S)] op im mR ‘i Me (ey) + [1=F 1-42. sig Im EY} (e’)} 


Re [2 M% (c) + MY (= M242 pl ds’ E 4-455 (1 +a | tm [2M (2) + M® (e’)}. 
p 


0 22 ‘ (a) 4 1 — SF 1 (A) 1)\ 
Re Ey} (e) = Me) 4. 22? (ds Fomipe Im Eo (¢ \+(- REE iia eae (I= 5S 5)\lay ; Im Ey} (e’); « 
p 


eA) = ye) 4 we ) 
We take here the upper sign for } = 1, 2 and the lower sign for } = 3. The terms Mj; = Mise + Mein 
are given within the present accuracy by 


Me =—Hfaznr.—SU+)+s5]; MB=— LF Po Ley), 
o 1-4 W 1 
MQ, = gE. 0E9D ; MQ =—3- Sh 41) Fo 


(A =1, 2—upper sign, A = 3—lower sign), and 


= © pr, _ 40. 5, ed: 
Fe=1—3pF; Fu= 3 F; Fo=+| 


20g o+q 
9 f (Up Bn 3e?—2g?\  ° f(Hp— Un) @ f(u, Fu 0 
MQ, = Met tn) (.,_ Sem), ee Mo, eit 22 n) gq, M®, = 
0 i (e, ¥ pn) (3) i (Hp — Yn) AY 
Miz. = — Th wie ; MG, = Se" 9 (1+ oe] 


(A = 1— upper sign, A = 2 — lower sign). 
0 . 
MY). = 0 (0 = 1, 2; 3). 


The equations for the P-wave are in essence similar to the corresponding expressions given by 
Chew and Low.’ They differ in the meaning of the integration variable, in certain interchanges of E 
and M terms, and in the addition of some correction terms of the order 1/m [which are not impor- 
oe in the region of the (33) resonance ]. From the equation for the S-wave we have the expression for 
EG which is important in comparison with experiments: 


— 2YV QE? = Eo, (1p nn") + Eos (yn pr), 


in which the integral converges sufficiently rapidly for large ¢’. 
I take the opportunity to express my gratitude to A. A. Logunov for his interest in the present work. 


‘Logunov, Tavkhelidze, and Solov’ev, Nucl. Phys. 4, 427 (1957). 
*G. F. Chew and F. E. Low, Phys. Rev. 101, 1759 (1956). 
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ENERGY OF IONIZATION BY ELECTRONS IN SILICON CRYSTALS 


V. M. PATSKEVICH, V. S. VAVILOV, and L. S. SMIRNOV 
P, N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 15, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 804-805 (September, 1957) 


Tue mean ionization energy € is one of the fundamental parameters which determines the efficiency 
with which the energy of nuclear radiation is transformed to electrical energy by semiconducting p-n 
junctions,! as well as the counting efficiency of crystal counters. 

A determination of ¢ in silicon single crystals for ionization by electrons 
with energies between 10 and 30 kev has been performed in the same way as 
previously in germanium single crystals, by measuring the “multiplication” 
factor for current carriers.? We measured the ratio of the excess carrier cur- 
rent through the p-n junction, due to generation of electron-hole pairs by high 
(primary ) electrons, to the primary electron current. The recombination los- 
ses were evaluated by an independent determination of the collector coefficient 
a, which depends on the geometry of the irradiated crystal, on the surface re- 
combination rate of nonequilibrium carriers, and on their diffusion length.? 

In these experiments we used p-type silicon single crystals with p-n junc- 
tions obtained by thermal diffusion of gaseous phosphorous The irradiation 
was performed from the direction of the n-type material, perpendicular to the 
crystal surface and parallel to the p-n junction (see Fig. 1). 

2 —n-type silicon Because of the low carrier diffusion lengths occurring in silicon after ther- 
{doped with phospho- mal diffusion of impurities to obtain a p-n junction, we used a crystal whose 
rous ). junction is located about 20 w from the irradiated surface. We found that when 
SFMT LT EES a ee the excess carriers are excited in these samples by monochromatic light inci- 
dent on the same surface as struck by the electrons, a depends strongly on A, and therefore also on 
the depth at which electron-hole pairs are produced.! 

It was established that in contradistinction with germanium, a does not change during evacuation of 
the system (from atmospheric pressure to 10-' mm Hg) or during electron bombardment. This is due 
to the occurrence of a thin, but quite firm film of quartz on the silicon surface. The thickness of this 
film, which lowers the initial energy of the electrons entering the sili- 
con, was evaluated from its breakdown potential and was found to be be- 
tween 0.5 and 0.7. Ion bombardment led to diminution of a due to an 
1600 increase in the surface recombination rate. 

Figure 2 gives the experimental dependence of the “multiplication” 
factor B for electrons in silicon (without accounting for recombination 


FIG. 1. Diagram 
of the experiment for 
finding ¢ in silicon. 
1—p-type silicon; 


TL AG 


FIG. 2. The “multipli- 
cation” factor of electrons 


in a silicon as a function of 
the primary electron energy. 


losses ) on the primary electron energy V from 1.5 to 30 kev. The 
shape of the curve indicates the existence of a “dead layer” on the sur- 
face. The electrons lose part of their energy in this layer, but it is 
transparent to light. We evaluated the distribution of ionization losses 
through the depth into the crystal, accounting for scattering of the pri- 
mary electrons in the crystal, from the data calculated by Iurkov’ using 
Spencer’s method. 

We evaluated e« for each value of V by comparing f# for this energy 
with the value of a for light whose wavelength is such that the inverse 
of the linear absorption coefficient is equal to the mean free path of the 
electrons of given energy. The ratio a/f, which is proportional to e, 
should not depend on the depth at which the ionization takes place in a 
silicon crystal. On this basis, the B(V) curve was used to evaluate the 
thickness of the quartz layer. This was found to be 0.6 u, which agrees 
with the data obtained from the breakdown potential. 

The value of « we have obtained is 4.2 + 0.6 ev. 
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The authors express their gratitude to Professor B. M. Vul for many valuable remarks. 
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FINE STRUCTURE OF ELECTRON PARAMAGNETIC RESONANCE OF THE Fe?* IONS 
IN THE Alj03 LATTICE 


L. S. KORNIENKO and A. M. PROKHOROV 
Moscow State University 
Submitted to JETP editor June 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 805-807 (September, 1957) 


Tue electron paramagnetic resonance spectrum of Fe** ions, introduced isomorphically into the Al,O3 
lattice to aniron concentration of 1000 has been investigated at room temperature at three frequencies in 
the range from 2.5 x 10!" to 4 x 10!" eps and for magnetic fields up to 16.2 kilo-oersteds. It was found that 
the Fe** ions form two nonequivalent systems each of which gives a spectrum of five resonance lines. 
When the external magnetic field is applied parallel or perpendicular to the crystal axis, both spectra 
overlap. This indicates that the crystal axis fields lie in the same direction for both ion systems. The 
nonequivalence is due to the difference in the directions of the cubic field axes. For orientations far from 
the “parallel” and “perpendicular” ones, the lines of each system broaden and a weak splitting into two 
components is observed. This indicates that each nonequivalent ion system consists of two subsystems 
with somewhat differently directed cubic crystal field axes. 

In order to interpret the spectrum observed, we used a Hamiltonian of the form! 


B= gf (H Se + Hebel HySy) hee [Sec S eh StS (Gs 1) ag" acs any] 
+ D[8— FS (S+1)] + gap F 135 $$— 308 (S + 1) 82 + 25 82 — 68 (S +1) +382(S + 1%), 


where g is the spectroscopic splitting factor, 8 is the Bohr magneton, S is the electron spin and is 
equal to Wp for Fe**, § is the spin operator, H is the magnetic field strength, a is the cubic lattice 
constant, and D and F are the second and fourth degree trigonal field constants. The £n€ coordinate 
system is constructed of the cubic crystal field axes, and the Z axis lies along the direction of the trig- 
onal axis which is also the (111) axis of the —n€ coordinate system. 

The formulas for the fields of the observed lines given by Bleaney and Trenam! (which are valid for 
strong fields when g8H > a, D, and F) are inapplicable because of the relatively high value of D. 
Therefore the energy levels were evaluated by perturbation theory, to second order in the case of the 
“parallel” orientation, and to first order in the case of the “perpendicular” orientation. The unperturbed 
Hamiltonian was taken as 


Ay = ob (HS, + HS. + Hy8y) + D[S2— 55 (S+1)]. 


For the “parallel” orientation the formulas for the AM = + 1 transitions are 
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te, Ty ie 4 4 

1H, = Hy @ (aap + aa) 

where M is the electron spin magnetic quantum number, Hy = hv/gB (v is the frequency of the radiation 
field, and h is the Planck’s constant), and D, a, and F are expressed in oersteds and are obtained 
from the corresponding constants in the expression for the Hamiltonian by dividing by g@. These for- 
mulas give good agreement with the experimental data for the following values of the constants: 


g = 2.003 + 0.001, |D| = (1801-+3)0e, |a—F| = (357 +2) Oe, |a| = (280 + 20) Oe. 


The calculated spectrum for the “perpendicular” orientation also gives good agreement between the 
theoretical and experimental data at the lowest of the frequencies used. 

We also investigated the spectrum of a sample enriched in the isotope Fe®’. No line of the allowed 
hyperfine structure was observed, which verifies the hypothesis! that the nuclear magnetic moment of 
this iron isotope is small. 


‘RB, Bleaney and R.S. Trenam, Proc. Roy. Soc. (London ) 223, 1 (1954). 
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THE PROBLEM OF PIEZOMAGNETISM 


I. E. DZIALOSHINSKII 
Physical Problems Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 807-808 (September, 1957) 


Iw the recent literature one encounters assertions that piezomagnetic bodies in general cannot exist in 
nature. This conclusion has been based on the invariance of the equations of mechanics with respect to 
a change of the sign of time when a simultaneous change is made in the signs of all magnetic fields and 
spins; from this the inference has been directly drawn that in the expression for the thermodynamic po- 
tential of an arbitrary substance, there can be no terms linear in the magnetic field.! In actuality, how- 
ever, such an argument is valid only for paramagnetic bodies, whose magnetic symmetry group contains 
the transformation (we denote it by R) consisting of a change of sign of the magnetic field and the spin. 
In substances possessing, for instance, the magnetic structure of antiferromagnetics, the magnetic sym- 
metry group does not contain the element R by itself; this element enters only in combination with other 
symmetry elements, or else is not present at all. Consequently such substances, in general, are capable 
of possessing piezomagnetic properties .?+3 In this note several substances are pointed out that actually 
occur in nature and that should, on the basis of magnetic symmetry considerations be piezomagnetic. 
We consider, for example, the antiferromagnetic crystals a-Fe,0; and FeCO 3. As has been shown, 
they have the same magnetic symmetry class, composed of the following elements: 


Cor 3U, Ie Ses 3oq. 


4 


(This refers to that one of the two antiferromagnetic phases of a-Fe,O, that exists below 250° K). Here 
the symbols for symmetry elements are the same as in Ref. 4; a rectangular coordinate system is chosen 
with the x axis along one of the twofold axes. It is easy to verify that such symmetry permits the pres- 
ence, in the expression for the thermodynamic potential ®, of two combinations linear in the components 


of the stress tensor oj, and of the magnetic field H: 
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D = —)y {(Gxx — Syy) He— 2oxyH y} — ho (SxeHy — SyzH x). 
Hence we find at once the expressions for the magnetic moment in the absence of an external field: 
My = dy (Sxx— Syy)—AeSyz, My = — 2hySxy + ha Sez 


Other examples are the antiferromagnetics MnF, CoF,, and FeF;. In accordance with Ref. 4, their 
magnetic symmetry class consists of ea 


Cx, 2.C Ra 2U sa 2U,RiMIs cay SS ieee concog: 
This symmetry group leaves invariant the following term in the expression for ®: 
DO = —X(oxzHy + yz), 
whence we get for the magnetic moment 


My =)oyz, My = ho xz. 


lw. Zocher and H. Térdk, Proc. Nat. Acad. Sci. U.S.A. 39, 681 (1953). 

a BeAr Tavger and V. M. Zaitsev, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 564 (1956); Soviet Phys. 
JETP 3, 430 (1956). 

31. D. Landau and E. M. Lifshitz, Sxexrpoqunamuxa cnxoumerx cpex (Electrodynamics of Continous 
Media ), Gostekhizdat, 1957. 

41, E. Dzialoshinskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1547 (1957); Soviet Phys. JETP 5, 1259 
(1957). 
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THE ROLE OF NUCLEONS IN MULTIPLE PRODUCTION OF PARTICLES 


A. A, EMEL’IANOV and I. L. ROZENTAL’ 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 808-809 (September, 1957) 


In the processes of multipole production of particles in collisions of high-energy nucleons with nuclei, 
nucleons play a special role compared to mesons. 

In addition to the obvious differences caused by conservation of nuclear charge and different masses 
of nucleons and mesons, one should note a less obvious characteristic which is essential in a hydrody- 
namical description.! For energies of the incident nucleon Ep = 10? — 1013 ev, the temperature of the 
system at the beginning of the hydrodynamical expansion is 1—2 Mc? (temperature is measured in units 
of energy; M is the nucleon mass). At the same time, the condition T > pc? (u is the mass of the 
m-meson) is satisfied. Therefore, at the energies discussed, during the whole process the probability of 
production of a nucleon-antinucleon pair is very small; in this respect, nucleons and mesons differ es- 
sentially. At the present, it is not possible to unambiguously describe this difference of the nucleons in 
the process. Here we consider a simplified model of the hydrodynamical development of the system, 
taking into account the special role of the nucleons taking part in the process.? * 

We consider a given collision of two nucleons. In the interaction between nucleons, a meson cloud is 
formed, which is contracted by them as if by a piston (the contraction proceeds in a non-adiabatic fash- 
ion). As a result, a system is produced in which the kinetic energy is divided between nucleons in a very 
small volume. It is natural, in the spirit of the whole conception, to postulate that the order of magnitude 
of the volume V is (41/3)(h/uc)? 2Mc?/E’ where E’ is the energy of the nucleons in their center of 
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mass system, h/uc is the radius of the meson cloud, and the factor 2Mc?/E’ takes into account the con- 
traction of the cloud. 


In this paper we determine the fraction of the energy carried by the fast nucleon. To obtain this, we 
consider the relativistic hydrodynamical equations 
OT, (0%, =0, Ti, = Wu;U, + PLin, 
where w=e +p is the enthalpy, uj isa 4-velocity; gy; = gy = g33 = 1, a4 = —1,, Xi =X, y,.Z,-1et. In 
the center of mass system, the system considered has the form of a flat disc at the moment of collision; 
therefore, in the course of the first stage, the hydrodynamical expansion can be considered as one-di- 
mensional (for more details, see Ref. 2). 


At the boundary between matter and the nucleon, the solution of Eq. (1) should satisfy the boundary 
condition 


Mdu,/dt = px(h/po), w= 0/VI-o/A, 


where v is the nucleon velocity, p is the pressure on its ‘surface,’ m(h/pc yh the area of the trans- 
verse cross section of the nucleon. 

A detailed consideration of the process shows that for E) = 10'1—10" ev, it is sufficient to obtain a 
solution far simple waves in the region of nontrivial motion, bounded, on the side of the nucleon, by the 
region of simple waves and, on the other side, by the stationary plane of symmetry. This circumstance 
can be explained by the fact that the system starts to decay sooner than the wave, which is reflected by 
the moving nucleon, arises. 

Solving the equation for the motion of the nucleon, one can obtain its energy Ey, at the moment the 
system begins to decay (the decay of the system is characterized by a decay temperature T, = pc”). 
As a result of calculation, we obtained for Eo = 10!! and 10” ev that E, = 0.3 x 10! and 0.2 x 10” ev, 
respectively, in the laboratory system; the dependence on the energy of the fast nucleon can be written 
in the form 


Een aae 


It should be noted, however, that the determination of E,, is very conditional, since at an energy Eg 

~ 10’ ey, the number of particles is small and the moment of decay cannot be determined from the local 
temperature near the nucleon, but from the temperature averaged over the region of space, even though 
there is only one nucleon. Solving, approximately, the problem for the averaged quantity, it is possible 
to show that E, = 0.6 Ep. 


The energy of the fast nucleons depends appreciably also on the value of the volume V, i.e., E, 
mw Ved, 


*The experimental data?*4 also shows the essential difference of the nucleons. 


1T,. D. Landau, Izv. Akad. Nauk SSSR, Ser. Fiz. 17, 51 (1953). 

27. L. Rozental’, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 278 (1956), Soviet Phys. JETP 4, 217 (1957). 
31. L. Grigorov, Dissertation, Moscow, Phys. Inst. Acad. Sci. (1954). 

4G. T. Zatsepin, Dissertation, Moscow, Phys. Inst. Acad. Sci. (1954). 
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HYDRODYNAMIC FLUCTUATIONS IN A SUPERFLUID LIQUID 


I. M. KHALATNIKOV 
Institute for Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 809-811 (September, 1957) 


1 Landau and E. Lifshitz! have recently calculated the fluctuations of the hydrodynamical parameters 
in classical hydrodynamics by introducing “outside” terms in the equations of motion. 

We will apply the same method to a calculation of the fluctuations of the hydrodynamical parameters 
in a superfluid liquid. For generality we will assume that there are foreign particles dissolved in the 
superfluid. In view of the unusual simplicity of the method, this assumption does not complicate the cal- 
culations. We write down the hydrodynamical equations of the superfluid solution with “outside” terms 


dp /dt--divj=0, Oj; /dt + OW, [On = —Otn / Orn; | 
| 


Ooc / Ot + divecVaza=—divg, Ov;/dt-+ V(e—cZ/p + 02/2) = — VA; 


{5p + div(Sv,— = 8)} = — |b div (j—pvn) +5 win (552 8 oe ! eV 57| — diva: 


Ov, dv, yO ‘ P : 
Tih = =i = - oeeanr ee are Bin [Cr div(j — pVn) -+ Se div Va] + Tix. 


h=—{, div(j —pv,) —G,divv, + H; g = —pD(Ve+ =" vr +2 vp) +6, 
q=—pDT (Ve+—" vr +? vp\ [tr 2 (4)—7 2 (4)|—ewr +a. 


We use the same notation here as in Refs. 3 and 4.* In these equations we have introduced an “outside” 
momentum flow tensor Tj,, an “outside” potential H, and “outside” flow vector for the dissolved par- 
ticles G, and an “outside” heat flow vector Q. 
The rate of change of the total entropy of the liquid is, according to our earlier work,?4 
dv, ov VT 
Stop = — 7 | {hdiv i — evn) +5 ath Gea ape eare ea ar hav. 
The correspondence between the quantities figuring in the theory of fluctuations® (equations of motion 
Rye Vv BxB + Yq): and the quantities in our equations are given by the following table 


Le Vik h g q 

4 (90; | Any jocue: Zz VT 
Xe —orla ta fv — 7 div(j—pv,) AV —VZAV — Fay. 
Yu dies H G Q 


Making use of the expression 
Ya (t1) Yp (te) = R (Yaa + Yea) 9 (t1 — #2), 
we obtain the fluctuations of the “outside” terms in the hydrodynamical equations of a superfluid liquid 


Tin (Tita) Tim (tate) = 2kT {1 (8:13am + Simn1) + (G2 z1)2 Sin Bim: -0(ry —Tr2) 6 (t, — ta), 


Tix (tyty) H (rete) = 2kTC 10x28 (ry — 12) 8 (t; — ta), A (Tyt,) H (tot) = 2RTC,5 (ry — ry) 8 (t; — ft), 
Qi (rath) Qe (Paha) = 27? fe + pD [< (=): kr —T 2. (=) / 5 (=)} 3 (ry — rp) 8 (ty — te), 


Gi (its) Gx Fats) = [2k0D | F (F)] Pin 9 (rr — 19) 3 (ts — fy), 


LETTERS TO THE EDITOR 625 
inst ee eee arene 
Gi (Fit,) Qh (fota) = 2eT {D5 (sr) Farag T or (=)| / alta) Bind (ty — ta) 8 (t:—ts). 


ae fluctuations of the hydrodynamical parameters can be found by expressing them in terms of the “out- 
side” quantities with the aid of the hydrodynamical equations. 

In conclusion we note that the equations for fluctuations of the quantities Q and g will also apply, 
naturally, to solutions of ordinary (non-superfluid) liquids. 

I would like to thank L. D. Landau and E. M. Lifshitz for allowing me to become acquainted with their 
manuscript before publication. 


*The thermodynamic identity has the form 
de = TdS +ydp + Zde + (vy — vg) d(j - pvs). 


3 a ae . 
L. D. Landau and E. M. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 618 (1957), Soviet Phys. 
JETP 5, 512 (1957). 
2 uy 
S. M. Rytov, Teopua onexrpuyeckux dayKtyanMii u TennoBoro usayyeHuA (Theory of Electrical Fluc- 
tuations and Heat Radiation), Academy of Sciences Press, 1953. 
31, M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 265 (1952). 
cl. M. Khalatnikov, Usp. Fiz. Nauk 60, 69 (1946). 
L. D. Landau and E. M. Lifshitz, Crarucruyeckaa cbusuxa (Statistical Physics ), 3rd Edition, Goste- 
khizdat, 1951. 
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CAUSES OF THERMODYNAMIC IRREVERSIBILITY 


B. I. DAVYDOV 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 811-812 (September, 1957) 


Tue statistical interpretation of the second law of thermodynamics was given by Boltzmann more than 
eighty years ago. In spite of this long period of time, there is no clear explanation for the experimen- 
tally observed fact of macroscopic irreversibility. 

The laws of elementary mechanics, both classical and quantum, are entirely reversible. This fact 
causes the general laws of statistical mechanics to be also reversible. Indeed, the Liouville equation is 
reversible just as is the equation of motion of the density matrix for a mixed state in quantum mechanics. 
Therefore with any mechanical process developing in time there can always be associated an analogous 
process moving in the opposite direction. This is accomplished by replacing all the velocities or mo- 
menta by their negatives. Thus if the entropy is increasing in time in any process, the reverse process 
in which the entropy decreases may always exist in principle. One cannot, therefore, assign to the sec- 
ond law of thermodynamics the same universal meaning as to the first law, the conservation of energy. 
In small-scale events, in fact, one often observes fluctuation phenomena due to the decrease of entropy 
with time. 

It is on the basis of such concepts that Boltzmann arrived at his fluctuation hypothesis. This hypothe- 
sis, however, is of a merely speculative nature, being based on no experimental facts other than those it 
attempts to explain. As is known, it did not achieve recognition. 

In order to find genuine reasons for thermodynamic irreversibility, one must first clarify the origin 
of those statistical anomalous states which approach thermal equilibrium in an irreversible way. 

The sources of all the thermal energy with which we deal are nuclear processes This is above all 
the energy liberated in radioactive decay; such is, for instance, the source of heat in the interior of the 
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earth. Further, this is the energy liberated in thermonuclear reactions; such is essentially the origin of 
the energy radiated by the sun and stars, and from which, in the final analysis, come all the energy re- 
sources of modern technology. 

These simple considerations make it possible to give a general answer to the question of the cause of 
thermodynamic irreversibility. At present nuclear processes accompanied by liberation of energy Ee 
often take place in the universe surrounding us, and as far as we know reverse processes accompanied by 
an increase in internal nuclear energy almost never take place. A gradual dissipation of nuclear energy 
on a very large scale is therefore taking place around us. It is just to this quite specific process that 
thermodynamics refers. The law of entropy increase characterizes its directional nature. 

If the general equations of mechanics are entirely reversible, irreversibility can be due only to the 
initial conditions. In reality such an initial condition is, on the one hand, the existence of decaying heavy 
nuclei and, on the other hand, the possibility of further thermonuclear synthesis. Both these phenomena 
lead to the continual production of particles with enormous kinetic energies which are then gradually dis- 
sipated among all the degrees of freedom of the surrounding macroscopic molecular systems. All phys- 
ical kinetics is a description of various stages of this extremely complex process. 

We shall not consider here the possible reasons for the fact that nuclear energy is much more often 
liberated around us rather than absorbed. There can be no doubt in this, of course, as an observed ex- 
perimental fact. We wish only to indicate the possibility of explaining thermodynamic irreversibility by 
well-established experimental facts which are completely independent of thermodynamics and statistical 
mechanics, 
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MAGNETIC PROPERTIES OF COBALT FLUORIDE IN THE ANTIFERROMAGNETIC STATE. 


D. N. ASTROV, A. S. BOROVIK-ROMANOV, and M. P. ORLOVA 
All-Union Institute of Physico-Technical and Radiotechnical Measurements 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 812-815 (September, 1957) 


Tue antiferromagnetism of cobalt fluoride was established in neutron diffraction experiments by Erick- 
son,! from whose data it follows that the transition temperature of CoF, lies in the neighborhood of 50° K. 
Calorimetric measurements by Stout and Catalano? indicated the existence of a peak in the specific heat 

at a temperature of 37.7°K. 

We have investigated several CoF, samples prepared of ChDA material which was dried in a vacuum 
by the method suggested by Birk and Biltz.? The magnetic susceptibility was measured by the Faraday 
method. The experimental error in the temperature was no greater than + 0.5° at liquid hydrogen tem- 
peratures, and about + 0.1° at higher temperatures. The error in the absolute measurements of the sus- 
ceptibility was no greater than + 5%, and in the relative ones it was no greater than + 2%. 

The results obtained are shown in Fig. 1. The inverse of the susceptibility has a minimum at To = 
38° K, which is in good agreement with the temperature of the discontinuity in the specific heat.2 Above 
55° of the curve obeys the Curie-Weiss law Xm=Cyp/(T - 8) with © = -50 and Ci, = 9.875 (per mole ). 
The magnetic susceptibility is field independent in the field interval we investigated (900 — 4000 oersteds). 

Stout and Matarrese’ have measured the difference between the principal molar susceptibilities 
( Rese: ) in CoF» single crystals. It is of interest, for comparison with theory, to find the temperature 


dependence of the absolute values of X]| and x |. Stout and Matarrese used the results of experiments 


with a polycrystalline sample® in 1939, combining them with their data to construct temperature-depend- 
ence curves for X|| and y, . The curves obtained in this way are difficult to explain on the basis of ex- 


isting concepts of antiferromagnetism; the value of y ak increases greatly instead of remaining constant, 
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FIG. 1. The reciprocal of the molar magnetic 
susceptibility 1/y,, of CoF, as a function of tem- 
perature. 


FIG. 2. The temperature dependence of the 
molar magnetic susceptibility of CoF,. (1) tem- 
perature dependence of the “perpendicular” sus- 
ceptibility, on the basis of our data and that of 
Stout and Matarrese;*4 (2) temperature depend- 
ence of the magnetic susceptibility of the powder, 
according to our measurements; (3) tempera- 
ture dependence of the “parallel” magnetic sus- 
ceptibility, based on our measurements and the 
data of Stout and Matarrese.' 
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and after passing through a maximum at about 65° 
K, xq decreases not to 0, but to 40% of its maximum 
value. 

Entirely different but also anomalous curves 
were obtained by Bizett and Tsai,® who compared 
their new results for a polycrystalline sample with 
the data of Stout and Matarrese. According to them 
Xf increases greatly, and Xx}, varies in a complex 
way with a maximum at 50° K, a minimum at about 
23° K, and a strong increase at lower temperatures. 
In our opinion the low-temperature increase they 
obtain for the susceptibility of polycrystalline CoF, 
is due to their sample being not sufficiently baked 
out and containing some of the paramagnetic hy- 
drated salt CoF,: 4H,O. 

Figure 2 shows curves of the temperature de- 
pendence of x|j and xy; obtained by combining our 
data with the anisotropy data of Stout and Matarrese. 
At the transition point y; = 4.8 x. Below the tran- 
sition point y; remains practically constant, and 
Dal decreases rapidly approaching 0 as T — 0. The 
fact that no anomalies are observed on the y} curve 
at the transition point may be explained by the 
chance coincidence of the nature of the anisotropy 
change in the paramagnetic and antiferromagnetic 
regions, as well, perhaps, by the insufficient accu- 
racy in the measurement of (xy — x it) in the in- 
termediate temperature range, when the measure- 
ments were performed while heating the apparatus. 

It is thus seen that the temperature dependence 
of the principal magnetic moments XII and y he of 
CoF, below the transition point is of the same gen- 
eral character as it is for other antiferromagnetic 
substances. A particular property of CoF, is the 
strong anisotropy of the Cott ion in the paramag- 
netic state, which causes x, to be much greater 
than x} at the transition point. 

The authors express their deep gratitude to P. 
G. Strelkov for constant interest in the work. 


1R, A. Erickson, Phys. Rev. 90, 779 (1953). 

21, W. Stout and E. Catalano, Phys. Rev. 92, 1575 
(1953). 

3, Birk and W. Blitz, Z. anorg. u. allgem. 
Chem, 153, 121 (1926). 

41. W. Stout and L. M. Matarrese, Revs. Modern 
Phys. 25, 338 (1953). 

5w. J. de Haas and B. H. Schultz, Physica 6, 
481 (1939). 

6H. Bizett and B. Tsai, Conference de Physique 


des basses temperatures, (Paris 2—8 September, 
1955). 
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Tue electrical resistance of ferromagnetics in fields above saturation (paramagnetic region) always 
diminishes; therefore AR/R is here a decreasing function of H (linearly decreasing in first approxi- 
mation —see Fig. 1). According to the usual theory the quantity p = —R7!AR/AH should decrease as 
absolute zero is approached, owing to the decrease in the concentration of non-oriented spins in a domain 
as a consequence of reduced thermal motion. At 0° K absolute saturation occurs, hence p = 0. 

In the work of Smith,! however, the 42% Ni, 58% Fe alloy is shown to behave exceptionally in this re- 
spect. The quantity p at liquid nitrogen and hydrogen temperatures not only does not decrease for this 
alloy, but even increases slightly. This interesting result is discussed by Gorter.? Smith’s finding is 
explained on the assumption that the alloy in question possesses structural peculiarities; a negative ex- 
change interaction is possible in its lattice, with the consequence that parallel orientation of spins is in- 
complete even at 0° K (antiferromagnetic state). 

To check these conclusions we have performed more detailed measurements of the longitudinal gal- 
vanomagnetic effect, accompanying paramagnetism, in a number of ferromagnetics (including the 42% Ni, 
58% Fe alloy) at low tempera- 
tures including that of liquid he- 
lium. We have use a more accu- 
rate method for determining p 
than used by Smith, who obtained 
this quantity graphically from the 
curves of AR/Rvs.H. In our 
experiments p was determined 
in the following way. First the 
sample was subjected to a suffi- 
ciently strong field to magnetize 
it to technical saturation. The re- 
sulting galvanomagnetic effect, 
caused by motion and rotation, 
was compensated for by adjusting 
the bridge resistance; the bridge 


O20 —s—-—1 was then set for i ensi- 
0 100° 200° sun” Te n maximum sensi 


(ak/R)10* 


FIG. 1. Resistance as a func- tivity. Next the sample was sub- 
tion of magnetic field intensity FIG. 2. p = —R~'AR/AH jected to an additional field —AH 
for the 42% Ni, 58% Fe alloy. for the 42% Ni, 58% Fe alloy. and the corresponding AR, due 
Solid curves refer to the unan- Solid curves refer to the unan- to paramagnetism, was measured. 
nealed sample, dashed curves nealed sample, dashed curves The quantity AR/AH was referred 
refer to the sample after anneal- refer to the sample after an- to the resistance R at the given 
ing at 800°C, 3 hours of aging. nealing. temperature. Our method allowed 


measurement of p with a 5% ac- 
curacy. In Fig. 2 AR/AH, R and p are given as functions of temperature for the 42% Ni, 58% Fe alloy. 
The points on the curves correspond to room and liquid nitrogen, hydrogen, and helium temperatures. 
One sees that AR/AH and R are monotonic functions of the temperature, whereas p varies in a com- 
plicated manner. As the temperature decreases p first increases (this was also observed by Smith), 
then it reaches a maximum value and decreases. However at 0° K it does not reach zero as required by 
the above-mentioned theoretical considerations (i.e., at 0° K there exists a “residual” galvanomagnetic 
effect due to paramagnetism). The dashed lines in Fig. 2 represent the corresponding curves for the 
same sample after annealing. It is seen that the character of the curves, particularly of the curve p(T), 
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has changed substantially (the maximum has disappeared). The existence of the maximum in the curve 
p(T) and its location as a function of temperature is determined by the form of the temperature depend- 
ence of AR/AH and R; a change in the temperature dependence of AR/AH and R shifts the maximum 
towards lower temperatures, or obliterates the maximum, or emphasizes it. It therefore follows that the 
increase in p with decreasing temperatures, first observed in Ref. 1, is not of great significance. The 
important factor in the phenomenon under discussion is the existence of a “residual” palwanoneenone ef- 
fect at 0° K due to paramagnetism. 

Besides the 42% Ni, 58% Fe alloy we have investigated pure nickel, iron-nickel alloys containing 50% 
and 78% Ni, copper-nickel alloys containing 20% and 25% Cu, and a 23% Mn, 77% Ni alloy (in a hardened, 
non-ordered state). With the exception of Ni and permalloy (78% Ni, 22% Fe) in which p is very small 
at low temperatures, we have obtained for all the alloys curves very similar to those in Fig. 2. There- 
fore, contrary to Smith, one may conclude that the phenomenon in question is not peculiar to the 42% Ni, 
58% Fe alloy; it also occurs in certain other ferromagnetic alloys. We give below values of p measured 
by us at liquid helium temperature in unannealed Ni-Fe and Cu-Ni alloys and in a hardened Mn-Ni alloy. 


Alloy p x 108 
42% Ni, 58% Fe 31.6 
50% Ni, 50% Fe 15.6 
20% Cu, 80% Ni 25.5 
25% Cu, 75% Ni 11.6 
23% Mn, 77% Ni 23.6 


The existence of the “residual” galvanomagnetic effect due to paramagnetism at 0° K in other ferro- 
magnetic alloys beside the 42% Ni, 58% Fe alloy raises doubts as to the validity of the explanation given 
in Ref. 1. We believe that the existence of this effect is connected with the influence of structure imper- 
fections on the exchange interaction. 

te take this opportunity to express appreciation to A. J. Shalnikov for his advice and interest in this 
work. 


13, Smith, Physica 17, 612 (1951). 
2C. Gorter, J. Phys. Rad. 12, 279 (1951). 


Translated by A. Bincer 
163 


GREEN’S FUNCTION FOR DIFFUSION OF RADIATION 


B. A. VEKLENKO 
Moscow Energy Institute 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 817-819 (September, 1957 ) 


Brserman'! suggested a theory for the diffusion of resonance radiation, which takes account of the 
possibility of changing the photon frequency in each reradiation event. It was assumed that the mean free 
time of a photon is small compared to the duration of the excited state. The integral equation obtained 
was solved numerically for various stationary problems. Later a similar equation was obtained by Hol- 
stein.2 In solving the nonstationary problem, Holstein was interested only in the first eigenfunction of the 
equation, and obtained it using the Rayleigh-Ritz method. 

In the present note it is shown that by maintaining Biberman’s assumptions and treating the diffusion of 


radiation in an infinite medium, one can obtain an analytic expression for the Green’s function f(r, t) 


of this problem. 
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In this case f(r, t)dV is the probability that at time t there is an excited atom in the neighborhood 
of r, if at the initial time (t = 0) there existed only one excited atom and it was located at or . 0. For 
a homogeneous medium f(r, t)=f(r,t), where r is the magnitude of r. The desired Green’s function 
must satisfy the equation 


4 


—hk,|r—ril 


6D (eke Yaa ad Vs —(S +9) A) (1) 
which has been investigated by Biberman and Holstein’? for the initial condition f(r, t)=6(r) at ee 0. 
The notation in Eq. (1) is the following: 7 is the mean lifetime of the excited atom, go is the probability 
of a damping collision, v is the photon frequency, and «, and k, characterize the radiation and absorp- 
tion line shapes, respectively. | 
The use of an elegant transformation suggested by Ambartsumian® brings Eq. (1) into the form ' 


’ 


ot 2T 


=e m \ (eve Ei (fy|r— ni) A(t, i) drdr, —({ + 0) Ar, t) (2) 
—co 0 


co 


with the initial condition 
Alf, t)=30'() (2a fort; 
where 
© 


A(r,t)=\nF (ru tr Fr, ) = —+ liar (3) 


r Or 


re 


Here Ei is the exponential integral function. 
Equation (2) can be solved by Fourier transformation. We finally obtain, using (3), 


—t(1/t+0) g ciel F ie) j ; 
f(22)= — Re oy \ e—ipr [exp (= \ eyky tan? ie dv) — i| dp-+ 2na(r)| : 
— 0 


Let ¢€,=65(v), and k, =k bea constant, corresponding to diffusion without a frequency change. In 
this case 


co 
(oe tan-? _vak tan-? =. 


Further calculation of Eq. (4) must be performed numerically, although by using known methods it is 
not difficult to obtain an asymptotic expression for f(r, t) in the form 


jaa L) = paaDila ene eM l4dt | 19) — 1 / 3k?. (5) 


Thus in the present case of diffusion of radiation, the first approximation is similar to diffusion of 
particles. This similarity has already been noted by Compton.’ 

As a second example, let us consider the spectroscopically important problem of the dispersion shape 
of a spectral line 


pebierits wheres dele . c 
Ry = Fae=yiae tae iA Ryd, 


0 


where ky is the absorption coefficient for the frequency v») corresponding to the center of the spectral 
line, and y is the line half-width. 
It can be shown that 


es oP. je eee bee 5S «1 91 (fo; P)—Vp) . 
\vts tan eee D Kes (Ros P) + 2(Ros p)] + Ro tan? oe =Vep (p > 0), 


Ole 
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uy 


Pi (hor p) = (WR + p? + ho); 0. (Ros p) = (VRB + p? — ky)”. 


The asymptotic expression analogous to (5) now becomes 


—ot z 
i a 2? (exp(—2* x) sin xtdx 


aor 


0 
=~ Fe EV © aw (se —sine) +2 [or(F)+9(F)}, (6) 


where 


+= 


t ye BOR Gey 
eS og hat C(x) = Faz \cos tat 
0 


is the Fresnel integral. It follows from (6) that for large optical path lengths 


f(r, t) = (An) (t ft Vkorye  / 7. (7) 


Comparing (5) and (7) we see that the function for diffusion with redistribution of the photon frequen- 
cies decreases much slower than the other. A similar result can be obtained also for the Doppler shape 
of a spectral line. This is related to the slow decrease of the kernel of the integro-differential equation 
(1), as has been pointed out by Biberman.! 

We note further that Ambartsumian’s transformation makes it possible to obtain an analytic expres- 
sion for the Green’s function in the problem of diffusion of radiation if one accounts for the motion of the 
atoms. 

In conclusion I express my gratitude to L. M. Biberman for his direction in performing the present 
work. 


'L. M. Biberman, J. Exptl. Theoret. Phys. (U.S.S.R.) 17, 416 (1947). 

27. Holstein, Phys. Rev. 72, 1212 (1947). 

3v, A. Ambartsumian, Bulletin of Erevan Astronomical Observatory, No. 6, 3 (1945). 
4K. T. Compton, Phys. Rev. 20, 283 (1922). 
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EFFECT OF PROTON SIZE ON THE POSITION OF ELECTRONIC LEVELS IN HYDROGEN 
AND DEUTERIUM 


N. N. KOLESNIKOV 
Moscow State University 
Submitted to JETP editor June 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 819-821 (September, 1957 ) 


Recent experiments! on the scattering of electrons on protons show that the rms radius of the electric 
charge distribution in the proton is (0.77 + 0.10) x 10713 em, whereas the rms radius of the neutron is 
possibly smaller.2*? This leads to a reduction of the binding energy of the electron in atoms, i.e., to a 
correction to the Lamb shift. In the calculation of a similar effect, one may confine oneself to the inves- 
tigation of the nonrelativistic problem, taking into account additionally the distortions of the electronic 
wave functions, since the corrections due to these are not large in the cases —of interest to us — of hydro- 


gen and deuterium?,® for which experimental data® exist. 
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Let ep(r;) be the electric charge density in the proton, let Wp (r) be the normalized wave function 
of the proton in the deuteron (where r_ is the distance of the proton center from mye cones of mass of 
the deuteron and r, is the distance from the center of the proton to some point within it), and let y (R) 
be the wave function of an atomic s-electron (where in the case of deuterium, R is the distance from the 
electron to the center of mass of the deuteron, and in hydrogen, R is the distance to the proton center). 
The reduction, due to the finite size of the proton, of the binding energy of the electron in the hydrogen 


atom is given (in cm”) by 


_ 


2 1) dt 
DEn= zac \|9R)Pae le —e |e. i) 
But 
| Fs a Sp a lots) rs (1 —R) dr. 


R 
Moreover, if p falls off much more rapidly than lw, then in (1), one may take Iw.(o)|? out from 
under the integral sign. Thus we obtain after integration by parts 


AEy =|) (0)P<r?>, <> = 40 p(n) rédr. (2) 
0 


This result is verified by a method employing more accurate functions in the calculations of E. V. Teo- 
dorovich. 
In the case of deuterium, the volume effect is given by 


NED eee te) ee ee (3) 


Upon integration we obtain 
AEp =| 9 (0) {<R®> + 77> + <9}, (4) 


where the additional last term takes into account the effect of the neutron volume, which has a value less 
than zero. 

Note that if the electron is not treated as a point particle, then in (2) and (4) one should replace <r*> 
with the sum <r? >+< pe >. Regardless of this, however, in the present approximation, the difference 
AEp — AEy does not depend upon the structure of the proton and electron, but is determined only by the 
properties of the deuteron and by the structure of the neutron: 


AEp — AEw = 3/9 (0)[? (<R® + <r>}em-?. 


Regarding the computation of the magnitude of <R’>, the following remarks apply. In the first place 
< R?s, which is characteristic of the distribution of charge relative to the center of mass of the deuteron, 
is four times as small as the quantity ZS which characterizes the distribution of charge relative to 
the neutron. Secondly, although the wave function of the proton in the deuteron, which determines <RiS, 
depends also on the properties of the nuclear forces, which have not yet been completely explained, the 
various assumptions about the form of the nuclear potential give almost exactly the same results if the 
parameters of the potentials are chosen to fit the data on the scattering of low-energy neutrons. In par- 
ticular, in the case of the square well, we obtain 


Ss! ¥ (BRy —/2sin 28R,) )—1 
Oe ace {1 + 27Ro + 27°R2 
/2 


+ grammer, (3 B°RS — B* Risin28Ro—BRe cos BRy + sin 2Re)t, (5) 


where y =(21/f)¥m6; 8B = ( 21 /H)¥ m( Vo- ©), m is the proton mass, 6 =2,.226 Mev is the binding 


energy’ of the deuteron, and Vy and Ro are the well depth and width, respectively, for which values?:® 
of 35.2 Mev and 2.04 x 1078 em were taken. 


For these data the numerical values of the volume effect are: AEy = 0.117 + 0.03 Mc/sec for hydrogen, 


LETTERS *TO THE EDITOR 633 


in agreement with our previous estimate.! For deuterium we obtain a correction of 0.74 + 0.117 = 0.86 
Mc/sec plus 6, = (a/3) ly (0 fare > Mc/sec, which also improves the agreement with experiment. 

The isotopic volume effect, AEp — AEy, is equal to 0.74 Mc/sec + by, i.e., together with the mass 
effect it amounts to 1.33 Mc/sec + dy, which is in good agreement with the measurements® of Lamb 
(1.23 + 0.20 Mc/sec). Before drawing final conclusions about the magnitude of the Lamb shift, however, 
it would be desirable to ascertain to what extent possible corrections, e.g., higher-order quantum-elec- 
trodynamic terms, might modify these results. 

The author is deeply grateful to Prof. D. D. Ivanenko and to Prof. J. P. Vigier of the Sorbonne for 
stimulating this work and for a discussion of the results. 


JE. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 (1956). 
Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. II, 1, 62 (1956 ); Hughes et al., Phys. Rev. 

90, 407 (1953). 

?J. McIntyre, Phys. Rev. 103, 1464 (1956). 

4D. D. Ivanenko and N. N. Kolesnikov, Dokl. Akad. Nauk SSSR 91, 47 (1953 ). 

°E. Salpeter, Phys. Rev. 89, 92 (1953). 

6 Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953). 

TJ. Blatt and V. Weisskopf, Theoretical Nuclear Physics, New York, 1952. 

83. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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APPLICATION OF CHARGE INVARIANCE TO POLARIZATION PHENOMENA 


S. M. BILEN’KII 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 21, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 821-822 (September, 1957) 


As is well known, the hypothesis of charge invariance leads to relations between experimentally ob- 
servable quantities. Up to the present time, however, the only relations that have been derived connect 
the cross-sections of different processes. In connection with experiments on change of polarization it 
is also of interest to examine the relations involving the polarization which follow from charge invari- 
ance. We shall consider an extremely simple method for finding such relations. 

Suppose that the isotopic spin is conserved in the interactions that cause the process a+ A—b+B. 
Let us denote the respective isotopic spins of the particles by jg, ja» jp» jp, and the values of a par- 
ticular component by m,, mg, Mp, Mg. The amplitude describing the transition m,, ma ~ Mp, MB 
can be written in the form 


Ringm a; mpmp = D) (Jajamata | jaiaim) Rj (joiamome | jniaim). (1) 
i 


by the use of the Clebsch-Gordan coefficients. Here Rj; is the amplitude in a state with a definite total 
isotopic spin; it depends on the angles, the spins, and the energy. 

Let Ty be operators acting on the spin variables of particles b and B and forming a complete set 
of matrices (for example, 1 and the Pauli matrices 0,, 0), 0, in the case of a spinless particle and a 
particle with spin aye The experimentally observable quantities are average values <Ty2>. | Promika: 


(1) we have: 


(<TR> 9) mama; mymp— ve (jajaMata | jajajm) (jajaMama | jaJajim) RFT rR), (joj amome| joie im) (jojamots| jojsi™)s (2) 
Ih 
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where o is the differential cross-section. To obtain the relations we sum Eq. (2) over the isotopic spin 
components, keeping one of them fixed, for example mp. Using the orthogonality and symmetry of the 
Clebsch-Gordan coefficients! we get 


>) (<T > 9) magma; mpymg = ese laa (3). 


peas 7 ip 4) 
The sum on the left side does not depend on mp. Consequently, equating the values of this sum for vari- 
ous values of mp, we get relations between the observable quantities. It is obvious that any one of the 
components can be held fixed. It is clear from the proof that in the case in which the number of particles 
changes, relations between the observable quantities are obtained in just the same way. For Ty.= 1 we 
get relations between the differential cross-sections, and the conclusion so obtained provides a foundation 
for the rule formulated by Shmushkevich.” 

Let us consider the scattering of m-mesons by nucleons. Equating the sums (2) for a+ and 1°-mesons 
we get besides Heitler’s relations for the differential cross-sections, the relation 


(Po)xtp; wtp + (PS)n-p; wp = 2(P2)np; mp +(P)n-p; nen (4) 


which involes the polarization P of the recoil nucleon. 
For the production of a t-meson in collision of nucleons with formation of a deuteron we have: 


<T b> pp: id <Tr>np; md + (5 ) 


T, characterizes the polarization of the deuteron (3 components of a vector and 5 components of a ten- 
sor). If the nucleons in the final state are free, we get 


(<TR> 9) pp; ntnp + (<Tr> 2) pp; xtpn + (<TR> )ap; ntan + (XT R> ) np; x-pp 
= 2(<Tr>?) pp; xpp + 2(<T k> 5) np; nenp + 2(<T > 2) np; npn: 


In conclusion we remark that the relations (3) are very convenient for expressing the cross-sections 
and polarizations in states with definite total isotopic spin in terms of the experimentally observable 
cross-sections and polarizations. 

I express my gratitude to Ia. A. Smorodinskii, L. I. Lapidus, and R. M. Ryndin for discussions of the 
questions considered here. 


‘J. Blatt and V. Weisskopf, Theoretical Nuclear Physics, p. 791 (New York, 1952). 
21, Shmushkevich, Dokl. Akad. Nauk SSSR 103, 235 (1955 ). 
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THERMODYNAMIC FUNCTIONS OF SUPERFLUID HELIUM FILMS 


R. G. ARKHIPOV 
Institute for Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 21, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 822-823 (September, 1957) 


Ir is well known that a calculation of the thermodynamic functions of superfluid helium with an excitation 
spectrum of the phonon-roton type proposed by Landau gives excellent agreement with experimental data.! 
In liquid helium which has a free surface, however, there exists one more branch of the energy spectrum 
associated with the presence of surface waves. Its contribution to the thermodynamic functions is propor- 
tional to the area of the free surface and consequently it can play a role only for very thin films. 

The spectrum of the surface oscillations has the form? 
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o = (FE +S) tama, 


where w is the frequency, k the wave vector, £ the film thickness, a@ x 0.35 the surface tension, p 


~ 0.145 the density, and a x 8x 10-® a constant connected with the van der Waals interaction between 
the film and the wall. 


Analysis shows that for 
1 >a" (p/a)/2(h/xT)" ~~ 6-107 om 


we can use the formula w* = ak?/p, with which* we can easily find the free energy and the specific heat 


associated with the surface per unit area (the coefficient Y, appears in the equation because the problem 
is two-dimensional): 


— 10 de2mkde 1 (7/3) 0 (7/3) («T)% (9 \% OF (ls) (7a) (xT\% (0 \¥, 
a itt 2 \ nk dk (2x2 4x Zils (2) y Cue Ta Gi. on On ; «(3 ) (=) ; 
€ =hw, n is the Planck distribution function, and x is Boltzmann’s constant. 


We now ascertain when the quantity obtained above becomes equal to the phonon part of the bulk spe- 
cific heat 


Conz= (25%x/15) (xT /hs)® = Coyes/! 


(where s = 2.38 x 10‘ is the velocity of sound). After substituting numerical values we obtain 2 = 0.7 
x 10° T-5/3 em. In addition the wave length of the phonons with energy kT, which give the principal con- 
tribution to the specific heat, has to be much smaller than the film thickness 


hs [xT ~ 1.8-107- /T <1 ~7-107°T-4%. 


We see that the condition is satisfied, although by a narrow margin. 
The surface oscillations should also make a contribution to the normal density of superfluid helium. 
Carrying out the calculations with the usual formulas we obtain 


5 4 
a a dn,» _ 80 (5/3)€(5/3)_(xT)4/0\4 
Rg e kerin \ Re Rak = 18% zl (4) 


(z =fiw/kT ). The surface part of the normal density becomes equal to the phonon part when the following 
equality is satisfied: 


Gaph= 257 («Tt / 45n8S° = Preut/t, 
which gives 
L~6-10°T-4, 


The influcence of film thickness on thermodynamic properties has been studied by Frederikse.4 Unfor- 
tunately his data refer to film thicknesses of 12 atomic layers and to temperatures near the A-point, so 
that it is not possible to make a quantitative comparison with our results. It can be seen from his data at 
lower temperatures, however, that the specific-heat curve goes above the curve corresponding to liquid 
helium in bulk. In these curves there can also be seen a displacement of the A-point to lower temperatures 
with decreasing film thickness. One can attempt to interpret this as a result of the influence of Py curf 
on the temperature of the A-transition. 

I am grateful to Academician L. D. Landau for a discussion of this work. 


*In an analogous manner Atkins? has found the temperature dependence of the surface tension of He’, 


11, M. Khalatnikov, Usp. Fiz. Nauk 59, 673 (1956). 

2R. G. Arkhipov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 397 (1957), Soviet Phys. JETP 6, 307 (1958). 
3K, R. Atkins, Canad. J. Phys. 31, 1165 (1953). 

4, P, R. Frederikse, Physica 15, 860 (1949). 
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Arter taking into account mass corrections and electromagnetic processes of the fourth and in part 
of the fifth order, a discrepancy of 0.6 Mc/sec remains between the experimental and theoretical values 
for the Lamb shift in hydrogen; it can be partially attributed to the structure of the proton (smearing of 
the proton charge). This has already been pointed out by several authors 1-3 The estimates of Salpeter 
yield a total correction AE = 0.025 Mc/sec; a preliminary estimate by Ivanenko and Kolesnikov? leads to 
AE = 0.11 Mc/sec. 

For computing the displacement of the levels in hydrogen, we use the method of the more accurate 
wave functions,4 known from the theory of the isotope shift, in which the level shift is determined by the 
effective change of the principal quantum number 


AEB = mene An, a = e7/ne; (1) 


and An is determined from the condition for joining the solutions for the inner and outer regions. In 
particular, for S;/2 levels, 


An = 2a! (R/ro)? (1 + 2f/eg), ro = e?/mce?, (2) 


where R is the radius of joining, and f and g are the components of the Dirac wave function at the 
point of joining. The shift P, /2 is of order a” relative to the shift of the S, /2 ievel and does not have 
to be considered now. 

For determining f and g one may confine oneself to the approximation 


g=4, f= \Verar (3) 


which is correct to terms of second order in a in the region of order ry. In the inner region, the po- 
tential of the electric field of the proton has the form 


R y r R 
dy ft 


et) =el\ 7s \eta)atdr] \ e(s)atdx] © +a = e[ 7 ols) xtdx + o(x) xdx] [Vo (x)xtdx]” (4) 


0 0 


Substituting in (3) and then in (2), we obtain 


An= + es (he (x) x4dx] ( ° (x)a%dx) *. tan 


Having taken the radius of joining sufficiently large in comparison with the dimensions of the region of 
the charge distribution, we obtain a general formula for An which depends on the charge distribution 
only through the rms radius 


An = */,a4 <r? > /1r2, (6) 
AE (Mcs) = («8c/3nkn?) <r? >>/1r¢(h = i/mce). (7) 
An analogous formula for the deuteron is obtained by Salpeter! with the aid of perturbation theory and was 
used recently by Kolesnikov to calculate the effect of proton structure on the energy levels of deuterium. 
Using the experimental values for the rms radius of the proton (7.7 + 1.0) x 1074 cm, obtained from 


scattering electrons on protons by Hofstadter’s group,® we arrive at AE = (0.117 + 0.030) Mc/sec, which 
exceeds the result of Salpeter; but coincides by a curious manner with a previous estimate 3 Perturbation the- 


ory, however, does not afford a possibility of determining the correction to the energy of interaction with the vac-- 
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uum due to the distortion of the wave function. This correction is determined by means of the formula 


= En oe <i (ner 4 aa d ( : 
Kee ~-%—[4 7 4 a ey) dy \p (x) xtdx — Vey) (Voce xtae) |, (8) 
0 0 0 


where Epy, is the electromagnetic part of the Lamb shift. 

In formula (8) the first term takes into account the change in the normalization AN/N = —An/a? and 
yields —0.006 Mc/sec; the second and third terms take into account the distortion of the wave function. 
The last part depends essentially on the form of the charge distribution inside the proton; its magnitude, 
however, does not exceed AE = —0,012 Mc/sec (for the charged sphere ) and, consequently, lies beyond 
the range of the present experiment .® 

Thus taking into account the volume of the proton reduces the Lamb-shift discrepany between theory 
and experiment from 0.6 to 0.5 Mc/sec. It will be possible to draw further conclusions about the effect 
of the structure of the elementary particles on the Lamb shift after calculating electromagnetic proc- 
esses of the fifth order and improving the accuracy of experiment. We are going to apply an analogous 
method to the calculation of the correction to the hyperfine structure due to the volume of the proton. 

In conclusion I consider it my duty to express gratitude to Professor D. D. Ivanenko for constant at- 
tention to the work and for a discussion of the results. 


'E. Salpeter, Phys. Rev. 89, 92 (1953). 

*Baranger, Bethe, and Feynman, Phys. Rev. 92, 482 (1953). 

3D. D. Ivanenko and N. N. Kolesnikov, Dokl. Akad. Nauk SSSR 91, 47 (1953). 

44. A. Sokolov and D. D. Ivanenko, Ksantosaa Treopua noma (Quantum Theory of Fields), Part I, Chapt. 
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PARTICLE ANGULAR DISTRIBUTION FUNCTION AT THE CASCADE SHOWER MAXIMUM 


I. P. IVANENKO 
Moscow State University 
Submitted to JETP editor June 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 825-827 (September, 1957) 


Betew KI! calculated the distribution function of particles with respect to energy and angle at cas- 
cade shower maximum without assuming small deflection angles. The scattering, however, was con- 
sidered to be mutliple. In the following we shall drop this limitation. We can then write the equation for 
P(E, %), integrated over the depth of shower development with boundary conditions corresponding to a 
single primary electron of energy Eo incident vertically upon the boundary of the material layer at 


t= 0, in the following form: 


ON (Eo, E, 
— 1-8 (Ey— £)8 (1 — cos) cos $= gre) gee 


OE 
Xmax 27 ©o 
tn \ | P(Eo, £,9')— P (Eo E, 9)1f (2sin 3 )sin xdde, N (Bo, B, = \ P (Ey E, 8) dE. (1) 
0 0 


Here q= 2.29 and P(E, 4%) is the required distribution function of electrons with respect to energy E 
and angle $. The angle %’ is determined by the equation 
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cos }’ =costcosx +sindsin x cos 9. (2) 


where n is the number of scattering nuclei in 1 cm? of matter, f(2sin(y/2)) is the transverse cross- 

section for Rutherford scattering, and y,,,, is an angle depending on the energy and on the scattering 

medium. We neglect ionization losses and, therefore, our considerations are valid for energies E >f8. 
We shall seek the solution of Eq. (1) in the form of a series of Legendre polynomials: 


i on-+4 a 
N (Eo E, 9) = 5) @n (Eo: E) Pa (cos 9) Ls (3) 


n=0 


Substituting (3) into (1) and using the addition theorem for Legendre polynomials in transforming the in- 
tegral term in (1), we obtain 


—8 (Ey —E) / 2x = Gen (Eo E)/ E + (q —Kn(E)) 99n (Eo, E) / OE; 


%max 


Kn(E) =2an \ [Px (cos x) — 1] f (2sin 4) sin xdy. (4) 
: 


Using the explicit expression for the function f,! using the expansion of Legendre polynomials in terme 
of powers of sin(xy/2), and taking into account screening and the finite dimensions of the nucleus’ we 
obtain, finally, the following expression: 


E,\2 és (n+ k)! Us Se gratiiee cue il —Y%yak—4 
Kn (E) = (58) (—a(nt+ +> (— 1) oa ( 108 5eZ ) Tg siz) uy}. (5) 
2 


where LR = 21n(181 Z-1/3), m is the electronic mass and Z the atomic number. The sum in Eq. (5) 
vanishes for n < k. 
The solution of Eq. (4), is 


Fe 


en (Eo, E) = 5 (q —Kn(Eo))*exp[\ -& (9 — Kn(E')) aE’ J. (6) 
EE 


Expressions (3), (5), and (6) represent the solution of our problem. They determine the energy and an- 
gular distribtuion function of electrons. 
The explicit expressions for the first few functions g, are: 


E 2P2\—% 2P2\—¥, 
go(Eo E)= ei e(En E)=Eo(1 +55) “(+ ge) “148s 
0 


(Ey E) Ey (2 + 6P?/E* —A/E2) 514 (2 4. 6P2/E2 4. A/E2) 15 P44 nl 
92 MOT GE 6PHER — BaP?/ES) Wid + OP*/E® — 8a?) BY (2 + 6P?/E2 — AjE2)b SPA Q-pePyE aeyere > (7) 
2 : é 3aE2 2 
=o a a(S 10-%me?Z"") (1812-6) — 1]; A? = 2 _3 (FAY 
2g" 2 LR q 2g) ee 


The functions g, can be calculated in an analogous way for n > 2. Comparison with the values nL 
calculated in the Landau approximation shows that for n=0 and n=1 Yn =Pny, For n=2 the de- 


| 
4) 
| 


pendence of g, and py, on Ep and E is different. Moreover, for n = 2, (yn depends strongly on the | 


atomic number Z. 

Using the distribution functions (3) and (7) we can find expressions for cos an and cos? $y. In view 
of the orthogonality of Legendre polynomials, these are determined by the first three terms of series (3). 
Since ~) =%pL for n=0, 1 the expressions for cos$y coincide with cos oni obtained in Ref, 1. 


For the mean square we obtain the following expression: 
cos? Fy (Eo, E) = "/5-+2%» (Eo, E)/390(Eo, E), 
where g and g(Ep, E) are given by Eq. (7). 
For Ey — © we have 


SPD 1 Z (2 + 6P2/E2 —A/E2)¥5P14 
COS (BY SS Se ———————————— —————E—e 
ates ait (4 + 6P2/E? —3aP2/E4)% (2 + 6P2/E2+4 A/E2)b5PYA 
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In lead (Z = 82) the ratio cos? dy/ cos’ $ny, equals 0.99 and 0.98 for E = 3 X 10’ ev and 1.5 10" ev re- 
spectively. 


1 aS 
S. Z. Belen’kii, Jlasunusie npoueccsi 8 Kocmuyeckux syuax (Cascade Processes in Cosmic Rays ), Gos- 
tekhizdat, 1948. 
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EFFECT OF DAMPING ON POLARIZATION OF DIRAC PARTICLES IN SCATTERING 


A. A. SOKOLOV and B. K. KERIMOV 
Moscow State University 
Submitted to JETP editor June 27, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 827-829 (September, 1957) 


Tue elastic scattering of both Dirac and spinless particles by a fixed force center was investigated in 
Refs. 1 to 4 using damping theory. We calculate below, using damping theory, the polarization resulting 
from elastic scattering of Dirac particles. 

The fundamental integral equation of damping theory which determines the scattering amplitude 
fg’ = fgr(k’) and is relevant in a discussion of polarization phenomena has the following form (we use the 
notation of Ref. 3): 


uh kK ” pt a" 
(fs — bs! bsfs) View = goagy > D dQV yn Virnb st Oofse (1) 


Here E =chK is the total energy of the particle and V;’,” is the Fourier component of the potential 
Wetr). 

We shall restrict ourselves to calculating the polarization resulting from elastic scattering of Dirac 
particles by a delta-function potential V(r) =Vod(r), Vk’k” = Vo. In that case we have from formulas 
(5) of Ref, 3: 


bebe = Dd hese, , (2) 
j=1,2 
where 
hig == (1 + 9) [cos 4 cosfgr + ef?" sin 6, sin O5r] hein = at — =) s’s” [cos 0, cos 8," + e9"—#") sin 6, sin Oe]. 
We seek a solution of integral equation (1) of the form ( s’=1, -1): 
fe =D eshirsls. (3) 


1=1,2 


Taking into account the orthogonality condition for bee [see Eq. (31) of Ref. 3] we obtain for ¢, and 
€, from Egs. (1) —(3): 


Vo 


ba = Pk (KL). (4) 


1 
FS els ai 


From Eqs. (3) and (4) we obtain for the amplitudes fy! of the first scattering 
, 4 4 mas Os 
h= = [a1 + G2&,] cos ih wey [aye, — Q,£,] e—!* sin = fs 


, . Q’ 1 —j{o’ 6’ 
fa= S [aye — Qg&2] Sin —- fice > [a,21 + a,&,] e~** COS —>- fas (5) 
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where a, =1+k)/K, a, = 1—k)/K, and 6’, o are the angles corresponding to the first scattering. 
Lf * . ° 
The expression for the second scattering amplitude fg (f,;', £",) is obtained by replacing @, 9 and 


f,, f-4 onthe right side of Eq. (5) by 0”, y” and fj, f4. The effective differential cross section for 
the second scattering is given in terms of fg and fg by the relation 


40 "EA kK 


? 


Ae ie aes 
where 
dQ? = sin 0’dt’do", k =k’ =k. 


From here, using Eqs. (4) and (5), we obtain the following expression for the effective differential cross 
section for the double scattering of an initially unpolarized beam of Dirac particles ( ff {p+ a ees ih 
fff, —fif_.=0, fff, =f1,f,;=0) by a delta-function potential: 


3 (6”, 0”) = oo (6”) [1 + 8(6’, 8”) cos 9”), (7) 


where 
VoK? k8 (3 — 8)? sin @’ sin 0” 


2 
5 (6, 6") = P (6) P(8") = (ear) AK4(1 + 82)% (1 + 83)? op (0’) 59 (0”) 


P(6’) and P(6@”) are the polarizations acquired by an initially unpolarized beam separately in the first 
and second scattering, n’ and n” are unit vectors in the two polarization directions, and o)(6’) is the 
differential scattering cross section, with damping taken into account, of an initially unpolarized beam of 
Dirac particles indicent on a delta-function potential 


Viktor ae ae ke 185 
ye a es 2 by ee Na oe wee SAN se, Q’ |. 

Sy ( ) erat la, at 148 ahs k2 (1+ 82)(1 + 82) cos | 

It follows from Eq. (8) that no polarization is obtained in the first approximation of perturbation theory 

(6, = 5, £0). In the high-energy region k >> (4mch/V) 1/2 (63 > 1, 6% > 1) we obtain for the degree 

of polarization in the case of two identical scatterings [6” = 6’, P(6”) =P(6’)] 

Paes , Arch \2 4k5, 4 0° 

a) = POP (=p) etna (9) 
As can be seen from Eq. (7) the assymmetry in the second scattering is due only to the phase polari- 

zation (fetes #0) resulting from the first scattering. In the case when the incident beam possesses 

only amplitude polarization, ff, — f',f-, #0, fff, =ft,f, = 0, the first Born approximation gives for 

the effective scattering cross section 


dei Ve ee, [(1+ss’) cost & + #8 (1 — 55") sin partes (10) 
Ssis—— anche k’k D oe) 9, K2 D) s[s . 
Thus the ratio of the non-spin-flip cross section (ss’=1) to the spin-flip cross section (ss’=—1) is 
equal to 
dott k2 9’ 
dot* = e cot? . 


Ta. A. Sokolov and B. K. Kerimov, Dokl. Akad. Nauk SSSR 105, 961 (1955). 

2A. A. Sokolov and B. K. Kerimov, Dokl. Akad. Nauk SSSR 106, 611 (1956), Soviet Phys. “Doklady” 1, 
345 (1956). 

3A. A. Sokolov and B. K. Kerimov, Nuovo cimento 5, 921 (1957). 
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isn aeaexe 
hy At FP yo (6) 


5 COS. == Alt. (8). 
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A VARIANT OF HYPERON THEORY 


Ia. B. ZEL? DOVICH 
Academy of Sciences, U.S.S.R. 
Submitted to JETP editor J uly 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 829-831 (September, 1957) 


Ws: shall assume as the basis of our discussion the hyperon model proposed by Goldhaber! and D’erdi? 
representing hyperons as compound particles consisting of nucleons and K-mesons, bounded together by 
forces dependent on the isotopic spin. Under certain assumptions given below this model yields a rela- 
tion connecting the masses of the nucleon (N) and of the hyperons A, x, and Z. 


2Mz + 2Mn = 3M, + Ms, (1) 


which is satisfied better (8846 and 8880) than another relation obtained by Gell-Mann? from different 
considerations: 


2Mzg + 2M v= Ma+3Ms, (8846 and 9185). (la) 


The model considered below permits us also to draw conclusion about hyperons with strangeness —3 and 
larger in the absolute value. 
We shall assume the following relation for hyperons with strangeness S = -1 


M=My+ Mx+ce+a(tntx) = My + 64+ a(tytg), (2) 


where a, b, c are constants and the parentheses contain the scalar product of isotopic spins of the bound 
particles. Comparing this expression with the data concerning the A-particle [t =0 and therefore 
(tytk ) = —*%, Ma, = 2182] and the =-particle [t =1 whence (tytx) =, My = 2334.5] we find that 
a =152.5, b= 459.5, and c = —506 (electron mass has been taken as 1). 

For the hyperon with S = —2, consisting of a nucleon and two K-particles, it is logical to take as a 
first approximation 


M = My + 26 + a(tntox), (3) 


where a, b are identical with the constants of Eq. (2). 

The following assumptions are implicit in the above: (1) the interaction between K-particles is small 
compared with the interaction between a K anda nucleon, and (2) in a hyperon with S = —2 the two 
K-particles are in the same state, identical to that of a single K ina hyperon with S =-1. 

Since K-particles are bosons it follows from the second assumption that the isotopic spin of a system 

consisting of two K-particles can equal only 1 (and not 0). 


DP Maia sal i. pol. a bo Consequently, two charge multiplets are possible in the 
Rimes -1@)|2@ |-3)| a |x above scheme for S = —2: (1) the multiplet t = “hs 
Reaction (tntK) = —1, representing a particle for which formula 
ce i (3) yields a mass of 2603 in a good agreement* with the 
c+ N=X+rK Oo Mes eee. 2 40628: | 2259 : 
NNLX LEK EN hie MoU Gis: (eons 15 experimental value for the mass of equal to 2586, and (2) 


the multiplet (denoted by A in the following) t =*4 with 
an expected mass 2832. 

D’erdi? predicted qualitatively, without any mass estimate, the existence of the multiplet S = —2, 
t =%4, heavier than 2, and analysed its properties as a function of the difference between the masses 
of A and 2. The other multiplet predicted by D’erdi, with t = Y, (beside the £-particle), cannot exist 
since K-particles are bosons. 

It follows from the formula that Ma — Mg = 229 < m,. This result, however (upon which depends the 
possibility of detection of the tracks of At and of the doubly charged A™~~), cannot be regarded as 
firmly established. 

If the agreement between the mass of & and the value predicted by the formula is not accidental, it 
follows from the above considerations that the hyperon family can be extended to large (absolute ) values 
of §. An isotopic spin t = (r —1)/2 and mass 1761 + 421r should correspond to strangeness S=-r. 
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The hyperons A (r=1) and & (r=2) belong to this group. The nucleons (r = 0) and the z-particle 
(xr =1) belong to the second group, for which t = (r + 1)/2 and mass equals 1837 + 497.5r. Instability 
occurs soon in this group for r =2 or 3, leading to fast m-meson decay: 

The production thresholds in Bev (in the laboratory frame ) for hyperons of the frist group with vari- 
ous S andfor A (belonging to the second group) are given in the table. The hyperon of the first Faia 8 
with S = —3 and isotopic spin 1, denoted in the table by B, should exist in three charge states; B, B; 
and the doubly charged B. | 

If the expressions for the masses given above are at least approximately correct, then the hyperons of 
the first group, including B, cannot disintegrate by emission of K-mesons and, therefore, are meta- 
stable cascade particles. Production of such particles is not very probable and would require great en- 
ergies, but their detection does not present special difficulties. nf 

A simple additivity of the K-meson-nucleon interactions requires that the K-mesons in hyperons are 
in the s-state in the nucleon field. 

The above considerations, therefore, are correct only if the geometrical spin of all hyperons equals 
ve and if they all have even parity in a system in which nucleons and K-mesons are even. It should be 
noted that such parity excludes the treatment of K-particles according to Fermi-Young theory as 
(N+ N).%9 

In the language of field theory, the proposed scheme corresponds to an interaction term in the Hamil- 
tonian, containing the square of the absolute value of the nucleonic wave function and the square of the ab-_ 
solute value of the K-meson wave function. It differs in this from the scheme proposed by Wentzel® which 
introduces the interaction as linear in the K-meson wave function and, therefore, has to consider the hy- 
peron A, together with the nucleons and the K-meson as an elementary particle. 


*This agreement is equivalent to validity of Eq. (1), since 
M =My+2b—a, a=Ms—Mg, pe i 
from which Eq. (1) follows elementarily. 
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MAGNETO-VORTEX RINGS 


V. D. SHAFRANOV 

Academy of Sciences, U.S.S.R. 

Submitted to JETP editor May 20, 1956 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 831-832 (September, 1957) 
In Ref. 1 we considered magnetohydrodynamical equilibrium configurations. It was noted that the distri-. 
bution of the field H and the current density j in those configurations is identical with the distribution of 
the velocity v and vorticity 2, corresponding to the stationary flow of an incompressible fluid. 


Chandrasekhar’ paid attention to the existence and showed the stability of the simplest solution of the 
magnetohydrodynamical equations of an incompressible, perfectly conducting fluid, for the case where the 
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velocity of flow is connected to the magnetic field by the relation 
v=H/V 4x; p + ov? /2 =const. 


This solution is a generalization of the solution presenting a magnetohydrodynamical ring.’ It is satisfied 
by an solenoidal vector v. 
It is natural to generalize all these solutions even further. The magnetohydrodynamical equations of 
an ideal incompressible fluid of infinite conductivity can be written in the form 
Ov/ot = — V (p/p + v?/2) +[jxHl/c —[Oxv], OH/ot =curl [vxH], curlH = (4x/c)j, culv =. (1) 


Let us assume that 


v = aH/)4zp, (2) 
where a is an arbitrary constant. From the last two equations (1) it follows that 
Q = (a/c) V 4x /pj. (3) 


From the second equation of (1) we get 9H/dt = 0 and hence by virtue of Eq. (2) Ov/8t =0. The first 
equation of (1) takes the form 


— V(p + pv?/2) +c? (1 — a?) [jxtt] = 0, (4) 


whence we obtain the equilibrium condition for magnethydrodynamical configurations curl[j x H]=0, or 
the condition for a stationary flow of an incompressible fluid, curl[vx2]=0. Thus any equilibrium 
configuration or any stationary flow of an incompressible fluid corresponds to the stationary flow of an 
incompressible, perfectly conducting fluid in a magnetic field H, in the direction of the current of the 
fluid, v. 

For instance, there corresponds to a ring current in a magnetic field and a circular vortex an analo- 
gous configuration (which can be called a magneto-vortex ring) with an identical distribution of the mag- 
netic field and the fluid velocity. Let R and a be the large and the small radius of this torus, and let 
R >a. Ifthe current density j,, and, correspondingly, the vorticity Q,, are constant along a cross 
section, then according to Ref. 1 the radii of the torus and the current through it J =j,,/ra’ are con- 
nected with the external field Hz =H», perpendiuclar to the plane of the ring, through the relation 


Hy = — (J/¢R) [In (8R/ a) —- */4). (5) 


If we use Eqs. (2) and (3) to express the field and the current in formula (5) in terms of the velocity 
and vorticity, we find the velocity of the fluid current relative to the ring vo, or in the frame of refer - 
ence in which the fluid at infinity is at rest, the velocity of the torus vk = —Vo, 


0, = («/4=R) [In (8R/ a) — 3/4), (6) 


where k =7a2Q is the vorticity intensity. The absolute value of the velocity of the magneto-vortex ring 
for a given external field Hp can be arbitrary. In the case a = 0 the magneto-vortex ring becomes a 
magnetohydrodynamical equilibrium configuration at rest, while for a = © it turns into the normal vor- 
tex ring. 

The distribtuion of the pressure in the ring in the case when R > a is not essentially different from 
the distribution in a cylindrical magneto-vortex filament of radius a. This last distribution is easily 
found from Eq. (4) and has the form 

fe 2 He a2 a? 
ee ~3)43 (r<a); p= po— ze (1 —F)+Ho( = OE (r >a). 
where py is the pressure on the axis of the cylinder and H, = 2J /ca. 

The stability of a magneto-vortex configuration depends on the value of the parameter a. It is, for 
instance, well known that a cylindrical vortex is stable while a straight current is not. The vortex cor- 
responds to a = © and the current to a=0. Apparently the value a ~ 1 separates the regions of sta- 
bility and instability of a magneto-vortex filament. 

Another kind of solution —a magneto-vortex configuration at rest — can be obtained from the equilib- 
rium configurations which are maintained by gravitation’ or by external pressure. In those cases the 
magnetic lines of force, and hence also the lines of the fluid current are close (they do not go to infinity ) 
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and the center of gravity of the magneto-vortex configuration is at rest. 
In conclusion I want to express my gratitude to S. I. Braginskii for a discussion which stimulated the  , 
present paper. 
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